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PREFACE. 

TN the following work I have tried to present the 
-■- elements of Coordinate Geometry in a manner 
suitable for Beginners and Junior Students. The 
present book only deals with Cartesian and Polar 
Coordinates. Within these limits I venture to hope 
that the book is fairly complete, and that no proposi- 
tions of very great importance have been omitted. 

• The Straight Line and Circle have been treated 
more fully than the other portions of the subject, 
since it is generally in the elementary conceptions 
that beginners find great difficulties. 

There are a large number of Examples, over 1100 
in all, and they are, in general, of an elementary 
character. The examples are especially numerous in 
the earlier parts of the book. 

205952 



VI PREFACE. 

I am much indebted to several Mends for reading 
portions of the proof sheets, but especially to Mr W. 
J. Dobbs, M.A. who has kindly read the whole of the 
book and made many valuable suggestions. 

For any •criticisms, suggestions, or corrections, I 
shall be grateful. 

S. L. LONEY. 
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Egham, Subbey. 
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PREFACE TO THE SECOND EDITION. 

For the Second Edition the time at my disposal 
has only allowed me to correct the misprints that have 
been kindly pointed out to me by many correspondents. 
Art. 180 has also been rewritten. 

June 30, 1896. 
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CHAPTER I. 

INTRODUCTION. 
SOME ALGEBRAIC RESULTS. 

1. Quadratic Equations. The roots of the quad- 
ratic equation 

may easily be shewn to be 

2i """^ 2^ • 

They are therefore real and unequal, equal, or imaginary, 
according as the quantity b^—Aac is positive, zero, or negative, 

i.e, according as 6' = 4oc. 

2. delations between the roots of any algebraic eqtiation 
and the coefficients of the terms of the equation. 

If any equation be written so that the coefficient of the 
highest term is unity, it is shewn in any treatise on Algebra 
that 

(1) the sum of the roots is equal to the coefficient of 
the second term with its sign changed, 

(2) the sum of the products of the roots, taken two 
at a time, is equal to the coefficient of the third term, 

(3) the sum of their products, taken three at a time, 
is equal to the coefficient of the fourth term with its sign 
changed, 

and so on. 

L. e 1 



2 COORDINATE GEOMETRY. 

Bx. 1. If a and /3 be the roots of the equation 

b e 
ax*+bx + e=0, i.e. a;»+-a: + -=0, 
a a 

h . c 

we have a+B^ — and ai3=-. 

'^ a *^ a 

Bz. 9. If a, /3, and y be the roots of the onbio equation 
aafl+ha^-\-cx+d=Ot 



U. of 


a a a 


we have 


b 

a + /3+7=--, 




fiy+ya + ap=^, 


and 


^.-i 



3. It can easily be shewn that the solution of the 
equations 

€tiX + b^y + c^z = 0, 

and a^ + b^-\-e^^Oy 



IS 



y 



^1^2 ~ ^8^1 ^1^ "" ^a^ ^^2 ~ ^*2^ 



Determinant Notation. 



4. The quantity 



^l> ^2 



is called a determinant of the 



second order and stands for the quantity aj>^ - ajb^, so that 



6i, bi 



1 2. 31 



Bzs. (i) r*^ =2x6-4x3=10-12=-2; 

1-3, -4| 



(ii) 



-7,-6 



|=:_.3x(-6)-(-7)x(-4)=18-28=-10. 



DETERMINANTS. 



5. The quantity 



hub,,b, (1) 

is called a determinant of the third order and stands for the 
quantity 



Oj X 



ft,, bi\ 



~«a 






+ 0, 






(2), 



i.e, by Art. 4, for the quantity 

*.e. Oi ( Vs - V2) + «2 (ftsCj - ftiCj) + a, (ftjCj - 6^1). 

6. A determinant of the third order is therefore reduced 
to three determinants of the second order by the following 
rule: 

Take in prder the quantities which occur in the first row 
of the determinant ; multiply each of these in turn by the 
determinant which is obtained by erasing the row and 
column to which it belongs; prefix the sign + and — al- 
ternately to the products thus obtained and add the 
results. 

Thus, if in (1) we omit the row and column to which Oi 

belongs, we have left the determinant ^' *' 



and this is the 



coefficient of ci^ in (2). 

Similarly, if in (1) we omit the row and column to which 

^2 belongs, we have left the determinant ^' ' 

with the — sign prefixed is the coefficient of a^ in (2). 



and this 



The determinant 



1. -2, -3 
-4, 6, -6 
— 7 8—9 

=ix|^;:«|-(-2)x|:j;:;|+(-8)x|:j;;| 

= {5x('-9)-8x(-6)}+2x{(-4)(-9)-(-7)(-6)} 

-8x{(-4)x8-(-7)x6} 
= {-45+48}+2{S6-42}-8{-S2+35} 
=3-12-9= -1& 

1—2 
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8. The quantity 



»i> «2, Oj, a^ 
fc,, h^y bs, 64 



<^11 ^> ^1 ^4 

is called a determinant of the fourth order and stands for 
the quantity 



Oi X 



6„ 63, 6, 






61, 63, i 


4 






Cj, Cs, C4 


-OjjX 


Cl, C3, C4 




C?2I 4> ^4 




^, ^81 ^4 






61, 62» ^4 




61, 62, ^3 


+ a8 ^ 


Ci, Cj, C4 


-a4X 


^1> ^2> ^3 






^» t?2» ^4 






^1, C?2>^8 



and its value may be obtained by finding the value of each 
of these four determinants by the rule of Art. 6. 

The rule for finding the value of a determinant of the 
fourth order in terms of determinants of the third order is 
clearly the same as that for one of the third order given in 
Art. 6. 

Similarly for determinants of higher orders. 

9. A determinant of the second order has two terms. 
One of the third order has 3x2, i,e, 6, terms. One of the 
fourth order has 4x3x2, i,e, 24, terms, and so on. 



(1) 



10. 

12, -3 
k, 8 



Prove ihat 



=28. (2) 



-6, 7 
-4. -9 





9.8,7 


w 


6,6,4 




3, 2, 1 




a,K8 


(6) 


h,b,f 




g,f, c 



=0. 







5, 


-3, 7 


=82. (3) 


-2, 4,-8 




9, 3, -10 




-a, 6, c 




(5) 


a, -6, c 


=iahc. 




a, I 


, -c 





= -98. 



= abe + 2fgh -af*- bg* - cA*. 



ELIMINATION. 5 

Elimination. 

11. Suppose we have the two equations 

aiX-\-a^= (1), 

M+6jy=0 (2), 

between the two unknown quantities x and y. There must 
be some relation holding between the four coefficients ai^a^y 
6i, and 5,. For, from (1), we have 

X _ Oa 

and, from (2), we have - = — r^ . 

Equating these two values of - we have 

i.e. Oib^ — ajbi = (3). 

The result (3) is the condition that both the equations 
(1) and (2) should be true for the same values of x and y. 
The process of finding this condition is called the elimi- 
nating of X and y from the equations (1) and (2), and the 
result (3) is often called the eliminant of (1) and (2). 

Using the notation of Art. 4, the result (3) may be 



written in the form 



= 0. 



This result is obtained from (1) and (2) by taking the 
coefficients of x and y in the order in which, they occur in 
the equations, placing them in this order to form a determi- 
nant, and equating it to zero. 

12. Suppose, again, that we have the three equations 

OjiC + aay + agg = (1), 

b^x-^b^-¥b^ = (2), 

and c^x+ c^ + c.^^0 (3), 

between the three unknown quantities a;, y, and z. 



e 
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Bj dividing each equation by z we have three equations 

Of* «# 

between the two unknown quantities - and - . Two of 

z z 

these will be sufficient to determine these quantities. By 

substituting their values in the third equation we shall 

obtain a relation between the nine coefficients. 

Or we may proceed thus. From the equations (2) and 

(3) we have 

X ^ y ^ z 

62C3 — 63CJ 63C1 — 61C3 ftjCj — ftjCj 

Substituting these values in (1), we have 

Oi (62C, - Va) + <h (^jCi - h^) + a, (Va - b^^) = 0. , . (4). 

This is the result of eliminating x, y, and z from the 
equations (1), (2), and (3). 

But, by Art. 5, equation (4) may be written in the form 



= 0. 



This eliminant may be written down as in tlie last 
article, viz, by taking the coefficients of x, y, and z in the 
order in which they occur in the equations (1), (2), and (3), 
placing them to form a determinant, and equating it to 
zero. 

18. Bz. What is the value of a bo that the equation 
a«+2y + 32!=0, ar-3y+4z=0, 
and 6ar+7y-8«=0 

may he HmuUaneously true t 

Eliminating x, y^ and z, we have 
a, 2, 3 
2, -3, 4 
5. 7, -8 

i.e. a[(-3)(-8)-4x7]-2[2x(-8)-4x6] + 3[2x7-6x(-3)]=0, 
i.e, a[-4]-2[-36] + 3[29]=0, 

72+87 169 



(hf 


«a, 


«8 


h. 


6„ 


h 


Ci, 


Cj, 


<h 



=0, 



80 that 



EUMINATION. 



14. If again we have the four equations 

ctiX + day + o^ + a^u = 0, 

biX+ b^+ h^-i- b^u = 0, 

CiX+ c^ + c^-^- c^u = 0, 

and djX + d^ + c^ + d^u = 0, 

it could be shewn that the result of eliminating the four 
quantities x^ y, z^ and u is the determinant 

«!, a,, a,, a^ 

^i> ^a> ^8» ^4 

Cl> Cj, Cs, C4 

c^> d%, df, d^ 

A similar theorem could be shewn to be true for n 
equations of the first degree, such as the above, between 
n unknown quantities. 

It will be noted that the right-hand member of each of 
the above equations is zero. 



= 0. 



CHAPTER II. 

COORDINATES. LENGTHS OF STRAIGHT LINES AND 
AREAS OF TRIANGLES. 

15. Coordinates. Let OX and OF be two fixed 
straight lines in the plane of the paper. The line OX is 
called the axis of aj, the line OY the axis of y, whilst the 
two together are called the. axes of coordinates. 

The point is called the origin of coordinates or, more 
shortly, the origin. 

From any point F in the 
plane draw a straight line 
parallel to OF to meet OX 
in M, 

The distance OM is called 
the Abscissa, and the distance 
MF the Ordinate of the point 
P, whilst the abscissa and the 
ordinate together are called 
its Coordinates. 

Distances measured parallel to OX are called a:, with 
or without a suffix, {e,g,iCiy x.^,.. x\ a;",.*)* ^^^ distances 
measured parallel to OF are called y, with or without a 
suffix, {e.g. yi, y^,... y', y",...). 

If the distances OM and MP be respectively x and y, 
the coordinates of P are, for brevity, denoted by the symbol 

Conversely, when we are given that the coordinates of 
a point P are (a;, y) we know its position. For from we 
have only to measure a distance OM {=x) along OX and 




COORDINATES. 9 

then from M measure a distance MF (= ^) parallel to OF 
and we arrive at the position of the point A For example 
in the figure, if OM be equal to the unit of length and 
MP^ WMy then F is the point (1, 2). 

16. Produce XO backwards to form the line OX* and 
YO backwards to become 0Y\ In Analytical Geometry 
we have the same rule as to signs that the student hais 
already met with in Trigonometry. 

Lines measured parallel to OX are positive whilst those 
measured parallel to OX' are negative; lines measured 
parallel to OF are positive and those parallel to OF' are 
negative. 

If Pa ^ "1 *^o quadrant YOX* and F^M^^ drawn 
parallel to the axis of y, meet OX* in ifj, and if the 
numerical values of the quantities OM^ and M^^ be a 
and &, the coordinates of F are (—a and h) and the position 
of /*a is given by the symbol (—a, 5). 

Similarly, if P, be in the third quadrant X'OY\ both of 
its coordinates are negative, and, if the numerical lengths 
of Oifj and M^F^ be c and rf, then P, is denoted by the 
symbol (— c, — c?). 

Finally, if F^ lie in the fourth quadrant its abscissa is 
positive and its ordinate is negative. 

17. Bz. "Lay down on paper the position of the points 

(i) (2, -1). (ii) (-3, 2), and (iu) (-2, -3). 

To get the first point we measure a distance 2 along OX and then 
a distance 1 parallel to OY' ; we thus arrive at the required point. 

To get the second point, we measure a distance 3 along 0X\ and 
then 2 parallel to OY. 

To get the third point, we measure 2 along OX^ and then 
3 parallel to OF. 

These three points are respectively the points P4, P21 and P3 in 
the figure of Art. 15. 

18. When the axes of coordinates are as in the figure 
of Art. 15, not at right angles, they are said to be Oblique 
Axes, and the angle between their two positive directions 
OX and OF, i,e, the angle XOY, is generally denoted by 
the Greek letter o). 
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In general, it is however found to be more convenient to 
take the axes OX and OZ at right angles. They are then 
said to be Rectangular Axes. 

It may always be assumed throughout this book that 
the axes are rectangular unless it is otherwise stated. 

19. The system of coordinates spoken of in the last 
few articles is known as the Cartesian System of Coordi- 
nates. It is so called because this system was first intro- 
duced by the philosopher Des Cartes. There are other 
systems of coordinates in use, but the Cartesian system is 
by far the most important. 

20. To find the distance between two points whose co- 
ordi/nates are given. 

Let Pj and F^ be the two 
given points, and let their co- 
ordinates be respectively {x^, y^ 
aiid (a^,, y,). 

Draw PiM^ and P^M^ pa- 
rallel to OY, to meet OX in 
J/i and M^, Draw P^ parallel 
to OX to meet MJP^ in K q ' M mT 

Then 

RP^^M,P^^M^P, = y^-y^, 

and I P^P^ = I OM,P, - 180' - P^M,X= ISO"* - co. 

We therefore have [Trigonometryy Art. 164] 

PiPa« = P^^ + EPi' - 2Pj^ . RP^ cos P^Pj^ 

= (ai - a^,)« + (yi - ya)« - 2 (a^ - iCj) (yi - y,) cos (180" - co) 

= (Xi-Xa)a + (yi-yj)«+2(Xi-Xa)(yi-y2)cosco...(l). 

If the axes be, as is generally the case, at right angles, 
we have w = 90° and hence cos <o = 0. 

The formula (1) then becomes 




DISTANCE BETWEEN TWO POINTS, 



11 



SO that in rectangular ooordinates the distance between the 
two points («i, yi) and (as,, y,) is 

V(Xx-xJ«+Ori-yJi (2), 

Cor. The distance of the point (X|, y^) from the origin 
^ J^ + Vxi *^® *^^ being rectangular. This follows from 
(2) by making both x^ and y, equsJ to zero. 

91. The formola of ihe preyiona artide has been proved for the 
case when the coordinates of both the points are all positive.! 

Due recpud beuig had to the signs of the coordinates, the formula 
will be found to be true for aU 
points. 

As a numerical example, let 
Pi be the point (5, 6) and P, 
be the point ( - 7, - 4), so that 
we have 

0^=5, yi=6, a:,= -7, 
and ya= - 4. 

Then 
P^=3f,0+03/i=7+5 

and J 

JlPi=JBikfi + 3fiPi=4+6 Y; 

= -^2 + ^1- 

The rest of the proof is as in the last article. 
Similarly any other case could be considered. 

22. * To find the coordinates of the point which divides 
in a given ratio (tWi : tn^ the line joining two given points 
(x,y yi) and (a^, y^). 





Let Py be the point (o^, yj), P^ the point (a^, y^), and P 
the r^uired point, so that we have 
^ P^PiFP^ :: 7rH : m^. 
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Let P be the point (aj, y) so that if P,i/i, PJf, and 
PJId^^ be drawn paitdlel to the axis of y to meet the axis o£ 
£c in i/j, if, and i/„ we have 

Oi/i = aJi, i/iPi = yi, OM^^x, MP = y, QM^ = x^, 
and -3/2^8 = ^a* 

Draw Pji?! and PR^^ parallel to OX, to meet MP and 
ifaA "1 -^1 *^d i?a respectively. 

Then P^R^ = J/^if = OJf - OJfj = a; - a;,, 

P^2 = iO/a = Oif a - Oif = iBjj - ^» 
# R,P = MP^M,P, = y-y,, 

and R^^=:M^^-MP = y^-y, 

From the simi^ triangles PiRiP and PRJP^ we have 

.*. mi(a^-a;) = W3(a;-«i), 



Again 






so that »»i (yj- y) = OTs (y-y,), 

and hence y = "*^'-^"^\ 

11*1 + TUa 

The coordinates of the point which divides P^P^ in- 
ternally in the given ratio mj : m^ are therefore 

If the point Q divide the line P^Pj externally in the 
same ratio, i,e, so that P^Q : ©Pj :: m^ : m,, its coordinates 
would be foand to be 

m^ — 1112 m^ — 1112 

The proof of this statement is similar to that of the 
preceding article and is left as an exercise for the student. 



LINES DIVIDED IN A GIVEN RATIO. 13 

Cor. The coordinates of the middle point of the line 
joining {x^, y^ to (a:,, y^) are 

^±3and?^^'. 



S8. Bz. 1. In any triangle ABC prove that 
AB'+AC*=2 (AD^+DCT), 
where D is the middle point of BC, 

Take B as origin, BC as the axis of «, and a line throagh B per- 
pendicular to £C as the axis of y. 

Let BC=za, so that C is the point (a, O), and let il be the point 
(a?i,yi). 

Then D is the point (n» ^) • 

Hence ^Bl*^lx^-^ +y^, and J>^=(^ - 

Hence 2(i4D«+DC«) = 2rari» + yi»-aari + ^ 

= 2xi' + 2^1^ - 2aari + a\ 
Also iiC«=(xi-a)«+yi«, 

and AB^=zx^+y^K 

Therefore AB^-^-AC^^^^x^j^^y^-^ax^^a^ 
Hence JB2+.i(7»=2(i4D»+DC7'). 

This is the well-known theorem of Ptolemy. 

Bz. 9. ABC is d'triangle and D, E, and F are the middle points 
of the sides SC, CA, and AB ; prove that the point which divides AD 
internally in the ratio 2 : 1 also divides the lines BE and CF in 
the same ratio. 

Hence prove that the medians of a triangle meet in a point. 
Let the coordinates of the vertices A^ £, and (7 be (or^ , y^^ (i^, y,), 
and (^s'S^t) I'espectiyely. 

The coordinates of D are therefore -ti^ and ?'*^^' . 

Let Q be the point that divides intemallj AJ> in the ratio 2 : 1, 
and let its coordinates be i and y. 
By the last article 

2x^^±^«.Hxari 
2P -^^ 3 . 



So 17=^^^«±^». 
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In the same manner we could shew that these are the coordinates 
of the points that divide BE and CF in the ratio 2 : 1. 
Since the point whose coordinates are 

^l±^t£» . Vi+Vi + Vs 

lies on each of the lines AD, BE, and CF, it follows that these three 
lines meet in a point. 

This point is called the Gentroid of the triangle. 



P.yAMPT.P.ft L 

Find the distances between the following pairs of points. 
1. (2, 3) and (5, 7). 2. (4, -7) and (-1, 6). 

3. ( - 3, - 2) and ( - 6, 7), the axes being incUned at 60°. 

4. (a, o) and (o, b), 5. (&+c, c + a) and {c-\-a, a + b), 

6. (a cos a, a sin a) and (a cos p, a sin p), 

7. {am^, 2am|) and (am^, 2am^, 

8. Lay down in a figure the positions of the points (1, - 3) and 
( - 2, 1), and prove that the distance between them is 5. 

9. Find the value of Xi if the distance between the points [x^, 2) 
and (3, 4) be 8. 

10. A line is of length 10 and one end is at the point (2, - 3) ; 
if the abscissa of the other end be 10, prove that its ordinate must oe 
3 or - 9. 

11. Prove that the points (2a, 4a), (2a, 6a), and f2a + ^3a, 5a) 
are the vertices of an equilateral triangle whose side is 2a. 

12. Prove that the points (-2, - 1), (1, 0), (4, 3), and (1, 2) ara 
at the vertices of a parallelogram. 

13. Prove that the points (2, - 2), (8, 4), (6, 7), and (- 1, 1) are 
at the angular points of a rectangle. 

14. Prove that the point ( - ^, f |) is the centre of the circle 
circumscribing the triangle whose angular points are (1, 1), (2, 3), 
and (-2, 2). 

Find the coordinates of the point which 

15. divides the line joining the points (1, 3) and (2, 7) in the 
ratio 3 : 4. 

16. divides the same line in the ratio 3 : - 4. 

17. divides, internally and externally, the line joining (-1, 2) 
to (4, - 6) in the ratio 2 : 3. 



"-^ THE 

UNIVERSITY 

Of 
[EXS. I.] EXAMPLES. 15 

18. divides, intemallj and extenuUly, the line joining ( - 8, - 4) 
to ( - 8, 7) in the ratio 7 : 5. 

19. The line joining the p<nnt8 (1, - 2) and ( - 8, 4) is trisected ; 
find the coordinates of tiie points of trisection. 

20. The line joining the points ( - 6, 8) and (8, - 6) is diyided 
into fonr equal parts ; find the coordinates of the podnts of section. 

21. Find the coordinates of the points which divide, intemallj 
and externally, the line joining the point (a +6, a-b) to the point 
(a- 5, a+&) in the ratio a : b, 

22. The coordinates of the vertioes of a triangle are fxp yX 
(«a> y^ and (a^, ^3). The line joining the first two is dividea in the 
ratio 1: k, and the line joining this point of division to the opposite 
angular point is then divideid in the ratio m : k + l. Fina the 
ooordinates of the latter point of section. 

23. Prove that the coordinates, x and y, of the middle point of 
the Ihie joining the point (2, 8) to the point (8, 4) satisfy the equation 

ar-y + l=0. 

24. U Ghe the centroid of a triangle ABC and O he any other 
point, prove that 

S{QA^ + QB*+GC^)=BC^+GA*+AB^, 
and 0^«+0B»+0C«=.a^«+GB«+GC«+8G0«. 

25. Prove that the lines joining the middle points of opposite 
sides of a quadrilateral and the line joining the middle points of its 
diagonals meet in a point and bisect one another. 

26. ^, B, C, D... are It points in a plane whose coordinates are 

i^itydf (^tVif* (^si^s) '^^ ^ bisected in the point G^; G^C is 

divided at G^ in the ratio 1 : 2; G^ is divided at 6. in tiie ratio 
1:8; G^E at G^ in the ratio 1 : 4, and so on until all uie points are 
ezhaustM. Shew that the coordinates of the final point so obtained are 

^i±£i±^±iii±£* and yi±y3±ya±iLi±yn 

n n 

[This point is called the Oeatr* of Mean ToMtlon of the n given 
points.] 

27. Prove that a point can be found which is at the same 
distance from each of the four points 

24. To prove thcU the area of a trapezium^ i. e. a quad- 
rilateral having ttvo sides parallel, is one half the sum of the 
two parallel ndea multiplied hy the perpendicular distamce 
between them. 
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Let ABGD be the trapezium having the sides AD and 
BG parallel. 

Join AG and draw AL perpen- 
dicular to BG and GN perpendicular 
to ADy produced if necessary. 

Since the area of a triangle is one 
half the product of any side and the 
perpendicular drawn from the opposite angle, we have 
area ABGD ^^ABG + A^ GD 

=\.BG.AL+\.AD,GN 
^\{BG + AD)y^AL. 

25. To find tfie area of the triangle, the coordinates of 
whose angular points are given, the axes being rectangular. 

Let ABG be the triangle 
and let the coordinates of its 
angular points A, B and G be 
(a^i, yi), i^y t/i), and (ajj, y^). 

Draw AL, BM, and GN per- 
pendicular to the axis of x, and 
let A denote the required area. 

Then 

A = trapezium A LNG + trapezium GNMB — trapezium A LMB 
= \LN {LA + NG) + \NM {NG + MB) - \LM (LA h- MB), 
by the last article, 

= J [(aJs-a^i) (yi + ys) + (iKj -a^s) (^2 + V^ - i^-^i) (^1 + ^2)]. 
On simplifying we easily have 

^ = l(»iy2-3yri + X2y3-X3y2 + X3yi-Xiy8), 
or the equivalent form 

^ = H^ (^2-^3) + ^ {Vz-Vi) + aJs (yi -2^2)]. 
If we use the determinant notation this may be written 
(as in Art. 5) 

«i, yi, 1 i 

Cor. The area of the triangle whose vertices are the 
origin (0, 0) and the points (x^, y,), {x.,, y^) is | (x^y.^-x^^). 
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ao. In tlie preceding article, if the axes be oblique, the perpen- 
diculars ALy BMt and CN^ are not equal to the ordinates yj, y,, and 
y,, bnt are equal respectiyely to y^ sin w, Va sin &, and y, sin w. 

The area of the triangle in this case becomes 

}8inw{a?iy,-jr^i+Xa2^,-a;,y,+a-,yi-j;iy,}, 

i.e. ^sin wx x^, y^, 1 . 

27. In order that the expression for the area in Art. 25 may be 
a positive quantity (as all areas necessarily are) the points A^ B, and 
C must be taken in the order in which thev would be met by a 
person starting from A and walking round the triangle in such a 
manner that tJie area of the triangle is always on his left hand. 
Otherwise the expressions of Art. 25 would be found to be negatiye. 

28. To find the area of a quadrilateral tlie coordinates 
of whose angular points are given. 




Let the angular points of the quadrilateral, taken in 
order, be A, B, (7, and i>, and let their coordinates be 
respectively (ajj, y^, {x^, y^), {x^, y^\ and (0:4, y^. 

Draw -4Z, BM^ GN^ and DR perpendicular to the axis 
oix. 

Then the area of the quadrilateral 
= trapezium ALBD + trapezium DRNC + trapezium GNMB 

— trapezium ALMS 
= ILR {LA + RD) + ^RN{RD + NO) + \NM{NC + MB) 

^^LM{LA + MB) 
= i{{x^-x,) (y, +2/4) + (a^ -a;*) (^3 + ^4) + {^2-^) {Vi-^V^) 

= i {(aa^a - a^i) + (•'^22/3 - 0^2) + (a^4 - ^^z) + {^a^i - ^vdV 
L. 2 
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29. The above formula may also be obtained *^ by 
drawing the lines 0-4, OB, OG and OD, For the quadri- 
lateral ABCD 

= AOBC+ AOCD - aOBA- aOAD, 

But the coordinates of the vertices of the triangle OJBO 
are (0, 0), (osg, y^) and {x^y y^) ; hence, by Art. 25, its 
area is \{x^z-x^^. 

So for the other triangles. 

The required area therefore 

= i [(^0^2 - aWi) + (a^8 ~ aJa^s) + (^^4 - «4y8) + {^iUi - aW*)]- 
In a similar manner it may be shewn that the area 
of a polygon of n sides the coordinates of whose angular 
points, taken in order, are 

(a^i, yi), (a-,, ya), (a%, y3),...(a?H, y») 
is J [(iCiya- 352^1) + (aJ2y8-aW2) + ... + (aJ«yi - a:iyn)]. 



EXAMPLES, n. 

Find the areas of the triangles the coordinates of whose angular 
points are respectively 

1. (1, 3), ( - 7, 6) and (5, -1). 2. (0, 4), (3. 6) and ( - 8, - 2). 

3. (5,2), (-9, -3) and (-3, -5). 

4. {a^h-^-f^^ (a, 6-c) and (-a^c), 

5. (a^c^-a)^ («» c) and (-a, c-a). 

6. (a cos 02 > ^ B^Q 0l)> (^ ^^^ 02) ^ B^Q 02) ^^^ (^ <^03 08> ^ ^hi ^. 

7. (<*%^» 2ami), (aiWj^, 209713) and (awij^ 2am3). 

8. {am^msi a(mj+7n2)}, {aTnjTTi,, a (m^+mj)} and 

{awigTHj, a(m3 + »ij)}. 



8- f '^' ^1 ■ H' ,7] """^ f"^' ^J 



Prove (by shewing that the area of the triangle formed by them id 
zero) that the following sets of three points are in a straight line : 

0. (1,4), (3,-2), and (-3, 16). 

1. (-i.3), (-6,6), and (-8,8). 
.2. («, & + c)» (&» c + a), and (c, a + 6). 
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Find (he areas of the quadrilaterala the ooordinates of whose 
angcQar i)oints, taken in order, are 

13. (1, 1), (3,4), (6, -2), and (4, -7). 

14. (-1.6), (-3, -9), (5, -8), and (3, 9). 

15. If O be the origin, and if the coordinates of any two points 
Pi and Pj be respectively {x^ y^ and (a;,, y^), prove that 

OPi . OP^ . cos PiOP^ =Xi«j + y jy, . 

30. Polar Coordinates. There is another method, 
which is often used, for determining the position of a point 
in a plane. 

Suppose to be a fixed point, called the origin or 
pole, and OX a, fixed line, called the initial line. 

Take any other point F in the plane of the paper and 
join OF. The position of F is clearly known when the ' 
angle XOF and the length OF are given. 

[For giving the angle XOP shews the direction in which OP is 
drawn, and giving the distance OP tells the distance of P along this 
direction.] 

The angle XOF which would be traced out by the line 
OF in revolving from the initial line OX is called the 
vectorial angle of F and the length OF is called its radius 
vector. The two taken together are called the polar co- 
ordinates of F. 

If the vectorial angle be and the radius vector be r, the 
position of F is denoted by the symbol (r, $). 

The radius vector is positive if it be measured from the- 
origin along the line bounding the vectorial angle; if 
measured in the opposite direction it is negative. 

81. Bz. Construct the positions of the points (i) (2, 30°), 
(u) (3. 160°), (iii) (-2, 45°), (iv) 
(-3, 330°), (v) (3, -210°) and (vi) 
(-3, -30°). 

(i) To construct the first point, 
let tne radius vector revolve from 
OX through an angle of 30°, and 
then mark off along it a distance 
equal to two units of length. We 
thus obtain the point P^. 

(ii) For the second point, the radius vector revolves from OX 
through 150^ and is then in the position OP^ ; measuring a distance 3 
along it we arrive at Pj. 

2—2 
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(iii) For the third point, let the radius yector revolve from OX 
through 45^ into the position OL, We have now to measure along 
OL a distance - 2, i.e. we have to measure a distance 2 not along OL 
but in the opposite direction. Producing LO to P,, so that OP^ is 
2 units of length, we have the required point P,. 

(iv) To get the fourth point, we let the radius vector rotate from 
OX through 380^ into the position CM and measure on it a distance 

- 3, i. 6. 3 in the direction MO produced. We thus have the point P^ , 
which is the same as the point given by (ii). 

(v) If the radius vector rotate through - 210°, it will be in the 
position OP^t and the point required is P,. 

(vi) For the sixth point, the radius vector, after rotating through 

- 30°, is in the position OM. We then measure - 8 i^ong it, i,e, 3 in 
the direction MO produced, and once more arrive at the point P,. 

32. It will be observed that in the previous example 
the same point Pj is denoted by each of the four sets of 
polar coordinates 

(3, 150'), (-3, 330'), (3, -210**) and (-3, -30> 
In general it will be found that the same point is given 
by each of the polar coordinates 

(r, 0), (- r, ISC'* + 6), {r, - (360^ - 0)} and {- r, - (180' - $)}, 
or, expressing the angles in radians, by each of the co- 
ordinates 

(r, 6), (- r, ^ + 0), {r, - (2^ - $)} and {- r, - (,r - $)}, 

It is also clear that adding 360" (or any multiple of 
360*) to the vectorial angle does not alter the final position 
of the revolving line, so that (r, $) is always the same point 
as (Vy $ + n. 360°), where n is an integer. 

So, adding 180° or any odd multiple of 180° to the 
vectorial angle and changing the sign of the radius vector 
gives the same point as before. Thus the point 

[-r,^ + (2ri + 1)180°] 

is the same point as [— r, ^ + 180°], Le. is the point [r, $]. 

33. To find the length of tlie strctight line joining two 
points whose polar coordinates are given. 

Let A and B be the two points and let their polar 
coordinates be (ri, Oj) and (rj, ^2) respectively, so that 
0A = r.,OB = r., lXOA^B,, and lXOB^B^. 
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Then {Trigonometry, Art 164) 

AB^=0A^+0B'-20A. OB cos AOB 
= r^ + ^j* - 2riraC08 (^1 - 6^, 

34. To find the area of a triangle the coordinates of 
whose angular points are given. 

Let ABC be the triangle and let (rj, ^,), (ra, tf,), and 
(rj, ^5) be the polar coordinates of 
its angular points. 

We have 

aabc=aobg+aoga 

-AOBA (1). 

Now 

A OBC = \0B . 00 sin BOO 
[Trigonometry y Art. 198] 
= ^,r,sin(^5-^a). 
So A OCA = ^00 . OA sin CO A = Jr^n sin {0^ - ^3), 
and A OAB - JOui . OJ? sin ilO^ = ^^r^ sin (^ - ^a) 
= -|riraSin(tfa-^i). 
Hence (1) gives 
Ail^C = J [rar^sin (^3 - dj) + Vi ao (d^ - d,) 

+ r^r, sin (^a-^i)]- 

35. To chamge from Carte sian Coordinates to FoUmt 
Coordinat es, and conversel y, ^" ' 

Let F be any point whose Cartesian coordinates, referred 
to rectangular axes, are x and y, 
and whose polar coordinates, re- 
ferred to as pole and OX as 
initial line, are (r, 0), 

Draw PJf perpendicular to OX 
so that we have 

OM=^x, MF=y, LMOF = e, 
and OF=r. 

From the triangle MOF we 
have 

x=OM^OFcosMOF-- 
y = MF-- 



X' Oi 



M 



iy' 



-rcostf ... 
QP8inifOP =.r sin^.. . 
r=OP^^|O^P + MF^^Ja?^^f 



(1), 
.(2), 
.(3), 
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and 

-'=^=1 w- 

Equations (1) and (2) express the Cartesian coordinates 
in terms of the polar coordinates. 

Equations (3) and (4) express the polar in terms of the 
Cartesian coordinates. 

The same relations will be found to hold if i* be in any 
other of the quadrants into which the plane is divided by 
XOX' and YOT. 

Bz. Change to Cartesian coordinates the equations 

{l)r=asindf and (2) r*=a*coa-. 

(1) Multiplying the equation by r, it beoomes i^=zar sin $, 
i.e. by equations (2) and (3), x^-\-y*=ay, 

(2) Squaring the equation (2), it beoomes 

A n 

r=aco8'2 = -(l+coB^), 
i,e. 2r2 = ar+ar cos ^, 

i.e. (2x2 + 2y2-aa:)2=a«(x2+y2)^ 



EXAMPLES, m. 



\ 



Lay down the positions of the points whose ^lar coordinates are 
/ L (3.46°). 2. (-2, -60°). 3. (4,135°). 4. (2,330°). 

/ 5. (-1, -180°). 6. (1. -210°). 7. (5, -675°). 8. (a. ^V 

9. (2a,-^). 10.(-«,i). 11. (-2a,-^), 

Find the lengths of the straight lines joining the pairs of points 
whose polar coordinates are 

/ 12. (2, 30°) and (4. 120P). 13. (-3, 45°) and (7, 106°). 

\ 14. (a,^)and(3«,|). 
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15. Prove that the points (0, 0), (3, ? ) , and (8, ^ j form an equi- 
y lateral triangle. 

Find the areas of the triangles the coordinates of whose angolar 
points are 

16. (1, 30°), (2, 60°), and (3. 90°). 

17. (-3, -30°). (6. 160°), and (7. 210°). 

18. (-a. y, (a.^).and(-2a.-^). 

Find the polar coordinates (drawing the figure in each case) of the 
points 

19. a;=V3. y=l.- 20. a!=-V3, y=l. 21. x=-l, y=l. 

f Find the Cartesian coordinates (drawing a figure in each case) of 

the points whose polar coordinates are 

(5.^). 23. (-5,1). ^4.(6.-^). 

Change to polar coordinates the equations 
^^25. a^+y*=^" 26. y=a:tano. 27. «^+y*=2<iar. 

28. x>-y2=2ay. 29. ix^=-y''{,^a-x), 30. (a;« + y2)t=a«(a:«-y«). 
/ Transform to Cartesian coordinates the equations 



22. 



31. r^a. 
f 34. r=a sin 2^. 




31 ^=tan-i|ii. 


^3. r=a eosd. 




35. r«=a« cos 2d. 


36. r2sin2d=2a«. 


37. r2cos2d = a2. 
40. r (cos 3^+ sin 


38. r*cos|=:a*. 
3^) = 61; sin ^ cos ^. 


39. r* = a*sin|. 








I ■ 
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CHAPTER III. 

LOCUS. EQUATION TO A LOCUS. 

36. When a point moves so as aMsLyB to satisfy a 
given condition, or conditions, the path it traces out is 
called its Locus under these conditions. 

For example, suppose to be a given point in the plane 
of the paper and that a point P is to move on the paper so 
that its distance from shall be constant and equal to a. 
It is clear that all the positions of the moving point must 
lie on the circumference of a circle whose centre is and 
whose radius is a. The circumference of this circle is 
therefore the " Locus" of F when it moves subject to the 
condition that its distance from shall be equal to the 
constant distance a, 

37. Again, suppose A and ^ to be two fixed points in 
the plane of the paper and that a point F is to move in 
the plane of the paper so that its distances from A and B 
are to be always equal. If we bisect AB in C and through 
it draw a straight line (of infinite length in both directions) 
perpendicular to AB, then any point on this straight line 
is at equal distances from A and B, Also there is no 
point, whose distances from A and B are the same, which 
does not lie on this straight line. This straight line is 
therefore the "Locus" of F subject to the assumed con- 
dition. 

33. Again, suppose A and ^ to be two fixed points 
and that the point P is to move in the plane of the paper 
so that the angle AFB is always a right angle. If we 
describe a circle on AB as diameter then F may be any 
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X)oint on the circumference of this circle, since the angle 
in a semi-cirple is a right angle; also it could easily be 
shewn that APB is not a right angle except when F lies 
on this circumference. The "Locus" of P under the 
assumed condition is therefore a circle on AB as diameter. 

39. One single equation between two unknown quan- 
tities X and y, e,g, 

x + y^\ (1), 

cannot completely determine the values of x and y. 



Sfe 



tn 



1 
I 



^a 



CM 



1^ 



\ s 



\p* 



; = 0,1 a!=l,1 «= 2,1 a;= 3,1 
r=l/' y=-.0/' y = -\]' y = -2/'"- 



^}.-- 



Such an equation has an infinite number of solutions. 
Amongst them are the following : 
a; = 0,) 

y- 

a;=-l,] 05 = — 2, 
y= 2/' y= 3. 

Let us mark down on paper a nimiber of points whose 
coordinates (as defined in the last chapter) satisfy equation 

Let OX and OF be the axes of coordinates. 
If we mark off a distance Oi\ (=1) along OY^ we have 
a point P^ whose coordinates (0, 1) clearly satisfy equation 

If we mark off a distance OP^ (=1) along OXy we have 
a point Pa whose coordinates (1, 0) satisfy (1). 
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Similarly the point P,, (2, - 1), and P4, (3, - 2), satisfy 
the equation (1). 

Again, the coordinates (—1, 2) of P^ and the coordinates 
(- 2, 3) of Pg satisfy equation (1). 

On making the measurements carefully we should find 
that all the points we obtain lie on the line P^P^ (produced 
both ways). 

Again, if we took cmy point Q, lying on PiP^, and draw 
a perpendicular QM to OX, we should find on measurement 
that the sum of its x and y (each taken with its proper 
sign) would be equal to unity, so that the coordinates of Q 
would satisfy (1). 

Also we should find no point, whose coordinates satisfy 
(1), which does not lie on P^P^, 

All the points, lying on the straight line PiP^j and no 
others are therefore such that their coordinates satisfy the 
equation (1). 

This result is expressed in the language of Analytical 
Geometry by saying that (1) is the Equation to the Straight 
line P^P^. 

40. Consider again the equation 

ar» + 2/* = 4 (1). 

Amongst an infinite number of solutions of this equa- 
tion are the following: 

aj = 2,| aJ= ^/3l x = J2\ x=\ \ 

x = 0\ aJ = -l,l x^-J2A a; = -^/3,| 

y = 2]^ y = ^/3^ y = J2 T y=l /' 

x = -X\ i» = -N/3,l x = ^j2A a; = -l, | 

y = r y = -l /' y = -^2/' y = --^3/' 

a; = 0, \ a;=l, ^ x= J2, \ x^ J^] 
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AH these pcHnts «re respectiA-ely represents! by the 
pcHnts /\, P„ Pj, ... /\,, and they 
will all be foond to lie on the 
dotted cirde whose centre is 
and radius is 2. 

Also, if we take any other 
point Q on this circle and its 
ordinate Qlf^ it follows, since 
Oin + M<y=OQ^ = 4, that the x 
and y of the point Q satisfies (1). 

The dotted circle therefore 
passes through all the points whose 
coordinates satisfy (1). 

In the language of Analytical Geometry the equation 
(1) is therefore the equation to the above circle. 

41. As another example let us trace the hwus of tlu* 
point whose coordinates satisfy the equation 

3^=4^: (1). 

If we give x a negative value we see tluvt y \h \m 
possible; for the square of a 
real quantity cannot be nega- 
tive. 

We see therefore that there 
are no points lying to the left 
of OF. 

If we give x any positive 
value we see that y has two 
real corresponding values which 
are equal and of opposite signs. 

The following values, 
amongst an infinite number of 
others, satisfy (1), viz. 

x = OA x=l, I a; = 2, 

y = 0}* y = + 2or-2r y = 2^ 
x--=4 I a;=16, 

y = + 4or-4/' "* y = 8or. 




V2or-2V2)^ 

- 8/ ' " ' y + 00 or - CO / ' 

The^rigin is the first of these points and P^ and Q^f 

^ ^ ^ ^ ^ represent the next pairs of pointn. 



7*2 and Q^, Pg and Q^y . 



28 COORDINATE GEOMETRY. 

If we took a large number of values of x and the 
corresponding values of y, the points thus obtained would 
be found all to lie on the curve in the figure. 

Both of its branches would be found to stretch away to 
infinity towards the right of the figure. 

Also, if we took any point on this curve and measured 
with sufficient accuracy its x and y the values thus obtained 
would be found to satisfy equation (1). 

Also we should not be able to find any point, not lying 
on the curve, whose coordinates would satisfy (1). 

In the language of Analytical Greometry the equation 
(1) is the equation to the above curve. This curve is called 
a Parabola and will be fully discussed in Chapter X. 

42. If a point move so as to satisfy any given condition 
it will describe some definite curve, or locus, and there can 
always be found an equation between the x and y of any 
point on the path. 

This equation is called the equation to the locus or 
curve. Hence 

Def. Equation to a curve. The equation to a 
curve is the relation which exists between the coordinates of 
any point on the curve, and which holds for no other points 
except those lyitig on the curve, 

43. Conversely to every equation between x and y it 
will be found that there is, in general, a definite geometrical 
locus. 

Thus in Art. 39 the equation is a; + y=l, and the 
definite path, or locus, is the straight line P^P^ (produced 
indefinitely both ways). 

In Art. 40 the equation is a5^ + y^ = 4, and the definite 
path, or locus, is the dotted circle. 

Again the equation y = 1 states that the moving point 
is such that its ordinate is always unity, i.e. that it is 
always at a distance 1 from the axis of x. The definite 
path, or locus, is therefore a straight line parallel to OX 
and at a distance unity from it. 
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44. In the next chapter it will be found that if the 
equation be of the first degree (i,e, if it contain no 
products, squares, or higher powers of x and y) the locus 
corresponding is always a straight line. 

If the equation be of the second or higher degree, the 
corresponding locus is, in general, a curved line, 

45. "We append a few simple examples of the forma- 
tion of the equation to a locus, 

Sz. 1. A point moves so that the cUgebraic sum of its distances 
from two given perpendicular axes is equal to a constant quantity a ; 
find the equation to its locus. 

Take the two straight lines as the axes of coordinates. Let (x, y) 
be any point satisfying the given condition. We then have x-\-y=xa. 

This being the relation connecting the coordinates of any point 
on tiie loons is the equation to the locus. 

It mil be found in the next chapter that this equation represents 
a straight line. 

Bz. 2. The sum of the squares of the distances of a moving point 
from the two fixed points (a, 0) and ( - a, 0) is equal to a constant 
quantity 2c\ Find the equation to its locus. 

Let iXf y) be any position of the moving point. Then, by Art. 20, 
the condition' of the question gives 

{(x-a)2+y2j + {(a; + a)2 + y2}=2c2, 
i,e, x^+y^=c^-a\ 

This being the relation between the coordinates of any, and every, 
point that satisfies the given condition is, by Art. 42, the equation to 
the required locus. 

This equation tells us that the square of the distance of the point 
(ac, y) from the origin is constant and equal to c^ - a*, and therefore 
the loons of the point is a circle whose centre is the origin. 

Bz. 8. A point moves so that its distance from the point ( - 1, 0) 
is always three times its distance from the point (0, 2). 

Let (x, y) be any point which satisfies the given condition. We 

then have 

^(x + iy'+ (y - 0)^=3 J(x - 0)2 + (1/ - 2)2, 
Bo that, on squaring, 

x^+2x+l+y^=9(x^+y^-^y + 4.), 
ue. 8 (x^+y^ -2x- 36y + 36 = 0. 

This being the relation between the coordinates of each, and 
every, point that satisfies the given relation is, by Art. 42, the 
required equation. 

It will be found, in a later chapter, that this equation represents 
a circle. 
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EXAMPLES. IV. 

By taking a nuinber of solations, as in Arte. 39 — 41, sketch 
the loci of the following equations : 

y. 1. 2x + %=10. 2. 4aj-y = 7. / 3. x*-2ax+y^=0. 

/ 4. a:«-4aar+y«+3tt»=0. 5. y*=«. 6. 3x=y»-9. 

A and B being the fixed points (a, 0) and ( - a, 0) respectively, 
obtain the equations giving the locos of P, when 
^ Sr^^* - PB«=a constant quantity =2*« 
^ 9. P^=itPB,n being constant. 

10. P^ +PB=c, a constant quantity. 
^ 11. P^+PC«=2P^«, C being the point (c, 0). 

"^ vA 12. Find the locus of a point whose distance from the point (1, 2) 
^Vjis equal to its distance from the axis of y. 

Find the equation to the locus of a point which is always equi- 
distant from the points whose coordinates are 

13. (1, 0) and (0. -2). x-14. (2, 3) and (4, 6). 

15. (a + &, a-&) and (a-&, a+&). 
Find the equation to the locus of a point which moves so that 

16. its distance from the axis of :i; is three times its distance from 
the axis of y, 

17. its distance from the point (a, 0) is always four times its dis- 
tance from the axis of y. 

^ 18. the sum of the squares of its distances from the axes is equal 
'<o8. 

19. the square of its distance from the point (0, 2) is equal to 4. 

20. its distance from the point (3, 0) is three times its distance 
from (0, 2). 

21. its distance from the axis of x is always one half its distance 
"^ frtf^ the origin. 

y 22. A fixed point is at a perpendicular distance a from a fixed 
straight line and a point moves so that its distance from the fixed 
point is always equad to its distance from the fixed line. Find the 
equation to its locus, the axes of coordinates being drawn through 
the fixed point and being parallel and perpendicular to the given 
line. 

23. In the previous question if the first distance be (1), always half, 
^and (2), always twice, the second distance, find the equations to the 
^ respective loci. 
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CHAPTER IV. 

THE STRAIGHT LINE. KECTANGULAR COORDINATES. 

46. To find the eqiuUion to a straight line which ia 
parallel toj^ne o/j lk c coordinate aaee . 

Let CJj be anylme parallel to the axis of y and passing 
through a point G on the axis of x such that OG = c. 

Let F be any point on this line whose coordinates are 
X and y. 

Then the abscissa of the point P is 
always c, so that 

x = c (1). 

This being true for every point on 
the line GL (produced indefinitely both 
ways), and for no other point, is, by 
Art. 42, the equation to the line. 

It will be noted-ihat- th e e quation doo a not contain the 
coordinate y. , 

Similarly the equation to a stwdght line parallel to the 
axis of a; is y=dL 

Cor. The equation to the axis of a; is y = 0. 
The equation to the axis of y is a? — 0. 

47. To find the equation to a straight line which cuts 
off a mven interc^ on the aads of y amd is inclined at a 
given angle to the a^ of x. 

Let the given intercept be c and let the given angle be a. 



r 
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Let C be a point on the axis of y such that OC is c 
Through G draw a straight 
line ZCZ' inclined at an angle 
a (= tan~^ m) to the axis of ?•, 
so that tan a = m. 

The straight line LGL' is 
therefore the straight line 
required, and we have to 
find the relation between the 
coordinates of any point F lying on it. 

Draw FM perpendicular to OX to meet in iV a line 
through C parallel to OX, 

Let the coordinates of P be a; and y^ so that OM^x 
and MF = y. 

Then J/P = iV^ + JfiV=CiVtana+ 0(7 = m. a; + c, 
t.e. y = inx + c. 

This relation being true for any point on the given 
straight line is, by Art. 42, the equation to the straight 
line. 

[In this, and other similar cases, it could be shewn, 
conversely, that the equation is only true for points lying 
on the given straight line.] 

Cor. The equation to any straight line passing through 
the origin, t.e. which cuts off a zero intercept from the axis 
of y, is found by putting c = and hence is y = wias. 

48. The angle a which is used in the previons article is the 
angle through which a straight line, originally parallel to OX, would 
have to turn in order to coincide with the given direction, the rotation 
being always in the positive direction. ALso n( is alwfkys the tangent 
of this angle. In the case of such a straight line as AB^ in the figure 
of Art. 50, m is equal to the tangent of the angle XAP (not of the - 
angle FAO), In this case therefore m, being the tangent of an obtuse 
angle, is a negative quantity. 

The student should verify the truth of the equation of the last 
article for all points on the straight line LGL\ and also for straight 
lines in other positions, e,g, for such a straight line as A^B^ in the 
figure of Art. 59. In this latter case both m Oiud c are negative 
quantities. 

A careful consideration of all the possible cases of a few proposi- 
tions will soon satisfy him that this verification is not always 
necessary, but that it is sufficient to consider the standard figure^ 
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le eatting 
I of y, and 



inolined 



49. Bz. The equation to the strai 
interoept 3 from the negative direction of i 
at 120° to the axis of a;, is 

y=«tania(y>+(-8), 

t.«. y+x^3+S=0. 

50. To find the eqtuUion to the straight line which cute 
off given intercepts a <md hfrovn the aaoes. 

Let A and J5 be on OX and OY respectively, and be 
such that OA = a and OB - b. 

Join AB and produce it in- 
definitely both ways. Let F be 
any point (x, y) on this straight 
line, and draw PJf perpendicular 
to OX 

We require the relation that 
always holds between x and y, so 
long as.£Jies on AB, 

Euc. Y I. 4, we have 
OJf 
OA '' 





PB J MP 
AB^^^'^-OB 



OM 
OA^OB 




t.e. 

This is therefore the required equation ; for it is the 
relation that holda between the coordinates of cmy point 
lying on the given straight line. 

61. The equation in the preceding article may be also obtained 
by expressing the fact that the sum of the areas of the triangles OPA 
and OPB is equal to OAB, so that 

and hence -4.1^=1 



a b 



62. Bz. 1. Find the eqtiation to the straight line passing 
through the point (8, -4) and cutting off intercepts^ equal hut of 
opposite signst from the two axes^ 

Let the intercepts out off from the two axes be of lengths a and 



%jy^ 
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The equation to the straight line is then 

a -a 

i.e, x-y=a ..(1). 

Since, in addition, the straight line is to go through the point 
(3, - 4), these coordinates must satisfy (1), so that 

8-(-4)=a, 
and therefore a =7. 

\ The required equation is therefore 

aj-y=7. 

Bz. 2. FinA the equation to the straight line which passes through 
the point ( - 5, 4) and is such that the portion of it between the axes is 
divided by the point in the ratio o/ 1 : 2. 

Let the required straight lii^e he - + t=1. This meets the axes 

in the points whose coordinates are (a, 0) and (0, 6). 

The coordinates of the point dividing the line joining these 
points in the ratio 1 : 2, are (Art. 22) 

2.a + 1.0 . 2.0+1.6 .2a .b 

If this be the point ( - 6, 4) we have 

-6=-3-and4=-, 

so that a= -^ and 6=12. 

The required straight line is therefore 

-¥^12""^' 
i.e. 6y-8a:=60. 

53. To find the equation to a straight line in terms of 
the perpendicular let fall upon it from the origin and the 
angle that this perpendicular makes with the axis of x. 

Let OB be the perpendicular from and let its length 
hep. 

Let a be the angle that OH makes 
with OX. 

Let P be any point, whose co- 
ordinates are x and y, lying on il^; 
draw the ordinate FM, and also ML 
perpendicular to OH and PiV perpen- 
dicular to ML. 
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Then OL^OMcoaa (1), 

and LR = NP = MP^nNMP. 

But L NMP=W-L NMO=- I MOL = a. 

LR = MPsma (2). 

Hence, adding (1) and (2), we have 

OM cos a + MP sma=OL-hLR=OB'='p, y^ 
i.e. xcosa + yiinaap. f kjj^ m 

This is the required equation. '-^^ 

54. In Arts. 47 — 53 we have found that the correspond- 
ing equations are only of the first degree in x and y. We 
shall now prove that 

Any eqiMtion of the first degree in x cmd y always repre- 
sents a straight line. 

For the most general form of such an equation is 

J[aj + %-fC = (1), 

wjiere -4, J5, and C are constants, i,e, quantities which do 
not contain x and y and which remain the same for all 
points on the locus. 

I^^ (^> yi)» (^» ^2)* ^^'^ (^> yj) ^ ^*wy three points on 
the locus of the equation (1). 

Since the point (oji, y^ lies on the locus, its coordinates 
when substituted for x and y in (1) must satisfy it. 

Hence ila^ + %i -f (7 = (2). 

So Ax^ + By^-^C^O (3), 

and iliK5 + %j+(7 = (4). 

Since these three equations hold between the three quanti- 
ties A, By and G, we can, as in Art. 12, eliminate them. 

The result is 

But, by Art. 25, the relation (5) states that the area of the 
triangle whose vertices are (ajj, yj), (ajj, y^), and (oj^, y^) is 
zero. 

Also these are any three points on the locus. 

3—2 



= (5). 
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The locus must therefore be a straight line ; for a curved 
line could not be such that the triangle obtained by joining 
any three points on it should be zero. 

66. The proposition of the preceding article may also be deduced 
from Art. 47. For the equation 

may be written ^~ "■«*"■«' 

and this is the same as the straight line 

fii=--g and c=-^. 

But in Art. 47 it was shewn that y-^mx-^-c was the equation to 
a straight line catting off an intercept_g^f rom the axis of y and 
inclined at an angle tan-^m to thnfiis of a:,' ' "^ 

The equation -4a: + ^y + C=0 

G 
therefore represents a straight line catting off an intercept - -^ from 

tiie axis of y and inclined at an angle t^~^ ( " r ) ^^ ^® ^^ ^^ ^* 

56. We can reduce the general equation of the first 

degree ila? -f % + C = , (1) 

to the form of Art. 53. 

For, if I? be the perpendicular from the origin on (1) 
and a the angle it makes with the axis, the equation to the 
straight line must be 

a5COso + ysina-jE? = (2). 

This equation must therefore be the same as (1). 

cos a sin a —p 
Hence -^ =^^^=_^ 

p COS a sin a Vcos' a + sin' a / 1 
».e. — = = =■ fc= 




cos a = , , sin a = , , and p = —. . 

The equation (1) may therefore be reduced to the form (2) 
by dividing it by V^' + J5* and arranging it so that the 
constant term is negative. 
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67. BaE. Reduce to the perpendicular farm the equation 

a?+y^/8+7=0 (1). 

Here ^A^+B'^ ^/r+F=V4=2. 

DiTiding (1) by 2, we baTe 

ie. a:(-i)+y(-^^)-}=0, 

t.«. xco8 24(y'+y sin 240°- }=0. 

58. To trtice the stratght line given by an eqiuittian of 
the first degree. 

Let the equation be 

Ax-^By-¥C = (1). 

(a) This can be written in the form 

^^ -%-'■• 

A B 

Comparing this with the result of Art. 50, we see that it 

n 
represents a straight line which cuts off intercepts - j and 

C 
— ■= from the axes. Its position is therefore known. 

If C7 be zero, the equation (1) reduces to the form 

A 

and thus (by Art. 47, Cor.) represents a straight line 
passing through the origin inclined at an angle tan"^ ( "" p) 
to the axis of x. Its position is therefore known. 

{P) The straight line may also be traced by finding 
the coordinates of any two points on it. 

Q 

If we put y = in (1) we have a; = --j. The point 



H.«) 



therefore lies on it. 
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If we put a; = 0, we have y = "• n i ^^ ^^*^ ^^® point 



0, 



B 



lies on it. 



line. 



Hence, as before, we have the position of the straight 



Trcuie the straight lines 

(1) 3a;-4y+7=0; (2) 7x + 8y + d=0; 

(3) By=.x; (4) aj=2; (6) y=-2. 



Y 


B. 


^ 


jSj.^-^ 


xX>^ 





^^--^dN 


B, 


(5) y' 


B« ^ 



(4) 



Cs 



(1) Putting y=0, we have «= - J, 
and putting a;=0, we have y^i. 

Measuring OA^ (= - i) along the axis of x we have one point on 
the line. 

Measuring OB^ (=|) along the axle of y we have another point. 
Hence ^i^i* produced both ways, is the required line. 

(2) Putting in succession y and x equal to zero, we have the 
intercepts on the axes equal to - f and - 1. 

If then 0^,= - f and 03^=^ - 1» we have A^B^ the required line. 

(3) The point (0, 0) satisfies the equation so that the origm is on 
the line. 

Also the point (3, 1), i,e, C,, lies on it. The required line is 
therefore OC^. 

(4) The line x = 2 is, by Art. 46, parallel to the axis of y and passes 
through the point A^ on the axis ojf x such that 0A^=2» 

(5) The line y = - 2 is parallel to the axis of x and passes through 
the point B^ on the axis of y, such that 0B^= - 2. 

60. Straight Line at Infinity. We have seen 
that the equation Ax + By -f C = represents a straight line 
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c c 

which cuts off intercepts — -^ *"^^ "" » ivom the axes of 
coordinates. 

If A vanish, hut not B or C7, the intercept on the axis 
of a; is infinitely great. The equation of the straight line 
then reduces to the form y = constant, and hence, as in 
Art. 46, represents a straight line parallel to Ox, 

So if ^ vanish, but not A or (7, the straight line meets 
the axis of y at an infinite distance and is therefore parallel 
to it. 

If A and B both vanish, but not C, these two in- 
tercepts are both infinite and therefore the straight line 
0.aj-f0.y + C = 0i8 altogether at infinity. 

61. The multiplication of an equation by a constant ^^ 
does not alter it. Thus the equations ^ *^t_-_, 

2aj-3y-f 5 = and 10a;-15y + 25 = 
represent the same straight line. 

Conversely, if two equations of the first degree repre- 
sent the same straight line, one equation must be equal to 
the other multiplied by a constant quantity, so that the 
ratios of the corresponding coefficients must be the same. 
For example, if the equations 

a^x + h^y + Ci == and A^x + Biy + d = 
represent the same straight line, we must have 

^ = ^ = Si 
Ai Bi 6\ 

62. To Jlnd the equation to the straight line which 
passes through the two given points (a/, y*) and (a;", y"). 

By Art. 47, the equation to any straight line is 

y= wa; + <J (1). 

By properly determining the quantities m and c we can 
make (1) represent any straight line we please. 
If (1) pass through the point {x\ y'), we have 

y'^mai -vc (2). 

Substituting for e from (2), the equation (1) becomes 

y-y' = m(x-x') (3). 



7/- 
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This is the equation to the line going through {x\ y') making 
an angle tan~^ m with OX, If in addition (3) passes through 
the point (a/', y"\ then 

giving ^=^^^rr^'- 

Substituting this value in (3), we get as the reqiiired 
equation 

68. BaE. Find the eqimtion to the straight line which passes 
through the points (-1, 3) and (4, -2). 
Let the required equation be 

y=mx+c (1). 

Since (1) goes through the first point, we have 
3=-f»+c, 80 that c=iii+3. 
Hence (1) becomes 

y=»M;+wi+3 (2). 

If in addition the line goes through the second point, we have 

-2=4m+m+3, so that m=-l. 
Hence (2) becomes 

y=-x + 2, i.e. x + y=:2. 
Or, again, using the result of the last article the equation is 

y-S=^-^^(x + l)=-x-l, 

ue. y+a:=2, 

64. To ^x definitely the position of a straight line we 
must have always two quantities given. Thus one point 
on the straight line and the direction of the straight line 
will determine it; or again two points lying on the straight 
line will determine it. 

Analytically, the general equation to a straight line 
will contain two arbitrary constants, which will have to be 
determined so that the general equation may represent any 
particular straight line. 

Thus, in Art. 47, the quantities m and c which remain 
the same, so long as we are considering the sa/me straight 
line, are the two constants for the straight line. 
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Similarly, in Art. 50, the quantities a and b are the 
constants for the straight line. 

65. In any equation to a locus the quantities x and y, 
which are the coordinates of any point on the locus, are 
called Current Coordinates ; the curve may be conceived as 
traced out by a point which " runs" along the locus. 



EXAMPLES. V. 

Find the eqaation to the straight line 
^^ 1. catting off an intercept unity from the positive direction of the^, 

axis of y and inclined at 45° to the axis of x, 
^ 2. cutting off an intercept - 5 from the axis of y and being equally 

inclined to the axes. 
y^^ 3. cutting off an intercept 2 from the negative direction of the 

axis of y and inclined at 30° to OX. 

4. cuttmg off an intercept - 3 from the axis of y and inclined at 
an angle tan~^i to the axis of x. 

Find the equation to the straight line 

^ 5. cutting off intercepts 3 and 2 from the axes. 

^ 6. catting off intercepts - 5 and 6 from the axes. 

7. Find the equation to the straight line which passes through the 
point (5, 6) and has intercepts on the axes 

(1) equal in magnitude and both positive, 

(2) equal in magnltUflti but ^posite in sign. 

8. Find the equations to the straight lines which pass through 
the point (1, - 2) and cut off equal distances from the two axes. 

9. Find the equation to the straight line which passes through 
the given point {x\ y') and is such that the given point bisects the 
part intercepted between the axes. 

10. Find the equation to the straight line which passes through 
the point (-• 4, 3) and is such that the portion of it between the axes 
is divided oy the point in the ratio 5 : 3. 

Trace the straight lines whose equations are 

11. a:+2y + 3=0. 12. 6x-7y-9 = 0. 
13. 3a;+7y=0. 14. 2a;-3y+4=0. 

Find the equations to the straight lines passing through the 
following pairs of points. 

/15. (0, 0) and (2, -2). 16. (3, 4) and (5, 6). 

17. (-1, 3) and (6, -7). 18. (0, -a) and (6,0). 
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19. (a, h) and (a +6, a-b). 

20. (atl^ 2ati) and {at^^, 2at^). 



21. (<^.i)and(^.?). 



22. (a 008 01, a sin ^) and (a oos ^, a sin ^. 

23. (a COS ^, 6 sin ^) and (a oos ^, 6 sin 0^. 

24. (a seo 01, 6 tan 0i) and (a seo 03, 6 tan 0,). 

Find the equations to the sides of the triangles the coordinates of 
whose angular points are respectively 

25. (1,4), (2.-3). and (-1, -2). 

26. (0.1). (2,0). and (-1,-2). 

27. Find the equations to the diagonals of the rectangle the 
equations of whose sides are x=a, x=a% y=bt and y=^b\ 

28. Find the equation to the straight line which bisects the 
distance between the points (a, b) and (a\ b') and also bisects the 
distance between the points (-a, 6) and (a\ -&')• 

29. Find the equations to the straight lines which go through the 
origin and trisect the portion of the straight line 3x+y=12 whidi 
is intercepted between uie axes of coordinates. 

Angles between straight lines. 

66. To find the angle bettveen ttoo given straight lines. 
Let the two straight lines be ALi and AL^y meeting the 
axis of X in Z^ and Z^. 



^ 




}/^\, 



2s 



I. Let their equations be 

y = 7?iia; + Ci and y — m^x-vc^ 

By Art. 47 we therefore have 

tan-4ZiX=Wi, and \a.\\,AL^X^m^, 

Now ^lL, A_L,^l. AL, X - lAI^X. 

tanZjilZs = tan [AL^X — AL^X] 

_ t&nALiX—t&nAL^X _ Wj — mj 

~ 1 + tan ALiX. tan AL^X "" 1 -f m^tn^ ' 



•<i). 
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Henoe the required angle =J:Jtt^^t^ 



[In any nmnerioal eza^Ie, if tAe qaamuty (2) be a po«iiljEa.4^an- 
tity4t is ^^^ngf"^ '}fi ^b^^aa^gtfrj tf i yle- between tne Imes ; if negafave , 
ftis the tangent of tmobtiuBeiaiglen ^ ^""^ ' 

II. Let the eqSbtions oTthe straight lines be 

and ^,0; + ^3^ + ^3 = 0. 

By dividing the equations by B^ and B^f they may be 
written 

and y^.-^--. 



Wi = -^, and t»a = -^. 



Comparing these with the equations of (I.), we see that 

Wi = -^, an 
Hence the required angle 

fo«-l '"^-^^ X— -1 A \ ^J 

= tan *-- =tan ^ ^ i v ^ J ^ 

-•"-^t^- » 

III, If the equations be given in the form 
iccosa + ysino— /ii = and a; cos j3 4- y sin j8 - ;?3 = 0, 
the perpendiculars from the origin make angles a and p 
with the axis of x. 

Now that angle between two straight lines, in which 
the origin lies, is the supplement of the angle between the 
perpendiculars, and the angle between these perpendiculars 
is P-a, 

[For, if OR^ and OR^ be the perpendionlars from the origin npon 
the two lines, then the points O, R^^ R^^ and A lie on a circle, and 
hence the angles R^OR^ and R^ARi are either eqnal or supplementary.] 
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I^K^ 



67. To find ike condition thcU two straight lines may 
be parallel. 

Two straight Knes are parallel when the angle between 
them is zero and therefore the tangent of this angle is zero. 
The equation (2) of the last article then gives A/ 

Two straight lines whose equations "^re giVe^^ in the 
"w" form are therefore parallel when their "m's** are the 
same, or, in other words, if their equations differ only in 
the constant term. 

The straight line Ax-{-By-\-Cf=^ is any straight line which ia 

parallel to the straight line ^x + By + C=0. For the **m's" of the 

two equations are the same. 

^^^Again the equation -4 (x - x') + B (y - y*) = dearly represents the 

f straight line wluofa passes through the point {z\ y') and is parallel to 

|j^a;+By + C=0. 

The result (3) of the last article gives, as the condition 
for parallel lines, 

B1A2 — A1B2 = 0, 

V- ^1 A* 

68. Bz. Find the eqttation to the straight line^ which passes 
through the point (4, - 5), and which is parallel to the straight line 

Sx+4y + 6r=0 (1). 

Any straight line whioh is parallel to (1) has its equation of the 
form 

8x+4y + C=0 (2). 

[For the *'m*' of both (1) and (2) is the same.] 

This straight line will pass through the point (4, - 5) if 
3x4+4x(-6) + C=0, 
i.e.if C=20-12=8. 

The equation (2) then becomes 
^';, /.^;^Ui'7!/ 8«+4» + 8=0. 

^ 69. To find the condition that tuoo straight lines^ whose 

equations are given, may he perpendictUar, 
Let the straight lines be 

and y = wijic -f Cj. 
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If ^ be the angle between them we have, by Art. 66, 
tan(?=,'!V:^ (1). 

If the lines be perpendicular, then ^ = 90*", and therefore 
tan^='00. 

The right-hand member of equation (1) must therefore 
be infinite, and this can only happen when its denominator 
is zero. 

The condition of perpendicularity is therefore that 

l+mim3 = 0, i,e, m^m^s — 1. 

The straight line y — in^x + c, is therefore perpendicular 

to y = Wia; + Ci, if m^ = . 

It follows that the straight lines 

^ia; + -5jy + Cj = and A^x-hB^y+C^ = Oi 

A A 

for which m^ = — -^ and m^ — --^, are at right angles if 



(-^)(-t)-. 



i.e. if A^Ai + £^B^ = 0. 

//l^'ii^ 70. From the preceding article it follows that the two 
straight lines 

A^x + Bjy + C,=^0 (1), 

and B^x-A^+C^^O (2), 

are at right angles ; for the product of their m's 

Also (2) is derived from (1) by interchanging the coefficients 
of X and y, changing the sign of one of them, and changing 
the constant into any other constant. 

Bac The straight line through {x^, y') perpendicular to (1) is (2) 
where B^n^ - Ay + 0^=0, so that Ca= jy-Bix'. 

This straight line is therefore 
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71. Bx. 1. Find the equation to the straight line which passe* 
through the point (4, - 5) and is perpendicular to the straight line 

3a;+4y+6=0 (1). 

First Method. Any straight line perpendicular to (1) is by the 
last artide 

4a;-3y + C=0 (2). 

[We should expect an arbitrary constant in (2) because there are 
an infinite number of straight lines perpendicular to (1).] 
The straight line (2) passes through the point (4, - 5) if 
4x4-3x(-6) + C7=0, 
f.«. if 0= -16-16= -31. 

The required equation is therefore 

4x-3y=31. 
Second Method, Any straight line passing through the giTen 
point is 

y-(-6)=m(jJ-4). 
This straight line is perpendicular to (1) if the product of their 
m*s is - 1, 

i.e. if w»x (-{)=-!, 

i.e. if wi=|. 

The required equation is therefore 

y + 6=f(aj-4), 
t.e. 4aj-3y = 31. 

Third Method, Any straight line iBy=mx+c, It passes through 
the point (4, - 6), if 

-6=4m+c (3). 

It is perpendicular to (1) if 

mx(-i)=-l (4). 

Hence m=f and then (3) gives c=-^. 

The required equation is therefore y=ix-^t 
Le, 4x-3y=31. 

[In the first method, we start with any straight line which is 
perpendicular to the given straight line and pick out that particular 
straight line which goes through the given point. 

In the second method, we start with any straight line passing 
^ough the given point and pick out that particular one which is 
perpendicular to the given straight line. 

In the third method, we start with any straight line whatever and 
determine its constants, so that it may satisfy the two given 
conditions. 

The student should illustrate by figures.] 

Bac 2. Find the equation to the straight line which passes through 
the point (x', y') and is perpendicular to the given straight line 
yy'=z2a{x+x'). 
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The given straight line is 

Anif straight line perpendioolar to it is (Art. 70) 

2ay+«y'+C=0 (1). 

This will pass through the point (ae^, y^ and therefore will be the 
straight line required if the eocnrdinates x' and y* satisfy it, 
i.e, if 2ay'+«'y'+ C=0, 

i.«.if C=-2ay'-jr'y'. 

Substituting in (1) for C the required equation is therefore 
(/XJ-^^^^^^ • 2a(y-y')+y'(x-x')=0. 

72. To find the equations to the straight lines which 
pass through a given point (x\ }/) and make a given angle a 
toith the given straight line y = mx + c. 

Let P be the given point and let the given straight line 
be LMNy making an angle 6 
with the axis of x such that 
tan^ = tii. 

In general {i,e, except when 
a is a right angle or zero) there 
are two straight lines PMR and 
PNS making an angle a with 
the given line. 

Let these lines meet the axis oi x in R and 8 and let 
them make angles ^ and ^' with the positive direction of 
the axis of x. 

The equations to the two required straight lines are 
therefore (by Art. 62) 

y-y' = tan<^x(a;-a;') (1), 

and y-y' = tan^' x {x — x') (2). 

Now <li = LLAfR+LRZM=a-\-e, 

and <f/^L LNS+ LSLJ!r= (180* - a) + 0. 

Hence ... ' ^'^--^ 

^-'^ , ^v tana + tan^ tana + m 

and I tan^' = tan(180° + tf-a) 

^ ^ 1 + tan^tana l+mtan<t 



^■- 
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On substituting these . vakte5Tn-(l)^ and (2), we have as 
the required equations 

- m + tan a 



and 



y-y = 



1— mtana 
m — tana 



1 + m tan a 





EXAMPLES. Vi. 

Find the angles between the pairs of straight lines 

1. a;-y>/3=6 and ^/3x+y=7. 

2. ar-.4y=8 and 6ar-y=ll. 3. y=8a;+7 and 8y-a;=8. 
y=(2-^8)jj+6 and y= (2+^8) a; -7. 

5. (m2-fiin)y=(win+n*)x+n' and (mn + wi^) y=(mn-n') a; +iii*. 

i 6. Find the tangent of the angle between the lines whose inter- 
cepts on the axes are respectively a, - 6 and h, -a, 

7. Prove that the points (2, - 1), (0, 2), (2, 8), and (4, 0) are the 
coordinates of the angular points of a parallelogram and find the 
angle between its diagonals. 

d the equation to the straaght line 

y 8. passing through the point (2, 8) and perpendicular to the 
/straight line 4a;-8y=10. 

^ 9. passing throogh the point ( - 6, 10) and perpendicular to the 
/straight line 7a?+8y=6. 

10. passing through the point (2, -8) and perpendicular to the 
straight line joining tibe points (5, 7) and ( - 6, 3). 

11. passing through the point ( - 4, - 8> and perpendicular to the 
straight line joining (1, 8) and (2, 7). 

12. Find the equation to the straight line drawn at right angles to 



the straight line • 



- ^= 1 through the point where it meets the axis 



of a;. 

13. Find the equation to the straight line which bisects, and is 
indicular to, the straight line joining the points (a, h) and 

14. Pxove that the equation to the straight line which passes 
through the point (acos^^, asin'^) and is perpendicular to tiie 
straight line x sec 0+2/ cosec 0=a is a; cos - ^ sin 0=:acos 20. 

15. Find the equations to the straight lines passing through (x', }f) 
and respectively perpendicular to the straight Unes 

xQif-{-yy*=a\ 
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and x'y-\-xy'=a^, 

16. Find the equations to the straight lines which divide* internally 
and CTtemally, the line joining ( - 3, 7) to (5, - 4) in the ratio of 4 : 7 
and which are perpendicular to this line. 

17. Through the point (3, 4) are drawn two straight lines each 
inclined at 45° to the straiight line x-y=2. Find their equations 
and find also the area included by the three lines. 

18. Shew that the equations to the straight lines passing through 
the point (3, - 2) and inclined at 60° to the line 

^3a;+y=l are y+2=0 and y-V^ + 2+8V3=0. 

19. Find the equations to the straight lines which pass through 
the origin and are inclined at 75° to the straight line 

«+y+N/3(y-a;)=a. 

20. Find the equations to the straight lines which pass through 
the point {h^ k) and are inclined at an angle tan'^m to the straight 
line y=fiu;+c. 

21. Find the angle between the two straight lines dxs 42^ + 7 and 
5y=12a;+6 and also the equations to tiie two stnught Imes which 

pass through the point (4, 5) and make equal angles with the two v 

given lines. 

73. To shew tfuU the point (of, j/) is on one side or the .\VKAJ 
other of the strcAght line Ax + By + C = according as the H 
quantiinf Ax' •¥ B'jf + C is positive or negative, ^ 

Let LM be the given straight line and P any point 

Through P draw PQ, parallel to 
the axis of y, to meet the given 
straight line in Q^ and let the co- 
ordinates of Q be (x\ y"). 

Since Q lies on the given line, we 
have 

^a;' + %" + C = 0, 

so that y" = -^^ (1). 

It is clear from the figure that PQ is drawn parallel to 
the positive or negative direction of the axis of y according 
as /* is on one side, or the other, of the straight line ZJf, 
i,e, according as y" is > or < y\ 
i»e. according as y" - y' is positive or negative. 

L. 4 
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Now, by (1), 

y -y =^ 5 ^'=--^[^0/ + % +C]. 

The point (x\ y') is therefore on one side or the other of 
LM according as the quantity Aod + B^/ + is negative or 
positive. 

Cor. The point {x\ y') and the origin are on the same 
side of the given line if Ax' + By' + G and ^xO + ^xO+C 
have the same signs, t.e. if Ax' + B^/ + C has the same sign 
asC. 

If these two quantities have opposite signs, then the 
origin and the point (a;', y') are on opposite sides of the 
given line. 

74- The condition that two points may lie on the 
same or opposite sides of a given line may also be obtained 
by considering the ratio in which the line joining the two 
points is cut by the given line. 

For let the equation to the given line be 

Ax + By-^G^O (1), 

and let the coordinates of the two given points be (a^, y^ 
and (oJa, y^. 

The coordinates of the point which divides in the ratio 
mi : TWj the line joining these points are, by Art. 22, 

miX^ + m^ and ^^^^"^"^^^^ (2) 

If this point lie on the given line we have 
^^ m^x^ + m^ ^ ■g fihyi-^m^i ^ ^^^ 

,, , mi ^iBi + %i + (7 .„ 

so that -^ = --— i — -^i — - (3). 

ma , Ax^ + By^ + G ^ 

If the point (2) be bettveen the two given points (iCi, y^) 
and (jCa, y^), t.e. if these two points be on opposite sides of 
the given line, the ratio 70^ : rri^is positive. 

In this case, by (3) the two quantities AoCi + Byi + C 
and Ax2 + By^ + G have opposite signs. 

The two points (a^, y^) and (cca, y^) therefore lie on the op* 
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posite (or the same) sides of the straight line ^a; + -5y + C = 
according as the quantities Axi 4- Bj/i + C and Ax^ + By^ + G 
have opposite (or the same) signs. 

Iiengths of perpendiculars. 

75. To find the length of the perpendicular let fcUl from 
a given point upon a given straight line. 




(i) Let the equation of the straight line be 

a3cosa + ysina-p = (1), 

so that, if p be the perpendicular on it, we have 
ON=p and LXON=a. 
Let the given point P be (05', y'). 

Through P draw PR parallel to the given line to meet 
ON produced in R and draw PQ the required perpendicular. 
If OR be p\ the equation to PR is, by Art. 53, 
X cos a + y sin a —p' = 0. 
Since this passes through the point («', y'), we have 

a/ cos a + y' sin a —p' = 0, 
so that p' = 03' cos a + y' sin a. 

But the required perpendicular 

^PQ^NR^^OR-ON^p'^p 

sx'cosa + y iina-p (2). 

The length of the required perpendicular is therefore 
obtained by substituting a;' and y' for x and y in the given 
equation. 

(ii) Let the equation to the straight line be 

Ax + By -^0=0 (3), 

the equation being written so that (7 is a negative quantity. 

4—2 
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As in Art. 56 this equation is reduced to the form (1) 
by dividing it by \/A^ + £^, It then becomes 
Ax By C 



'^A^ + B^ ^A^ + B" ^/A^ + B' 
Hence 

and 



= 0. 



's/A^ + B* ^A^ + B* ^A^ + B" 

The perpendicular from the point (x\ y') therefore 
= a/ cos a + y' sin a. — 'p 

^A^ + B* 

The length of the perpendicular from (oj', y) on (3) is 
therefore obtained by substituting a;' and y' for x and y in 
the left-hand member of (3), and dividing the result so 
obtained by the square root of the sum of the squares of 
the coefficients of x and y. 

Cor. 1. The perpendicular from the origin 

:=g-^sIa}T^. 

Cor. 2. The length of the perpendicular is, by Art. 73, 
positive or negative according as {x\ y') is on one side or 
the other of the given line. 

76. The length of the perpendicular may also be 
obtained as follows : 

As in the figure of the last article let the straight line 
meet the axes in L and Jf, so that 

0L= -^ and 0M=-^. 
A If 

Let PQ be the perpendicular from F (x\ y') on the 

given line and PS and PT the perpendiculars on the axes 

of coordinates. 

We then have 

l^PML + AM0L = /\0LP '\-A0PM, 

i,e,, since the area of a triangle is one half the product of 

its base and perpendicular height, 

PQ.LM-\-OL. 0M= OL.PS+OM. PT. 
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since C is a negatiye quantity. 
Hence 
p^ ^/A* + JP , ^ C C C , f C\ , 

BO that pQ^A.'^By'^C 

Ja}+b' 

EXAMPLES. Vn. 

Find the length of the perpendicohur drawn from 

1. the point (4, 5) npo'n the straight Ime 3x + 4y = lU. 

2. the origin npon the straight line 0-7 = 1. 

3. the point ( ~ 3, - 4) upon the straight line 

12(a;+6)=6(y-2). 

X y 

4. the point {b, a) upon the straight line — 1= 1- 

5. Find the length of the perpendicular from the origin upon the 
straight line joining the two points whose coordinates are 

(a cos a, a sin a) and (a cos /3, a sin /3). 

6. Shew th at the p roduct of the perpendiculars drawn from the 
two points (^ ija* - 6*, 0) upon the straight line 

- cos tf +^ sin ^= 1 is 6». 
a o 

7. If p and p' be the perpendiculars from the origin upon the 
straight lines whose equations are ^r sec +y coseo 0=a and 

X cos - y sin 0= a cos 20, 
prove that ip^+p^^^a^. 

8. Find the distance between the two parallel straight lines 

y=fnx+c and y=mx+d, 

9. What are the points on the axis of x whose perpendicular 

X V 

distance from the straight line - + 1 ^1 is a? 

a 

10. Shew that the perpendiculars let fall from any point of the 
straight line 2a;+lly = 5 upon the two straight lines 24a; +7^=20 
and 4a;-%=2 are equal to each other. 



■/• 
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11. Find the perpendicular distance from the origin of the 
perpendicular from the point (1, 2) upon the straight line 

r 77- To find the coordinates of the 'point of intersection 
of two given straight lines. 

Let the equations of the two straight lines be 

«ia5+% + Ci = (1), 

and a^-v h'^-hC2 = (2), 

and let the straight lines be AL^ and ^Z, as in the figure 
of Art. 66. 

Since (1) is the equation of ^Z^, the coordinates of any 
point on it must satisfy the equation (1). So the coordi- 
nates of any point on AL^ satisfy equation (2). 

Now the only point which is common to these two 
straight lines is their point of intersection A, 

The coordinates of this point must therefore satisfy 
both (1) and (2). 

If therefore A be the point (o^, y^), we have 

«ia^ + &i3^i + Ci = (3), 

and a^ + b^i + C2 = (4). 

Solving (3) and (4) we have (as in Art. 3) 

^ ^ t/i ^ ^ 
so that the coordinates of the required common point are 

, Oyb^ — aj>i Oyb^ — ajbi 

f - 

! . ^ 78. The coordinates of the point of intersection found 

' ^ ^ in the last article are infinite if 

af>2 "■ ^^1 == ^» 

But from Art. 67 we know that the two straight lines 
are parallel if this condition holds. 

Hence parallel lines must be looked upon as lines whose 
point of intersection is at an infinite distance. 
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" ^^ 79. To find the eondUion thai thrw Hraight lines may 
meet in a point. 

Let their equations be 

aiaj + 6,y + Ci = (1), 

aj«+ftay + «j = (2), 

and Ojo; + 6jy + <>8 = (3). 

By Art. 77 the coordinates of the point of intersection 
of (1) 'and (2) are 



^^' and^^"^"^*^ 



w. 



If the three straight lines meet in a point, the point of 
intersection of (1) and (2) must lie on (3). Hence the 
values (4) must satisfy (3), so that 

t. e. o, (6iCa - ftjCi) + 6, (ciOa - CjO,) + c, (oi^j - 056,) = 0, 
i,e, Oj (Vj- Vj) + ^(<V»»-<'sa2) + ^i {^s'-<^2) = 0...(5). 
Iter. If the three straight lines meet in a point let 
it be (o^, j/i), so that the values x^ and y^' satisfy the 
equations (1), (2), and (3), and hence 

Oi^i + %i + Ci = 0, 

«2«a + b^i + Cj = 0, 
and Oja^ + 63^1 + c, = 0. 

-^ The condition that these three equations should hold 
between the two quantities x^ and y^ is, as in Art. 12, 

Oj, 6j, Cj =0, 

which is the same as equation (5). 

80. Another criterion as to whether the three straight 
lines of the previous article meet in a point is the following. 

If any three quantities p, g, and r can be found so 
that 
p (ctjX + biy + Ci)+q (a^ + 6^^ + Cj) + r (0,0: + % + c,) = 

idefrUicaUy^ then the three straight lines meet in a point. 
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For in this case we have 

«srC + % + ^3= - - {a^x + % + Cj) - - {a^ + h^ +c^) ...(1). 

Now the coordinates of the point of intersection of the 
first two of the lines make the right-hand side of (1) vanish. 
Hence the same coordinates make the left-hand side vanish. 
The point of intersection of the first two therefore satisfies 
the equation to the third line and all three therefore meet 
in a point. 

81. Bz. 1. Shew that the three straight lines 2x-^+5=0, 
3aj+4y-7=0, and 9aj-5y -1-8=0 meet in a point. 

If we multiply these three equations by 6, 2, and - 2 we have' 
identically 

6(2a;-% + 6) + 2(3a:+4y-7)-2(9a?-62/+8)=0. 
The coordinates of the point of intersection of the first two lines 
make the first two brackets of this equation vanish and hence make 
the third vanish. The conuSdon point of intersection of the first two 
therefore satisfies the third equation. The three straight lines 
therefore meet in a point. 

Bac 2. Prove that the three perpendiculars drawn from the 
vertices of a triangle upon the opposite sides all meet in a point. 
Let the triangle be ABC and let its angular points be the points 

(«i»yi). («2»y2), and (x^.Vs)' 
The equation to BCi&y-y^ = ^^~jf^ {x - x^). 

The equation to the perpendicular from A on this straight line is 

ys~y2 
i-e. y(y8-ys)+a;(a?8-^«)=yi(y8-ya)+^(^8-«a) W- 

So the perpendiculars from B and C on CA and AB are 

y(yi-y8)+^(^-«3)=ya(yi-y8)+«2(«i-^3) (2), 

and y(y2-yi)+^(^s-«i)=y8(y2-yi)+«3(^2-^i) (3). 

On adding these three equations their sum identically vanishes. 
The straight lines represented by them tiierefore meet in a point. 
This point is called the ortboeentro of the triangle. 

82. To find the eqtujUian to any straight line tdhich 
passes through the intersection of the two straight lines 

aiX-\'bjj/-^Cj = (1), 

anfid a^ + b^ + C2 = (2). 
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If (o^i, yi) be the common point of the equations (1) 
and (2) we may, as in Art. 77, find the values of x^ and f/^, 
and then the equation to any straight line through it is 

y-yi = w(a:-JCi), 

where m is any quantity whatever. 

Aliter. If ^ be the common point of the two straight 
lines, then both equations (1) and (2) are satisfied by the 
coordinates of the point A, 

Hence the equation 

OjX + 6iy + Ci + X {c^ + ftjy + Cj) = (3) 

is satisfied by the coordinates of the common point A, 
where X is any arbitrary constant. 

But (3), being of the fii-st degree in x and y, always 
represents a straight line. 

It therefore represents a straight line passing through A, 

Also the arbitrary constant X may be so chosen that (3) 
may fulfil any other condition. It therefore represents 
any straight line passing through A, 

88. Bx. Find the eqaation to the straight line which passes 
through the intersection of the straight lines 

2x-3y+4=0, 3x+4y-6=0 (1), 

and is perpendicular to the straight line 

ex-ly +S=zO (2). 

Solving the equations (1), the coordinates x^, yi of their oommon 
point are given by 

^1 yi _ 1 _ 1 

(-3) (-5) -4x4 4x3-2x(-.6)"2x4-3x(-3)"^' 
so that Xi= -^ and yi=ff. 

The eqaation of any straight line through this common point is 
therefore 

y-^=m{x+^). 

This straight line is, by Art. 69, perpendicular to (2) if 

m X f = - 1, i.e. if m= - }. 
The required eqaation is therefore 

i,e. 119a; + 102^ = 125. 
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Alitor. Any straight line through the intersection of the straight 
lines (1) is 

2a?-3y+4+X(3ar+4y-6)=0, 

i,e. (2 + 3X)aj+y(4X-3)+4-5X=0 (3). 

This straight line is perpendicular to (2), if 

6(2+3X)-7(4X-3)=0, (Art. 69) 

i.e. if X=|t. 

The equation (3) is therefore 

^(2+«)+y(W-3)+4-w=o. 

i,e, 119a?+102y- 126=0. 

Biseoton of angles between straight lines. 

84. To find the equations of the bisectors of the angles 
between the straight lines 

a^x + b^ + Cy^ = Q (1), 

amd Ogos + b^ + Cj = (2). 




Let the two straight lines he ALi and AL^, and let the 
bisectors of the angles between them be ^if| and AM^, 

Let P be any point on either of these bisectors and 
draw PNi and PN^ perpendicular to the given lines. 

The triangles PAN^ and PAN^ are equal in all respects, 
so that the perpendiculars PN^ and PN^ are equal in 
magnitude. 

Let the equations to the straight lines be written 
so that Ci and c^ are both negative, and to the quantities 

Ja^ + bi and Ja^ + b^ let the positive sign be prefixed. 
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If P be the point (i, A;), the nummcal values of Plf^ 
and PN^ are (by Art 75) 

Oi^ + M + c^ ^^^ a^ + bji + c^ 

J<h'+h' A'+v ^ 

If P lie on ^Jfi, t.e. on the bisector of the angle 
between the two straight lines in which the origin lies, the 
point P and the origin lie on the same side of each of the 
two lines. Hence (by Art. 73, Cor.) the two quantities (1) 
have the same sign as c^ and c, respectively. 

In this case, since c^ and c^ have the same sign, the 
quantities (1) have the same sign, and hence 
OjA + bik + Cj _ aji + 5^ + c. 

But this is the condition that the point {h, k) may lie on 
the straight line 

<iiX + 5iy + Ci a^ + h^ + c, 
A' + V " Jaf^h} ' 
which is therefore the equation to AM^* 

If,:howiBver, P lie on the other bisector AM^^ the two 
quantities (1) will have opposite signs, so that the equation 
to AM^ will be 

OtyX + 6,y + <?! _ «a^ + 6ay + Ca 

The equations to the original lines being therefore 
arranged so that the constant terms are both positive (or 
both negative) the equation to the bisectors is 

the upper sign giving the bisector of the angle in which 
the origin lies. 

85. Bx. Find the equations to the Mseetora of the angles 
between the straight lines 

3x-4y + 7=:0 and 12a;-6y-8=0. 
Writing the equations bo that their constant terms are both 
positive they are 

8a;-4y+7=0 and -12a?+6y+8=0. 
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The equation to the bisector of the angle in which the origin lies 
is therefore 

8x-4y+7 _ -12a;+5y -H8 

^^^:^ " jw+^ * 

i.e. 18(3ar-4y + 7)=6(-12x+5y+8), 

t.<j. 99a; -77y + 51=0. 

The equation to the other bisector is 

Zx-4y + 7 _ -IQar+S y + S 
V^+4« "" n/12«+6« ' 
i,e, 18(3a;-4y + 7) + 6(-12a;+6y4-8)=0, 

».«. 21ie+27y -131=0. 

86. It will be found useful in a later chapter to have 
the equation to a straight line, which passes through a 
given point and makes a given angle 6 with a given line, in 
a form different from that of Art. 62. 

Let A be the given point (A, k) and L'AL a straight 
line through it inclined at an 
angle to the axis of x. 

Take any point P, whose 
coordinates are (a;, y), lying on 
this line, and let the distance 
^Pber. 

Draw FM perpendicular 
to the axis of x and AN' perpendicular to PM. 

Then a;-A = ^ir=^Pcos^=rcos^, 

and y -k^NF^AF am e^rsmO. 

^ x-h y-k ,-. 

^'^'^ SSJ9=5^=' <'>• 

This being the relation holding between the coordinates 
of any point F on the line is the equation required. 

Car. From (1) we have 

a: = A + rcos^ and y = k + r ain$. 

The coordinates of any point on the given line are 
therefore A + rcos^ and A; + rsin^. 

87. To find, the length of the straight line drawn 
through a given 'point in a given direction to meet a given 
straight line. 



1 
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Let the given straight line be 

Ax-^By + C=^0 (1). 

Let the given point ^ be ^A, ^) and the given direction 
one making an angle with the axis of x. 

Let the line drawn through A meet the straight line 
(1) in F and let AF be r. 

By the corollary to the last article the coordinates 
of F are 

h + r COS $ and A; + rsin^. 
Since these coordinates satisfy (1) we have 
A{h+rcose) + B{k-hrBm$) + C = 0. 
. Ah + Bk^C 

••''" ^cos^ + ^sin^ ^^^' 

giving the length AF which is required. 

Cor. From the preceding may be deduced the length 
of the perpendicular drawn from (A, k) upon (1). 

For the " m " of the straight line drawn through A is 

tan^ and the «wt" of (1) is -^. 

This straight line is perpendicular to (1) if 



(-5) = -'. 



tan^ 

f . e, if tan ^ = -j , 

A 



so that 
and hence 



cos sin 



A B JA' + B"' 



AcoBO-\-Baine= ^=^=E^^ JA^ + &, 

Substituting this value in (2) we have the magnitude 
of the required perpendicular. 

EXAMPLES. Vm. 

Find the coordinates of the points of interseotion of the straight 
lines whose equations are 

L 2x-3y+6=30 and 7«+4y=3. 
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2. - + T=1 and r + ^ = l. 
a o a 

3. y=mix + ^ and y=m^+ — .. 

4. :rooB^+y sui0i=a and xoos03+y8in02=^• 
5. Two stra^ht lines ont the axis of x at distances a and - a and 

the axis of y at distances & and b* respeotiTely ; find the coordinates 
of their point of intersection. 

6. Find the distance of the point of intersection of the two 
straight lines 

2a;-3y + 6=0 and 3«+4y=0 
from the straight line 

6a?-2y=0. 

7. Shew that the perpendicular from the origin upon the 
straight line joining the points . 

(a cos a, a sin a) and (a cos fi, a sin /3) 
bisects the distance between them. 

8. Find the equations of the two straight lines drawn through 
the point (0, a) on which the perpendiculars let fall from the point 
(2a, 2a) are each of length a. 

Prove also that the equation of the straight line joining the fieet 
of these perpendiculars is 2^ + 2a; = 5a. 

9. Find the point of intersection and the inclination of the two 
lines 

Ax+By=A + B and A{x-y)-\-B{x-\-y)=2B, 

10. Find the coordinates of the point in which the line 

2y-3a; + 7=0 
meets the line joining the two points (6, ~ 2) and ( - 8, 7). Find also 
the angle between them. 

11. Find the coordinates of the feet of the perpendiculars let fall 
from the point (5, 0) upon the sides of the triangle formed by joining 
the three points (4, 3), ( - 4, 3), and (0, - 5) ; prove also that the 
points so determined lie on a straight linei 

12. Find the coordinates of the point of intersection of the 
straight lines 

2a;-3y = l and 5y-x=3, 
and determine also the angle at which they cut one another. 

13. Find the angle between the two lines 
3ar+y+12=0 and a?+2y-l=0. 

Find also the coordinates of their point of intersection and the 
equations of lines drawn perpendicidar to them ttom the point 
(3, -2). 



YIU.1 EXAMPLE& 63 

14. Prove that the points whose ooordinates are respectively 
(5, 1), (1, - 1), and (11, 4) lie on a straight line, and find its intercepts 
on the axes. 

Prove that the following sets of three lines meet in a point. 

16. 2x-8y=7, 3jc-4y=13, and 8x-lly=88. 
,^ 16. aa;+4y + 6=0, &r + 6y + 9=0, and ac + 3y+6=0. 

18. Prove that the three straight lines whose equations are 
y^ 15a;-18y+l=0, 12a;+10y-3=0, and 6x + 66y-ll=0 

all meet in a point. 

Shew also that the third line bisects the angle between the other 
two. 

19. Find the conditions that the straight lines 

y=mia;+ai, y =1115^+03, and y^m^-Va^ 
may meet in a point. 

Find the coordinates of the orthocentre of the triangles whose 
angular points lire 

20. (0,0). (2,-1), and (-1,3). 

21. (1,0), (2,-4), and (-6,-2). 

22. In any triangle ABC^ prove that 

XI) the bisectors of the angles At B, and C meet in a point, 
(2) the medians, i,e, the lines joining each vertex to the middle 
point of the opposite side, meet in a point, 
and (3) the straight lines through the middle points of the sides 
perpendicnlar to the sides meet in a point. 

Find ^he equatioD to the straight line passing through 

23. the point (8, 2) and the point of intersection of the lines 

2a;+3y=l and 3x-4y=6. 

24. the point (2, - 9) and the intersection of the lines 

2x+6y-8=x0 and 3«-4y=36. 
v/ 25. the origin and the point of intersection of 
^ x-y-4=0 and 7*+y+20=0, 

proving that it bisects the angle between them. 
26. the origin and the point of intersection of the lines 

a b a 

. 27. the point (a, b) and the intersection of the same two lines. 
28. the intersection of the lines 

«-2y-a=0 and a;+3y-2a=0 
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and parallel to the straight line 

Bx+4y=0, 
20. the intersection of the lines 

x+2y + S=0 and 3a;+4y + 7=0 
and perpendicular to the straight line 

30. the intersection of the lines 

3«-4y + l==0 and 6a5+y-l=0 
and cutting off equal intercepts from the axes. 

31. the intersection of the lines 

2x-9yt=10 and x+2y=6 
and the intersection of the lines 

16a;-10y=33 and 12jc + 14y + 29=0. 

32. If through the angular points of a triangle straight lines be 
drawn parallel to the sides, and if the intersections of these lines be 
joined to the opposite angular points of the triangle, shew that the 
joining lines so obtained will meet in a point. 

33. Find the equations to the straight lines passing through the 
point of intersection of the straight lines 

Ax+By+C=iO and A'x-\-B'y + C'=0 and 

(1) passing through the origin, 

(2) parallel to the axis of y, 

(3) cutting off a given distance a from the axis of y, 
and (4) passing through a given point {x", y"). 

34. Prove that the diagonals of the parallelogram formed by the 
four straight lines 

^3a?+y=0, ^/3y+x=0, J3x+y=l, and ^Sy+x=:l 
are at right angles to one another. 

35. Prove the same property for the i>arallelogram whose sides 
are 

ah ' b a ' a h * ha 

36. One side of a square is inclined to the axis of as at an angle a 
and one of its extremities is at the origin ; prove that the equaUons 
to its diagonals are 

y (cos a - sin a) = a; (sin a + cos a) 
and y (sin a + cos a) + a; (cos a -sin a) =s a. 

Find the equations to the straight lines bisecting the angles 
between the following pairs of straight lines, placing first the bisector 
of the angle in which ihe origin lies. 

37. a;+yv/3=6 + 2|^3 and a?-yV3 = 6"2*y3. 



VniJ EXAMPLES. 65 

38. 12a; + 6y-4 = and Sx + ^y + 7 = 0, 

39. 4a; + 3y-7 = and 24x + 72/-31=0. 

40. 2x+y=4 and y + Sx=5, 

41. y-h=:^—^^(x-a) and y-6=^__^^(a;-a). 

Find the equations to the bisectors of the internal angles of the 
triangles the equations of whose sides are respectively 

42. 3a; + 4y=6, 12x-5y = 3, and 4a;-3?/ + 12 = a. 

43. 3x + %=15, x+y=4t, and 2a; + 2/ = 6. 

44. Fmd the equations to the straight lines passing through the 
foot of the perpendicular from the point (h, k) upon the straight line 
Ax-^By'¥C=0 and bisecting the angles between the perpendicular 
and the given straight line. 

45. Find the direction in which a straight line must be drawn 
through the point (1, 2), so that its point of intersection with the line 
x+y=4 may be at a distance ^,^6 from this point. 



CHAPTER V. 



THE STRAIGHT LINE {continued). 

POLAR EQUATIONS. OBLIQUE COORDINATES. 

MISCELLANEOUS PROBLEMS. LOCI. 

88. To find the general equation to a straight line in 
polar coorditiates. 

Let p be the length of the perpendicular OF from the 
origin upon the straight line, and 
let this perpendicular make an 
angle a with the initial line. 

Let F be any point on the 
line and let its coordinates be r 
and 0, 

The equation required will 
then be the relation between r, 6, p, and a. 

From the triangle OYP we have 

p = r cos rO/*=nrcos(a— ^) = r cos (6 — a). 

The required equation is therefore 
r cos ($ - a) ^p, 

[On transforming to Cartesian coordinates this equation becomes 
the equation of Art. 53.] 

89. To fimd the pola/r equation of tlie straight line 
joining the points whose coordinates are (r^, $i) and (r,, O^), 
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Let A and B be the two given points and P any point 
on the line joining them 
whose coordinates are r and 

e. 

Then, since 

aaob^aaof+ a fob, 

we have 

Jr^ra sinAOB = ^rir sin AOP+^rr^Bin FOB, 

i.e. r^r^ sin (0^ - Oj) = r^r sin {0 — $i) + rr^ sin (^a - ^)> 
sin(^a-^i) sin(^-^i) 8in(^a - ^) 




OBLIQUE COORDINATES. 

90. In the previous chapter we took the axes to he, 
rectangular. In the great majority of cases rectangular 
axes are employed, but in some cases oblique axes may bo 
used with advantage. 

In the following articles we shall consider the proposi- 
tions in which the results for oblique axes are different 
from those for rectangular axes. The propositions of Arts. 
50 and 62 are true for oblique, as well as rectangular, 
coordinates. 

91. To find the equation to a straight line referred to 
axes inclined at an angle co. 

Let LFL' be a straight line which cuts the axis of Y at 
a distance c from the origin and is 
inclined at an angle 6 to the axis 
of X, 

Let F be any point on the 
straight line. Draw FNM parallel 
to the axis of y to meet OX in Jf, 
and let it meet the straight line 
through G parallel to the axis of x 
in the point N, 

Let F be the point (oj, y\ so that 

GN^OM^x, and NF^MF-OG^y-c 

5—2 
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Since L CPN= l PNN' - l PCN'^i^^-O, we have 
y-c NP BiaNCP mnO 

TT sin^ ,-. 

Hence y = x-,— ^v + c (1). 

This equation is of the form 

y = Tnx + c, 
where 

sin^ sin^ tan^ 



sin (o) — 0) sin co cos ^ — cos co sin ^ sin ci> — cos o> tan 6 ' 

and therefore tan $ = ■= . 

1 + mcoso) 

In oblique coordinates the equation 

y = mx + c 

therefore represents a straight line which is inclined at an 

angle 

, msinoi 



1 + m COB oi 

to the axis of x. 

Cor. From (1), by putting in succession $ equal to 90** 
and 90** + «, we see that the equations to the straight lines, 
passing through the origin and perpendicular to the axes of 

X and y, are respectively y = and y = — x cos o). 

92. The axes being oblique, to find the eqitation to the 
straight line, such that the perpendicular on it from the origin 
is of length p cmd Trwikes angles a and p with the aaces of x 
cmdy. 

Let LM be the given straight line and OK the perpen- 
dicular on it from the origin. 

Let P be any point on the 
straight line ; draw the ordinate 
PN and dmw NR perpendicular 
to OK and Pas' perpendicular to 
NR. 

.Let P be the point (a;, y), so 
that ON=x and NP^y. 
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The lines NP and 07 are parallel. 

Also OK and SP are parallel, each being perpendicular 
toNR. 

Thus iSPN^iKOM=p, 

We therefore have 
p = OK=OB + SP = ONcoaa + yPcoRp = xcosa + ycosp. 

Hence cccosa + ycos j8— p = 0, 

being the relation which holds between the coordinates of 
any point on the straight line, is the required equation. 

93. To find tJie cmgls bettueen the straight lines 
y = mx + c and y = m'a; + c', 
the axes being oblique. 

If these straight lines be respectively inclined at angles 
$ and 6^ to the axis of aj, we have, by the last article, 

^ msino) J ^ ^ m'sincD 

tan u = = and tan u = -. 



1 + m cos o> 1 + m' cos o> ' 

The angle required is ^ - ^'. 

Now tan(^-^) ^^^"^^^ 



1+tan^.tan^ 
m sin o> mf sin o> 



1 + m cos o> 1 + m' cos a 

msino) m sino> 
1 + 



1 + m cos o) 1 +m' cos o> 
_ m sin o) (1 + m' cos w) — w»' sin ui(l+m cos w) 

(1 + w cos eo) (1 + m' cos w) + mm' sin^ <o 
_ (m — m') sin o> 

1 + (w + m') cos ia-\-mm' ' 
The required angle is therefore 

(m — m') sin o) 



tan" 



1 + (m + m') cos (0 + mm! ' 
Cor. 1. The two given lines are parallel if m = m'. 
Cor. 2. The two given lines are perpendicular if 
1 + (m 4- m') COB ai -h mm' = O. 



70 COORDINATE GEOMETRY. 

94. If the straight lines have their equations ui the |' 

form 

Ax + By^-G^O and A'x + Fy ^ C ^0, 

then m = — ^ and m' = — -^j. 

/> /> 

Substituting these values in the result of the last article 
the angle between the two lines is easily found to be 

^ _, A'B-AF 

*^^ -j-n — JTEi — / A TV — 7ir^\ sin o). 

AA + BF - (.4^ + A B) cos ci> 

The given lines are therefore parallel if 

a'b-ab:=^o. 

They are perpendicular if 

AA' ^BF = {AB' + A'B) cos <o. 

05. Bx. T/i« a:E6« bein^ inclined at an angle of d€P, obtain the 
equations to the straight lines which pass through the origin and are 
inclined at 45° to the straight line x+y=l. 

Let either of the required straight lines be y—mx. 
The given straight line isy=-a; + l, so that m'= - 1. 
We therefore have 

l + (w4-m')cos w + wm' ^ 

where m'= - 1 and w=i:30°. 

This equation gives ^r—-; — ^^. ., , = i 1. 
2 + (w - 1) v3 - 2wi 

Taking the upper sign we obtain m=: - -y^ . 

Taking the lower sign we have m= - ^3. 
The required equations are therefore 

y=-J^x and y=---m^y 
i.e. y+^9x=0 and V%+«=0. 

96. To Jmd the length of the perpendicular from the 
point {x'y y') upon the straight line Ax + By + C = 0, the aaces 
being inclined at an angle a>, and the equation being written 
80 that C is a negative quantity. 
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Let the given straight line meet the axes in L and if, 

so that 0L = --, and 0M= - ^. 
A IS 

Let P be the given point (a/, r/). 
Draw the perpendiculars PQ\ PR^ 
and PS on the given line and the 
two axes. 

Taking and P on opposite sides o 
of the given line, we then have 

L.LPM^£^MOL^t^OLP^t.OPM, 

i.e. PQ.LM^ OZ,OMsmio=OL,PR + OM. PS, .,{!). 

Draw PU and PV parallel to the axes of y and ar, so 
that PU = j/ and PV=x\ 

Hence PE = PU sin Pl/E = y' sin w, 

and PS =Pr sin PVS = x' sin co. 

Also 

ZJf = VOX^ + Oif « - 20L . Oif cos o) 

since (7 is a negative quantity. 

On substituting these values in (1), we have 

T>r\ / n\ /l i 2cos<i> C^ . 

= — -j.ysino) -•»•« sin m, 

SO that P<? = jAB^mt^Ki^ ' B^n Ol. 

V A2 4- B^ - 2AB COB oi 

Cor. If a)-90**, t.6. if the axes be rectangular, we 
have the result of Art. 75. 
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EXAMPLES. IX. 

■^ 1. The axes being inclined at an angle of 60°, find the inclination 

to the axis of a; of the straight lines whos& equations are 

(1) y=2x + 5, 
and (2) 2y={jS^l)x + T 

2. The axes being inclined at an angle of 120°, find the tangent 
of the angle between the two straight lines 

Sx + 7y=l and 28a:-73y=101. 

3. With oblique coordinates find the tangent of the angle 
between the straight lines 

y=mx + c and my+x=zd, 

4. lty=x tan -^ and ^ =:c tan -^ represent two straight lines 
at right angles, prove that the angle between the axes is j . 

5. Prove that the straight lines y+x=e and y=x + d are at 
right angles, whatever be the angle between the axes. 

6. Prove that the equation to the straight line which passes 
through the point (/i, k) and is perpendicular to the axis of x is 

x+y cos (a=h + k cos w. 

7. Find the equations to the sides and diagonals of a regular 
hexagon, two of its sides, which meet in a comer, being the axes of 
coordinates. 

8. From each corner of a parallelogram a perpendicular is drawn 
upon the diagonal which does not pass through that corner and these 
are produced to form another parallelogram ; shew that its diagonals 
are perpendicular to the sides of the first parallelogram and that they 
both have the same centre. 

9. If the straight lines y^miX+c^ and y^nuj^x+c^ make equal 
angles with the axis of x and be not parallel to one another, prove 
that Wi + wig + 2mim2 cos w = 0. 

10. The axes being inclined at an angle of 30°, find the equation 
to the straight line which passes through the point ( - 2, 3) and is 
perpendicular to the straight line y + 3a;= 6. 

11. Find the length of the perpendicular drawn from the point 
(4, -3) upon the straight line 6ar + 3y-10=0, the angle between the 
axes being 60°. 

12. Find the equation to, and the length of, the perpendicular 
drawn from the point (1, 1) upon the straight line 3a: +4^ + 5=0, the 
angle between the axes being 120°. 
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13. The eoordinates of a point P referred to ftzes meeting at an 
angle ia are (A, k) ; prove that the length of the straight line joining 

the feet of the perpendiculars from P upon the axes is ^ ^ 

sinwiy^+**+2^*cosw. ' 

14. From a given point (h, h) perpendiculars are drawn to the 
axes, whose inclination is <o, and their feet are joined. Prove that 
ihe length of the perpendicular drawn from (h, k) upon this line is 

~^h^ + k^ + 2hkoosu>' 
and that its equation i&hx-ky=h^-k\ 

Straight lines passing through fixed points. 

97. If the equation to a straight line he of the form 

ax + 6y + c + X(a'a; + 6'y + c') = (1), 

where X is any a/rhitra/ry constarU, it always 'passes through 
one fixed poirU whatever be the value of X. 

For the equation (1) is satisfied by the coordinates of 
the point which satisfies both of the equations 

aa; + 6y + c = 0, 
and a'flj + b'y + c = 0. 

This point is, by Art. 77, 

(be' — b'c ca' — c'a\ 
ab'^^'b' ab'-ahj' 
and these coordinates are independent of X. 

Bx. Given the vertical angle of a triangle in magnitude and 
positiony and also ihe sum of the reciprocals of the sides which contain 
it; shew that the base always parses through a fixed point. 

Take the fixed angular point as origin and the directions of the 
sides containing it as axes ; let the lengths of these sides in any such 
triangle be a and b, which are not therefore given. 



We have 


1 1 

- + -= const. 

a 


=i(«y). 








a^h 


=1, 


.,by(l), 


X n 


^)='' 




\('-yH\ 


-1=0. 



.(1). 
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Whatever be the value of a this straight line always passes through 
the point given by 

x-y=0 and |-1=0, 

ue, through ihe fixed point (ft, &). 

98. Prove that the coordinates of the centre of the 
circle inscribed in the triangle^ whose vertices a/re the points 
{^y yi), (^, 2/2), and (ajs, ys), are 

a+6+c a+5+c ' 

wh£re a, b, and c a/re the lengths of the sides of the triangle. 

Find also tJie coordinates of the centres of the escribed 
circles. 

Let ABC be the triangle and let AD and CE be the 
bisectors of the angles A and C 
and let them meet in 0', 

Then 0' is the required point. 
Since AD bisects the angle 
BAG we have, by Euc. VI. 3, 
BD _DG_ BD^DC a 
BA^ AC~ BA + AC~ b + c' 
so that 

ba 




(^z-yr) 



'('3'yj> 



DG = 



b-^-c' 



Also, since CO' bisects the angle ACDy we have 

AO^ AC 6_ _ 6+^ 

WD^ CD~ ba ~ "^ ' 
6 + c 
The point D therefore divides BC in the ratio 
BA : AC, i,e, c : b. 
Also 0' divides AD in the ratio b + c : a. 
Hence, by Art. 22, the coordinates of D are 



c-hb 



and ^l±-*#\ 
c + b 
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Also, by the same article, the coordinates of ff are 

ij L and — ■wp ^ > 

(6 + c) + a (6 + c) + a 

ai»i 4- fex, + ci»5 , ayi + ftya + cy, 

1.6. i anci — . 

a + 6 + c a-^o->i-c 

Again, if Oi be the centre of the escribed circle opposite 
to the angle A^ the line CO^ bisects the exterior angle of 

Hence (Euc. VI. A) we have 

Therefore Oi is the point which divides AD externally in 
the ratio 6 + c : a. 

Its coordinates (Art. 22) are therefore 

^^'■"^-J^r-'^ and ^ ]^ '-'' 

{b + c) — a (b + c) — a ' 

-axi-^bx^-^cx^ -ay^yby^ + cy^ 

— a + 6 + c — «+ b + c 

Similarly, it may be shewn that the coordinates of the 
centres of the escribed circles opposite to B and C are 
respectively 

/ax^ -bx^ + cx^ ay^ - by^ + cy^ \ 
\ a — 6 + c ' a — b + c /' 

and /aac^ + boc^-cx^ *!^l±bflIl^A 

\ a+b—c ' a+6— c / 

99. As a numerical example consider the case of the 
triangle formed by the straight lines 

3a;+4y-7 = 0, 12a; + 5y-17=0 and 5a: + 12y- 34 = 0. 

These three straight lines being BC^ CA, and AB 
respectively we easily obtain, by solving, that the points 
Ay B, and C are 

/2 19\ /-52 67\ . n ^^ 
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Hence 



/7r52 A2 767 7y /68«~~5P 



16^* ^ -16' 



and 



//i 2V /i 19V A' 12- 13 

^=vO-7)n^"T)=V7-^-'r=T' 

//2 52Y /19 67y _ / 396^ + 165^ 



Hence 



33 ,T^ 429 



85 2 170 85 19 1615 



'^^"16'' 7 ~ 112' '*^'~r6''y~TT2 ' 

13 -52 _676 , _13 67 871 
bx^- 7 x-jg - 112 ; <^«--7 '^ 16- 112' 

429 J 429 

"^^m' "'*** '^='=TI2- 

The coordinates of the centre of the incircle are therefore 

170 676 429 1615 871 429 

112 "11 2 "^112 , 112 **■ il2'*' 112 

§5 1^ 42i) ^""^ &5 Ij 429 > 
16^ 7 "*" 112 16"*' 7 ■*■ 112 

-1 ^265 
^ and 3^. 

The length of the radius of the incircle is the perpen- 
dicular from { — T^, 1T9) ^P^'^ *^® straight line 

3a; + 4y-7 = 0, 



and therefore 
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265\ , 
IT2)-' 



(3^4e)^(-"^^- 



21 + 1060-784 255 51 



5x112 ~5xll2 112* 

The coordinates of the centre of the escribed circle 
which touches the side BC externally are 

170 676 429 1615 871 429 

112 112*^112 "112" "^ 112"^ 112 

_85 13 429 ~|"85 13 429 ' 

16"^ 7 "^112 16"*" 7 "^112 

-417 , -315 
and 



42 42 

Similarly the coordinates of the centres of the other 
escribed circles can be written down. 

100. Sz. Find the radius^ and the coordinates of the centre, of 
the circle circumscribing the triangle formed by the points 

(0, 1), (2, 3), and (3, 6). 
Let {x^, yi) he the required centre and R the radius. 
Since the distanoe of the oentre from each of the three points is the 
same, we have 

'^i''+(»i-l)»=(*i-2)' + (y,-3)''=K-8)''+(j'i-6)»=iP...(l). 
From the first two we have, on reduction, 

Xi+yi=3. 
From the first and third equations we obtain 

6aJi + 8yi=33. 
Solving, we have a:j= - 1 and y^=i^. 
Substituting these values in (1) we get 
i2=f^/10. 

101. Bz. JProve that the middle points of the diagonals of a com,- 
plete quadrilateral lie on the same straight line* 

[Complete quadrllateraL I>e£ Let OACB be any quadrilateral. 
Let ^C and OB be produced to meet in E, and BC and OA to meet in 
F, Join AB, OC, and EF. The resulting figure is called a complete 
quadrilateral ; the lines AB, 00, and EF are called its diagonals, and 
the points £, F, and D (the intersection of AB and 00) are called its 
vertices.] 



•78 COORDINATE GEOMETRY. 

Take the lines OAF and OBE as the axes of x and y. 
/Y 




F X 



Let 0A = 2a and 0B=2b, so that A is the point (2a, 0) and B is 
the point (0, 2b) ; also let O be the point (2^ 2A;). 

Then L, the middle point of OC, is the point (h, k)^ and M, the 
middle point of AB, is (a, b). 

The equation to LM is therefore 

ue. {h-a)y-(k-b)x=bh-ak (1). 

k — h 
Again, the equation to BG iBy-2b= ,~x. 

Putting y=0, we have a:=-r — r- , so that F is the point 

(i4".»)- 

Similarly, ^ is the point ( 0, - r ) • 

Hence N, the middle point of EF, is f r — r > -^- — ) • 

These coordinates clearly satisfy (1), i,e, N lies on the straight 
line LM, 

EXAMPLES. X. 

1. A straight line is such that the algebraic sum of the perpen- 
diculars let £bJ1 upon it from any numb^ of fixed points is zero; 
shew that it always passes through a fixed point. 

2. Two fixed straight lines OX and OY are cut by a variable line 
in the points A and B respectively and P and Q are the feet of the 
perpendiculars drawn from A and B upon the lines OBY and OAX, 
Shew that, itAB pass through a fixed point, then PQ will also pass 
through a fixed point. 
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3. If the equal sides AB and ^C of an isosceles triangle be pro- 
duced to E and F so that BE . CF=:AB^, shew that the line EF will 
always pass through a fixed point. 

4. If a straight line move so that the sum of the per^ndioulam 
let fall on it from the two fixed points (3, 4) and (7, 2) is equal to 
three times the perpendicular on it from a third fixed point (1, 8), 
prove that there is another fixed point through which this line always 
passes and find its coordinates. 

Find the centre and radius of the circle which is inscribed in the 
triangle formed by the straight lines whose equations are 

5. 3a5+4y + 2=0, 8a?-4y + 12=0, and 4x-3y=0. 

6. 2ar+4y+3=0, 4x + Sy + 3=0, and a?+l»0. 

7. y=0, 12a;-6y=0, and 3a?+4y-7=0. 

8. Prove that the coordinates of the centre of the circle inscribed 
in ^e triangle whose angular points are (1, 2), (2, 3), and (8, 1) are 

g±^^and^^-y^^ 
6 6 

Find also the coordinates of the centres of the escribed circles. 

9. Find the coordinates of the centres, and the radii, of the four 
circles which touch the sides of the triangle the coordinates of whose 
angular points are the points (6, 0), (0, 6), and (7, 7). 

10. Find the position of the centre of the circle circumscribing 
the triangle whose vertices are the points (2, 8), (3, 4), and (6, 8). 

Find th0 area of the triangle formed by the straight lines whose 
equations are 

11. y=x, y=2x, and y=3a;+4. 

12. y+a:=0, y=a; + 6, and y=7x + 5. 

13. 2y+a;-6=0, y + 2x-7=0, and x-y-\-l=0, 

14. 8x-4^+4a=0, 22 - 3|^ + 4a=0, and 5x-y + a=0, proving also 
that the feet of the perpendiculars from the origin upon them are 
collinear. 

15. y=ax~bct y=bx-ca^ and y=cx-ab, 

16. y=miX-\—, y=m^+ — , and y=tn^-{-—, 

17. y =fni^ + Ci , y—m<fl + Cg, and the axis of y, 

18. y=wha;+Ci, y=m^ + c^, and y^m^+c^, 

19. Prove that the area of the triangle formed by the three straight 
lines a2X+&i^+Ci=0, a^ + h^ + c^=0^ and a,a; + 6,y+Cj=0 is 

*i» ^i» ^1 



i 
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20. Prove that the area of the triangle formed by the three straight 
lines 

and a!C0S7+y sin 7-^13= 0, 

jg {l>isin(7-/3)+j?2Bin(a-7)+j>g8in(/3-a)p 

^ sin (7 - /3) sin (a - 7) sin (^ - a) 

21. Prove that the area of the parallelogram contained by the 
lines 

4y-3a;-a=0, Sy-4x+a=0, 4y-3a;-3a=0, 

and 3y-4a;+2a=0 is fa^. 

22. Prove that the area of the parallelogram whose sides are the 
straight lines 

aiX+6iy+Ci=p, ajX+biy+di=0, ag^ + ftay+CarrO, 
and (i^ + b^ + d2=0 

{di-Ci){ d^-c^) 

23. The vertices of a quadrilateral, taken in order, are the points 
(0, 0), (4, 0), (6, 7), and (0, 3) ; find the coordinates of the point of 
intersection of the two lines joining the middle points of opposite 
sides. 

24. Thelinesx+y + l=0, a;-y + 2=0, 4a;+2y+3=0, and 

x + 2y-4=0 

are the equations to the sides of a quadrilateral taken in order ; find 
the equations to its three diagonals and the equation to the line on 
which their middle points lie. 

25. Shew that the orthocentre of the triangle formed by the three 
straight lines 

y=^mjx + — , y=m2x+ — , and y=m^+^ 
fill m^ 1113 

is the point 



|- a, «( — + — + — + U 



26. ^ cmd B are two fixed points whose coordinates are (8, 2) and 
(5, 1) respectively ; ABP is an equilateral triangle on the side of AB 
remote from the origin. Find the coordinates of P and the ortho- 
oentre of the triangle ABP, 

102. Ex. The base of a triangle is fixed; find the 
locus of ike vertex when one base angle is double of the 
other. 
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Let AB be the fixed base of the triangle; take its 
middle point as origin, the direc- 
tion of OB as the axis of x and a 
perpendicidar line as the axis of y. 

Let AO=OB=a. 



^"^1 ab\ — 



If P be one position of the A O B N X 
vertex, the condition of the problem then gives 

lPBA = 2lPAB, 
%.e. 7r-^ = 2^, 
i,e. -tan<^ = tan2^ (1). 

Let P be the point (A, k). We then have 

h h 
= tan and ■; = tan ^. 

Substituting these values in (1), we have 

2 — 
k h-^-a 2(h + a)k 

~ ^^^ " \^( !L}\ " (^+«)'-^'' 

\h + a) 
le. - (A + «)« + A;»= 2 (A« - a«), 

i.e. ^»-3A«-2aA + a' = 0. 

But this is the condition that the point (A, k) should lie 
on the curve 

y«-3ar»-2oa; + a« = 0. 
This is therefore the equation to the required locus. 

i03. Ex. From a point P perpendiculars PM <md 
PN a/re drawn upon ttoo fixed lines which are inclined at an 
amgh ia amd meet in a faced point ; if P move on a fixed 
straight line, find the locus of the middle point of MN, 

Let the two fixed lines be taken as the axes. Let the 
coordinates of P, any position of the 
moving point, be {K 1e), ^y 

Let the equation of the straight 
line on which P lies be 

Ax + By + C^O, 

so that we have ^ ^^^^^ 

Ah-^Bk-^C = (1). 

L. 6 
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Draw PL and PL' parallel to the axes. 

We then have 

0M= OL + LM = OL + LP cos w = A + A; cos w, 

and 0N= OL' + L'N'^LP + L'P cos w = A; + A cos w. 

M is therefore the point {h-\-k cos w, 0) and iV is the point 
(0, Aj + Acosco). 

Hence, if (a;', y') be the coordinates of the middle point 
of MNy we have 

205' = A + ^ cos CO (2), 

and 2y'=A; + Acosw (3). 

Equations (1), (2), and (3) express analytically all the 
relations which hold between x\ y\ A, and h. 

Also h and k are the quantities which by their variation 
cause Q to take up different positions. If therefore between 
(1), (2), and (3) we eliminate h and k we shall obtain a 
relation between aj' and y' which is true for all values of h 
and h^ i. e. a relation which is true whatever be the position 
that P takes on the given straight lina 

From (2) and (3), by solving, we have 

h = 2(a?^- y ^cosa )) ^^^ ^ ^ 2(y'-x'co8io) 
sin^ CO sin* w 

Substituting these values in (1), we obtain 

2 A (a/ - y' cos to) + 2B (y' - ic' cos co) + C sin^ w = 0. 

But this is the condition that the point (x', y) shall 
always lie on the straight line 

2A(x'-y cos co) + 2B (y — x cos co) + (7 sin^ w = 0, 
i, e, on the straight line 

x{A —B cos <a) + y{B — A cos <o) + J (7 sin^ to = 0, 
which is therefore the equation to the locus of Q. 

104. Ex. A straight line is drawn parallel to tJie, 
base of a given triangle and its extremities are joined trans- 
versely to those of the base; find the locus of the point 
of intersection of the joining lines. 
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Let the triangle be OAB and take as the origin and 
the directions of OA and OB 
as the axes of x and y. 

Let OA = a and OB^h, 
so that a and 6 are given 
quantitiea 

Let A'B be the straight 
line which is parallel to the 
base AB^ so that 

OA' Off . , . 
02 = 03 = ^^"^^^' 
and hence OA' = \a and OB' = Xb. 

For different values of X we therefore have different 
positions of A'B'. 

The equation to AB' is 



X 

a A6 



1 



(1), 



and that to A'B is 



Xa 6 



.(2). 



Since F is the intersection of AB' and -4 '5 its coordi- 
nates satisfy both (1) and (2). Whatever equation we 
derive from them must therefore denote a locus going 
through P. Also if we derive from (1) and (2) an equation 
which does not contain \, it must represent a locus which 
passes through F whatever be the value of X; in other 
words it must go through all the different positions of the 
point F. 

Subtracting (2) from (1), we have 



lO-x)*^!-')-' 



a h' 



This then is the equation to the locus of F, 
always lies on the straight line 

h 
^ a ' 



Hence F 



6—2 



84 CCX)RDINATE GEOMETRY. 

which is the straight line OQ where OAQB is a parallelo- 
gram. 

Alitor. By solving the equations (1) and (2) we 
easily see that they meet at the point 

Hence, if jP be the point (A, A;), we have 
h = T — , a and k ■ 



k + i — X+l 

Hence for all values of X, i.e. for all positions of the 
straight line -i'-C, we have 

h_k 
a b * 

But this is the condition that the point (A, k), i.e. P, 
should lie on the straight line 

a b ' 
The straight line is therefore the required locus. 

106. Ex. A variable straight line is dratvn through 
a given point to cut ttoo fixed straight lines in R and S ; 
on it is taken a point P such that 

A- J_ JL 
0P~ OR^ OS' 

shew tha^ the hcus of P is a third fioced straight lirie. 

Take any two fixed straight lines, at right angles and 
passing through 0, as the axes and let the equation to the 
two given fixed straight lines be 

Ax-^Bf/ + C==Oy 

and A'x + B'f/ + G' = 0. 

Transforming to polar coordinates these equations are 

1 ^cos^ + ^sin^ , 1 ii'cos^ + ^sin^ 
-= ^ and - = g, . 
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If the angle XOR be the values of ^r- and rr^, are 

therefore 

A cos ^ + ^ sin ^ , A' cos O + B'sinO 

c '^^ c • 

We therefore have 

2 u lcos^-t-jgsin^ ^^ cos^ -f i^sin^ 

OF" C C 

(A A\ ^ /B B\ 



.(^_ + _)eoB^-(^+^,)8in^. 



The equation to the locus of P is therefore, on again 
transforming to Cartesian coordinates, 

fA A\ (B B\ 
and this is a fixed straight line. 
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The base BG (=2a) of a triangle ABC is fixed; the axes being 
BC and a perpendicular to it through its middle point, find the loous 
of the vertex A^ when 

1. the difference of the base angles is given ( = a). 

2. the product of the tangents of the base angles is given ( = X). 

3. the tangent of one base angle is m times the tangent of the 
other. 

4. m times the square of one side added to n times the square of 
the other side is equal to a constant quantity c^. 

From a point "P perpendiculars BM and PN are drawn upon two 
fixed lines which are inoUned at an angle w, and which are taken as 
the axes of coordinates and meet in O; find the locus of P 

5. if 0M+ 02^ be equal to 2c. 6. if OAf- 027 be equal to M. 
7. if PM + P^^ be equal to 2c. 8. if PM - Pi^ be equal to 2c. 
9. if 3fN be equal to 2c. 

10. if ilfN' pass through the fixed point (a, &). 

11. if MN be parallel to the given line y=:mx. 
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12. Two fixed points A and B are taken on the axes such that 
OA=a and 0B=&; two variahle points A' and B' are taken on the 
same axes; find the locos of the intersection of AB' and A'B 

(1) when OA' + OB' = 0A + OB, 

and (2) when ^,__1^, = ^_^. 

13. Through a fixed point P are drawn any two straight lines to 
out one fixed straight line OX in A and B and another fixed straight 
line OF in (7 and D ; prove that the locus of the intersection of the 
straight lines AC and BB is a straight line passing through O. 

14. OX and OY are two straight lines at right angles to one 
another; on OF is taken a fixed point A and on OX any point B\ 
on AB an equilateral triangle is described, its vertex C being on the 
side of AB away from 0. Shew that the locus of (7 is a straight 
line. 

15. If a straight line pass through a fixed point, find the locus of 
the middle point of the portion of it which is intercepted between two 
given straight lines. 

16. A and B are two fixed points; if IP A and PB intersect a 
constant distance 2c firom a given straight line, find the locus of P. 

17. Through a fixed point are drawn two straight lines at right 
angles to meet two fixed straight lines, which are also at right angles, 
in the points P and Q, Shew that the locus of the foot of the 
perpendicular from on PQ is a straight line. 

18. Find the locus of a point at which two given portions of the 
same straight Ime subtend equal angles. 

19. Find the locus of a point which moves so that the difference 
of its distances from two fixed straight lines at right angles is equal 
to its distance from a fixed straight line. 

20. A straight line AB, whose length is c, slides between two 
given oblique axes which meet at O ; find the locus of the orthocentre 
of the triangle OAB. 

21. Having given the bases and the sum of the areas of a number 
of triangles which have a common vertex, shew that the locus of this 
vertex is a straight line. 

22. Through a given point a straight line is drawn to cut two 
given straight lines in R and 8\ find the locus of a point P on this 
variable straight line, which is such that 

(1) 20P=0R + 0S, 

and (2) OP^=OR,OS, 
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23. Given n straight lines and a fixed point O; through O is 
drawn a straight line meeting these lines in the points E^, B.^, J2,, 
...JRjp and on it is taken a point R such that 

OR OR^"^ OR^"^ OR^'^'"'^ OrJ 
shew that the locus of i2 is a straight line. 

24. A variable straight line cuts ofiF from n given concurrent 
straight lines intercepts the sum of the reciprocals of which is con- 
stant. Shew that it always passes through a fixed point. 

25. If a triangle ABC remain always similar to a given triangle, 
and if the point A be fixed and the point B always move along a 
given straight line, find the locus of the point C, 

26. A right-angled triangle ABC, having C a right angle, is of 
given magnitude, and the angular points A and B slide along two 
given perpendicular axes; shew that the locus of C is the pair of 

straight lines whose equations are y = J^^-x. 

27. Two given straight lines meet in 0, and through a given point 
P is drawn a straight line to meet them in Q and R; if the 
parallelogram OQSR be completed find the equation to the locus 
of S. 

28. Through a given point is drawn a straight line to meet two 
given parallel straight lines in P and Q ; through P and Q are drawn 
straight lines in given directions to meet in R ; prove that the locus of 
22 is a straight line. 



CHAPTER VI. 

ON EQUATIONS REPRESENTING TWO OR MORE 
STRAIGHT LINES. 

106. Suppose we have to trace the locus represented 
by the equation 

y»-3ajy + 2ar» = (1). 

This equation is equivalent to 

{i/-x)(y-2x) = (2). 

It is satisfied by the coordinates of all points which 
make the first of these brackets equal to zero, and also by 
the coordinates of all points which make the second 
bracket zero, i.e. by all the points which satisfy the 
equation 

y-x^O (3), 

and also by the points which satisfy 

y-2x = (4). 

But, by Art. 47, the equation (3) represents a straight 
line passing through the origin, and so also does equa- 
tion (4). 

Hence equation (1) represents the two straight lines 
which pass through the origin, and are inclined at angles of 
45* and tan"^ 2 respectively to the axis of x. 

107. Ex. 1. Trace the locus a^ = 0. This equation 
is satisfied by all the points which satisfy the equation 
aj = and by all the points which satisfy y = 0, t.e. by 
all the points which lie either on the axis of y or on the 
axis of X, 
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The required locus is therefore the two axes of coordi- 
nates. 

Ex. 2. Trace the hem ar* - 5a; + 6 = 0. This equation 
is equivalent to (a; — 2) (a5 — 3) = 0. It is therefore satisfied 
by all points which satisfy the equation a; — 2 = and also 
by all the points which satisfy the equation a; — 3 = 0. 

But these equations represent two straight lines which 
are parallel to the axis of y and are at distances 2 and 3 
respectively from the origin (Art. 46). 

Ex. 3. Trace the locos a?y- 4a;- 5y + 20 = 0. This 
equation is equivalent to (aj — 5) (y — 4) = 0, and therefore 
represents a straight line parallel to the axis of y at a 
distance 5 and also a straight line parallel to the axis of x 
at a distance 4. 

108. Let us consider the general equation 

aa?+^ho(yy^hy^ = (1). 

On multiplying it by a it may be written in the form 

(aV4. 2akayy + hY) - (A'- oft) y« = 0, 

Le. {{ax + hy) + yjh^ — ab} {(ax + hy) - y ijh^ — ah] = 0. 

As in the last article the equation (1) therefore repre- 
sents the two straight lines whose equations are 

ax + hy + y Jk^ — ab = (2), 

and ax-i-hy — y Jh^ ^ah-0 (3), 

each of which passes through the origin. 

For (1) is satisfied by all the points which satisfj^ (2), 
and also by aU the points which satisfy (3). 

These two straight lines are real and different if h^>ahy 
real and coincident if A* = a6, and imaginary if h^<ah, 

[For in the latter case the coefficient of y in each of the 
equations (2) and (3) is partly real and partly imaginary.] 

In the case when h?<ahy the straight lines, though 
themselves imaginary, intersect in a real point. For the 
origin lies on the locus given by (1), since the equation (1) 
is always satisfied by the values x = and y = 0. 
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109. An equation such as (1) of the previous article, 
which is such that in each term the sum of the indices of x 
and y is the same, is called a homogeneous equation. This 
equation (1) is of the second degree; for in the first term 
the index of a; is 2 ; in the second term the index of both x 
and y is 1 and hence their sum is 2 ; whilst in the third 
term the index of y is 2. 

Similarly the expression 

3a^ + 4ar^y - bxy^ + 9y^ 

is a homogeneous expression of the third degree. 

The expression 

3a^ + AaPy - ^ayy^ + 9f- Ixy 

is not however homogeneous; for in the first four terms 
the sum of the indices is 3 in each case, whilst in the last 
term this sum is 2. 

From Art. 108 it follows that a homogeneous equation 
of the second degree represents two straight lines, real and 
different, coincident, or imaginary. 

110. The axes being rectangular^ to find the angle 
between the straight lines given by the equation 

ax' + 2ho(^ + by' = (1). 

Let the separate equations to the two lines be 

y — m^x = and y — m^x = (2), 

so that (1) must be equivalent to 

b (y -m^x) {y ~m^x) = (3). 

Equating the coefficients of ocy and ar^ in (1) and (3), we 
have 

— b.(mi + m^) = 2hy and bm^m^ = a, 

^u 4. 2^ , a 

so that 17*1 + mj = — -7- , and iiiim^ = y • 
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If ^ be the angle between the straight lines (2) we 
have, by Art. 66, 

tan ^ = ^^ "^ ^ n/(^ + ^)^ - ^ri^lrt^ 
1 + m^m^ 1 + m^7}iH^ 






.(4). 



6 2VliS-ab 

- a a + b 

^b 

Hence the required angle is found. 

111. Condition tlmt Hie straight lines of the previous 
article may be (1) perpendicular , and (2) coincident, 

(1) If a + 6 = the value of tan ^ is oo and hence B is 
90" ; the straight lines are therefore perpendicular. 

Hence two straight lines, represented by one equation, 
are at right angles if the algebraic sum of the coefficients of 
a? and y^ be zero. 

For example, the equations 

x^-y' = and 6a;2 + ll;ry-6y--"= 

both represent pairs of straight lines at right angles. 

Similarly, whatever be the value of h^ the equation 

a? 4- 2hxy - y^ = 0, 

represents a pair of straight lines at right angles. 

(2) If h^ - a5, the value of tan is zero and hence $ is 
zero. The angle between the straight lines is therefore 
zero and, since they both pass through the origin, they are 
therefore coincident. 

This may be seen directly from the original equation. 
For if A* - ab, Le. h = Jab, it may be written 

aic* 4- 2 Jab xy + by-~ 0, 
Le. {J ax + Jb yf =- 0, 

which is two coincident straight lines. 
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112. To find the equation to the atraigJU lines bisecting 
the angle between the straight lines given by 

aa^-^2hxy + by^ = (1). 

Let the equation (1) represent the two straight lines 




LiOMi and LfiM^ inclined at angles d^ and d^ to the axis 
of re, so that (1) is equivalent to 

b{y-'X tan ^,) {y — x tan 0^ = 0. 
Hence ^ 

titai ^1 + tan ^a = — =- , and tan Oi tan ^a = t •••(2). 



Let OA and OB be the require^ bisectors. 
Since i AOL^= i L^OA, 

.-. LAOx-e^^^e^-iAox, 
.-. 2 iAox=-e^+e^. 

Also z BOX = 90" + z ^ OX. 

:. 2z^OX=180'* + ^i + ^a. 

Hence, if stand for either of the angles ^OJT or BOX^ 
we have 



tan 2^ = tan (^1 + ^2) = 



tan ^1 + tan ^^ 



2A 



1 - tan ^1 tan ^j 
by equations (2). 

But, if (oj, y) be the coordinates of any point on either 
of the lines OA or OB^ we have 

tantf=?^. 

X 
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2* =t.a2tf= 2t-* 



b-a l-tan»tf 

X 2a?y 



2? 



X* - 3r* xy 

a-b h 

This, being a relation holding between the coordinates 
of cmy point on either of the bisectors, is, by Art. 42, the 
equation to the bisectors. 

118. The foregoing equation may also be obtained in the follow- 
ing manner : 

Let the given equation represent the straight lines 

2^-iii^:r=0 and y~'m^x=0 (1), 

so that • iiii+iii2= --r- and iiii»i,=r (2). 

The equations to the bisectors of the angles between the straight 
lines (1) are, by Art. 84, 

or, expressed in one equation, 

f y-^»i^ y-%^ \ f y-gtijg y-^^ l=:o 

Vl+V Vi+^'^J l^/lT%« ^/IT^4 ' 
g ' (y-wha ?)' _ jy-m^x)* 

l + lWl^ l + Wlg* ' 

i.e. {l+m^^{y^-2niixy+mi^x^-il+m^^){y*-2m^xy + mj^x^)=0, 
i.e. (»ii2-ffi3«)(aj2-y2) + 2(miWi,-l)(i»i-TOjary=0, 

».«. {mi+m^{x^-y^) + 2{m^m2'l)xy=0. 

Henoe, by (2), the required equation is 



^(x«-y^) + 2(|-l)xy=0. 



a-6 /i * 
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EXAMPLES. Xn. 

Find what straight lines are represented by the following equations 
and determine the angles between them. 

1. x^-7xy + 12y^=0, 2. 4x^-24xy+lly^=0. 

3. 3^x^-71xy-Uy^=0. 4. x^- 6x2+ 11a; -6=0. 

5. y2_i6_o. 6. y^-xy^-l^^y + 2Ax^=0. 

7. x^-\-2xyBeo0+y^=O, 8. x^ + 2xycot0 + y^=:O, 

9. Find the equations of the straight lines bisecting the angles 
between the pairs of straight lines given in examples 2, 3, 7, and 8. 

10. Shew that the two straight lines 

x«(tan2^ + cos2^)-2a;ytan^+2/2sin2^=0 

make with the axis of x angles such that the difference of their 
tangents is 2. 

11. Prove that the two straight lines 

{x^ + y^ (cos2 sin^a + sin^ 0) = (a; tan a - y sin 0f 
include an angle 2a. 

12. Prove that the two straight lines 

nfi sin^a cos^^ + ^xy sin a sin ^ + y® [4 cos a - (1 + cos a)^ cos^d] =0 
meet at an angle a. 



GENERAL EQUATION OF THE SECOND DEGREE. 

114. The most general expression, which contains 
tenns involving x and y in a degree not higher than the 
second, must contain terms involving a^y xy, ^, x^ y, and a 
constant. 

The notation which is in general use for this ex- 
pression is 

a^ + 2hxy + by^ + 2gx + 2/y + c (1). 

The quantity (1) is known as the general expression of 
the second degree, and when equated to zero is called the 
general equation of the second degree. 

The student may better remember the seemingly 
arbitrary coefficients of the terms in the expression (1) 
if the reason for their use be given. 
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The most general expression involving terms only of 
the second degree in x, y, and z is —-^^^ 

aa? ■¥ hl/^ -{- C7? + %fyz + ^gzx ■>t ^hoefy (2), 

where the coefficients occur in the order of the alphabet. 

If in this expression we put z equal to unity we get 
aa^ + %* + c + 2/y + %gx + 2Aicy, 
which, after rearrangement, is the same as (1). 

Now in Solid Geometry we use three coordinates oj, y, 
and z. Also many formulae in Plane Geometry are derived 
from those of Solid Geometry by putting z equal to unity. 

We therefore, in Plane Geometry, use that notation 
corresponding to which we have the standard notation in 
Solid Geometry. 

115. In general, as will be shewn in Chapter XV., 
the general equation represents a Curve-Locus. 

If a certain condition holds between the coefficients of 
its terms it wiU, however, represent a pair of straight lines. 

This condition we shall determine in the following 
article. 

116. To find the condition that the general equation 
of the second degree 

aix?-¥^ho(yy + hf+ 2gx+2fy + c = (1) 

Tnay represent two straight lines. 

If we can break the left-hand members of (1) into two 
factors, each of the first degree, then, as in Art. 108, it 
will represent two straight lines. 

If a be not zero, multiply equation (1) by a and arrange 
in powers of aj; it then becomes 

a^a? + 2aaj {hy + ^) = — ah}^ — 2afy — ac. 
On completing the square on the left hand we have 
aV + 2ax{hy ■¥ g) + {hy + gY = f{h^-ab) 

+ 2y{gh-a/) + g^-^a^y 
i.e, 

{a^ + hy+g)=ri.Jy^(h^^ab) + 2y(rjh- af) + g^-ac. . .(2). 
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From (2) we cannot obtain x in terms of y, involving 
only terms of the first degree, unless the quantity under the 
radical sign be a perfect square. 

The condition for this is 

(9h-a/y = {h'-ab){f-ac), 

i. e. g^h^ - 2afgh + a^p = fh^ - ahg^ - ach? + a'hc. 

Cangelling and dividing by a, we have the required 
condition, viz. 

abc + 2fgh - af 2 ^ bg2 - ch^ = O (3). 

117. The foregoing condition may be otherwise obtained thus : 
The given equation, multiplied by (a), is « 

a^x^+2ahxy + aby^-{-2agX'{-2afy + ac=0 (4). 

The terms of the second degree in this equation break up, as in 
Art. 108, into the factors 

cLx-^-hy-y fjh^-ah and ax + hy + y fjh^-ab. 

If then (4) break into factors it must be equivalent to 

{ax-^{h ' ^h^-ah)y + A}{ax + {h+JW^^^)y+B}=0, 

where A and B are given by the relations 

a{A-^B)=2ga (5), 

A{h^-^li^-ah) + B(h-^Jh^-ah)^2fa (6), 

and AB=ac (7). 

The equations (5) and (6) give 

A + B=29,f,ndiA-B^'M^^M. 

The relation (7) then gives 

4ac=^B = {A+B)^'(A-B)^ 

~*^ * h^-ah ' 
i.e. (fa-ghf={g^-ac)(h^-'ah), 

which, as before, reduces to 

dbc + 2fgh - aP - dp* - cfe«= 0. 

Bz. If a be zero, prove that the general equation will represent 
two straight lines if 

2fgh'hg^-ch^=Q, 

If both a and h be zero, prove tbat the condition is 2fg -ch^Q, 
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118. The relation (3) of Art. 116 is equivalent to the 
expression ^ . 

«, ^ g! 

^, b: / =.0, 

This may be easily verified by writing down the value 
of the determinant by the rule of Art. 5. 

A geometrical meaning to this form of the relation (3) 
will be given in a later chapter. [Art 355.] 

The quantity on the left-hand side of equation (3) is 
called the Discriminant of the General Equation. 

The general equation therefore represents two straight 
lines if its discriminant be zero. 

119. Bz. 1. Prove that the eqtuition 

12a^+7xy - 10y« + 18a; + 45y - 36=0 

represents two straight lines, and find the angle between them. 

Here 

a=12, h=l, 6=-10, g=^, /=A,t, and c= -86. 

Henee abc + 2fgh -ap- bg^ - ch^ 

=12x(-10)x(-36) + 2xV-xVxi-12x(^)a-(-10)x(V)' 

-(-36)(})» 
=:4200+Ai^- 6076+1^^+1^ 

= -1875+iJ^=0. 

The equation therefore represents two straight lines. 

Solving it for x, we have 

^.^ 7y + 13 ^ /7y + 13V _ 10y«-45y + 35 ^ /Ty + lSV 

^+^-"12" + V '2ir) 12 "** ^""24" ; 



/ 23y-43 y 
"{ 24 7 • 



. ^■ 7y + lg -^ 23y-43 
• *"^'"2r~- ""24"' 
2y-7 ~6y+6 

The given equation therefore represents the two straight lines 

3aj=2y-7 and 4j;=~5y + 5. 

L. 7 
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The '*m'8" of these two lines are therefore f and -f , and the 
angle between them, by Art. 66, 

Bz. 2. Find the value of h so that the equation 

6x2+2^ + 12ya+22x + 31y + 20=0 

may represent two straight lines. 

Here 

a=6, i = 12, ^=11, /=VL, andc=20. 

The condition (3) of Art. 116 then gives 

i.e. {h-if){20h-in):=0. 

Hence h=^- or ^. 

Taking the first of these values, the given equation becomes 
6a52+17xy + 12y3+22a; + 31y + 20=0, 
i.e. (2a;+3y+4)(3a; + 4y + 5)=0. 

Taking the second value, the equation is 

i.e. (4x + 6y+V)(5« + 8y + 10)=0. 



EXAMPLES. XIIL 

Prove that the following equations represent two straight lines ; 
find also their point of intersection and the angle between ^em. 

1. 6y*-a5y-a:*+3Qy + 36=0. 2. a^-'5xy-h4y*+x+2y-2=0. 

3. 3y2 _ Sxy -"Sa^- 29a; + 3y - 18=0. 

4. y^+xy-2x^-5x-y-2=0. 

5. Prove that the equation 

x^-{-6xy + 9y^+4x + 12y-5=0 

represents two parallel lines. 

Find the value of k so that the following equations may represent 
pairs of straight lines : 

6. 6a;«+lla;y-10y3+a?+31y + A;=0. 

7. 12x^-10xy + 2y^+llx-5y + k=z0. 

8. 12x^ + kxy + 2y^+llx-5y + 2=0. 

9. ^x^+xy + ky*-llx+ASy-S5szO, 
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10. kxy'-Sx+9y-12=:0, 

11. x^+i^xy+y*-ox-7y + k=0. 

12. 12x^+xy-^^-29x + Sy + k=0. 

13. 2a^+xy-y^+kx + &y -9=0, 

14. a?2 + *xy+ya-6x-7y + 6 = 0. 

15. Prove that the equations to the straight lines passing throu^ 
the origin which make an angle a with the straight line ^+x=0 are 
given by the equation 

a;2 + 2a:ysec2a+y2=0. 

16. What relations must hold between the coefficients of the 
equations 

(i) ax^ + by^+cx+cy = 0, 
and (ii) dy^-\-bxy-\'dy+ex=Oy 

so that each of them may represent a pair of straight lines ? 

17. The equations to a pair of opposite sides of a parallelogram 
are 

x3-7a; + 6=0 and y^-Uy + 40=0; 
find the equations to its diagonals. 

120. To prove that a homogeneous eqvxition of the nth 
degree represents n straight lines, real or imaginary , which 
all pass through the origin. 

Let the equation be 

y~ + A^xy""-"^ + A^'f'-'' + A^^y"'^ 4- . . . + A^x"" - 0. 

On division by ic*, it may be written 

This is an equation of the n\ki degree in - , and hence 

must have n roots. 

Let these roots be mj, mg, 7%, ... w». Then (C. Smith's 
Algebra, Art. 89) the equation (1) must be equivalent to 
the equation 

(i--)(i--)e--)-e-"-)'»-«- • 

The equation (2) is satisfied by all the points which 
satisfy the separate equations 



XX X 



7—2 
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i.e. by all the points which lie on the n straight lines 

y — m^x = 0, y — m^ = 0, . . . y — m^x = 0, 

all of which pass through the origin. Conversely, the 
coordinates of all the points which satisfy these n equa- 
tions satisfy equation (1). Hence the proposition. 

lai. Sx. 1. The equation 

y» - 6a;y«+ llar^y - 6a:3=0, 
which is equivalent to 

(y-a;)(y-2x)(y-3a:)=0, 
represents the three straight lines 

y-jr=rO, y-2x=0, and y-8x=0,. 
all of which pass through the origin. 

Bz. a. The equation y* - 5y2 + 6y = 0, 

i.e. y(y-2)(y-3)=o. 

similarly represents the three straight lines 

y=0, y=2, and y = 3, 
all of which are parallel to the axis of x. 

122. To find the equation to the ttoo straight lines 
joining the origin to the points in which the straight Une 

Ix + my = n (1) 

meets the locus whose equation is 

aa^ ■¥ 2hxy -k- by^ -k- 2gx+ 2/y + c = (2). 

The equation (1) may be written 

^±^=1 (3). 

n ^ ' 

The coordinates of the points in which the straight line 
meets the locus satisfy both equation (2) and equation (3), 
and hence satisfy the equation 

......(4). 

[For at the points where (3) and (4) are true it is clear 
that (2) is true.] 

Hence (4) represents some locus which passes through 
the intersections of (2) and (3). 
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But, since the equation (4) is homogeneous and of the 
second d^ree, it represents two straight lines passing 
through the origin (Art. 108). 

It therefore must represent the two straight lines join- 
ing the origin to the intersections of (2) and (3). 

123. The preceding article may be illustrated geo- 
metricaUy if we assume that the equation (2) represents 
some such curve as PQRS in the figure. 




"=^^ 



Let the given straight line cut the curve in the points 
P and Q, 

The equation (2) holds for all points on the curve PQRS, 

The equation (3) holds for all points on the line PQ, 

Both equations are therefore true at the points of 
intersection P and Q, 

The equation (4), which is derived from (2) and (3), 
holds therefore at P and Q, 

But the equation (4) represents two straight lines, each 
of which passes through the point 0. 

It must therefore represent the two straight lines OP 
and OQ. 

124. Bz. Prove that the straight lines joining the origin to the 
points of intersection of the straight line x-y=i2 and the curve 

6x«+12a?y-8y2 + 8a:-4y + 12=0 
make equal angles with the axes. 

As in Art. 122 the equation to the required straight lines is 

6x« + 12ary-8y2+(8x-4y)^ + 12(^y=0 (1). 
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For this equation is homogeneonB and therefore r^resents two 
straight lines throng the origin; also it is satisfied at the points 
where the two given equations are satisfied. 

Now (1) is, on reduction, 

s6 that the equations to the two lines are 

y=2a5 and y= -2x. 
These lines are equally inclined to the axes. 

• 
125. It was stated in Art. 115 that, in general^ an 
equation of the second degree represents a curve-line, 
including (Art. 116) as a particular case two straight lines. 

In some cases however it will be found that such 
equations only represent isolated points. Some examples 
are appended. 

XiZ. 1. What is represented by the locus 

(aj-y + c)»+(a; + y-c)2 = 0? (1). 

^ We know that the sum of the squares of two real 
quantities cannot be zero unless each of *the squares is 
separately zero. 

The only real points that satisfy the equation (1) 
therefore satisfy both of the equations 

aj — y + c = and aj + y — c = 0. 
But the only solution of these two equations is 
aj = 0, and y = c. 

The only real point represented by equation (1) is therefore 
(0, c). 

The same result may be obtained in a diflferent manner. 
The equation (1) gives 

, (x-y-\-cf = -{x + y-c)\ 
i.e. x — y + c^^ V— 1 (x + y— c). 

It therefore represents the two imaginary straight lines 

aJ(l-V:^:)_y(l + V^T) + c(l+^/3l) = 0, 
and a.(l + V-"l)-y(l-x/^)+c(l~V~l) = 0. 
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Each of these two straight lines passes through the 
real point (0, c). We may therefore say that (1) represents 
two imaginary straight lines passing through the point 
(0, c). 

XiX. 2. WTiat is- represented by the equation 

As in the last example, the only real points on the locus 
are those that satisfy both of the equations 

a:»-a« = and y-ft' = 0, 

i,e, aj = *a, and y = ^b. 

The points represented are therefore 

(a, b)y (a, -b), (-a, 6), and {-a, -b). 

Ex. 3. WTuU is represented by the equation 

The only real points on the locus are those that satisfy 
all three of the equations 

aj = 0, y=0, ^nd a = 0. 

Hence, unless a vanishes, there are no such points, and 
the given equation represents nothing real. 
The equation may be written 

so that it represents points whose distance from the origin 
is a^/-i. It therefore represents the iinagincury circle 
whose radius is a*J^ and whose centre is the origin. 

lao. Bx. 1. Obtain the coTidition that one of the straight lines 
given by the equation 

ax^+2hxy + by^=0 (1) 

may coincide with one of those given by the equation 

a'!c^+2h'spy-\-bY=^ (2). 

Let the equation to the common straight line be 

y-mjx=0 (3). 

The qoantity y - miX must therefore be a factor of the left-hand of 
both (1) and (2), and therefore the value y= 774 a; must satisfy both (1) 
and (2). 
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We therefore have 

6mi*+2/imi + a=0 (4), 

and b'mi^'h2h'mi + a'=0 (5). 

Solving (4) and (5), we have 

- % _ 



2 (ha' - h'a) ah' -a'b'~2 (bW - 6'^) * 
ha' - h'a _ g_ J ab'-a'b )* 
•'• bh'-b'h~^ ~ \2(bh'-b'h)l * 
BO that we must have 

{ab'-a'b)*=z4: {ha'-h'aiibh'-b'h), 
Sz. a. Prove that the equation 

TO (j:» - 3a:y*) + y* - 3a;*y = 
represents three straight lines equally inclined to one another. 
Transforming to polar coordinates (Art. 35) the equation gives 
m (cos'^ - 3 cos ^ sin*^) + sin*^ - 3 oos«^ sin ^=0, 
t. e. m (1 - 3 tan*^) + tan»^ - 3 tan ^=0, 

3tan^-tan8^ ^ o.. 
"^^ l-3tan^g =*^°^^- 
If m= tan a, this equation gives 

tan 3^= tan a, 
the solutions of which are 

3^= a, or 180° + a, or 360°+ a, 

i.e. 6=^, or 60° + g, or 120° + ^. 

The locus is therefore three straight lines through the origin 
inclined at angles 

^, 60° + ^, and 120°+^ 
to the axis of x. 

They are therefore equally inclined to one another. 

Bz. 8. Prove that two of the straight lines represented by the 
equation 

a3fi + bx^y + cxy^ + dy^=0 (1) 

will be at right angles if 

fl2 + ac + M + d2=0. 
Let the separate equations to the three lines be 

y-miX=Q, y-nuiX=Q, and y-m^=Oy 
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BO that the equation (1) most be equivalent to 

d(y-wi,x)(y-ii4x)(y-ii4«)=0, 

and therefore 114+114+114= -^ (2), 

114114+114114+114114=- (8), 

and 114114114= -^ (4). 

If the first two of these straight lines be at right angles we haye, 
in addition, 

»»hW4= -1 (6). 

From (4) and (5), we have 

a 

and therefore, from (2), 

e a e-{'a 
'»i + m,= -j-^=- ^ . 

The equation (3) then becomes 

d\ d ) ^""d' 
i.e. a« + ac + M + d'=0. 
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1. Prove that the equation 

y»-ir»+3ay(y-ar)=0 
represents three straight lines equally inclined to one another. 

2. Prove that the equation 

y* (cos «+^3 sin a) cosa - a^ (sin 2a - ^3 cos 2a) 

+ x> (sin a - V^ cos a) sin a =0 
represents two straight lines inclined at 60° to each other. 

Prove also that the area of the triangle formed with them by the 
straight line 

(cosa - ^3 sin a) y - (sin a + «^3 cos a) a; + ar=0 
a* 
V3' 
and that this triangle is equilateral. 

3. Shew that the straight lines 

(i4» - 3B«) a? + 8^J5a^ + (J3« - 3^9) y«= 
form with the line Ax-k-By-^-C^d an equilateral triangle whose area 
. C 

** V3(^«+B«)* 
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4. Find the equation to the pair of straight lines joining the 
origin to the intersections of the straight line y:=:mx+c and the curve 

Prove that they are at right angles if 
2c2=a2(l+m2). 

5. Proye that the straight lines joining the origin to the points 
of intersection of the straight line 

kx + hy = 2hk 
with the curve (x - h)^ +(y-hf=c^ 

are at right angles if h^+k^=<^, 

6. Prove that the angle between the straight lines joitiing the 
origin to the intersection of the straight line y=3x+2 with the curve 

a^+2xy + ^^+4x-\-Sy-ll=0 istan-^?^. 

7. Shew that the straight lines joining the origin to the other two 
points of intersection of the curves whose equations are 

aa^-{-2hiey + by^+2gx=0 
and a'x^ + 2Uxy + hY + 2^'a? = 

will be at right angles if 

g{a'+y)-g'{a + b)=0. 
What loci are represented by the equations 

8. x^-y^=0. 9. a^-xy=0. 10. xy-ay=0. 
11. x^-x^-x + l=zO. 12. x8-icy«=0. 13. a:»+y»=0. 
14. ar»+y2=0. 15. 0^=0. 16. (x^-l){y^-^)=0. 
17. (a^-l)2+(y2_4)8=0. 18. {y-mx-c)^ + {y-mfx-c')^=0. 
19. {x^-raY(x^-bY + c^(y^-ay=0. 20. (x-a)*-y« = 0. 
21. (x+y)2-c2=0. 22. r=aBec(^-a). 

23. Shew that the equation 

bx^-2hxy + ay^=0 
represents a pair of straight lines which are at right angles to the pair 
given by the equation 

ax^+2hxy + hy^=^0, 

24. If pairs of straight lines 

x^-'2pxy-y^=0 and x^-2qxy -y^==0 
be such that each pair bisects the angles between the other pair, prove 
ih&tpq= -1. 

25. Prove that the pair of lines 

a^a^+2h{a + h)xy + l>h/=0 
is equally inclined to the pair 

ax^ + 2hxy + by^=0. 
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26. Shew also that the pair 

aa?*+2*a^ + 6y»+X(x»+y*)=0 
is equally indined to the same paur. 

27. If one of the straight lines giyen by the equation 

aa^+2hxy + by*=0 
coincide with one of those giyen by 

a'aj« + 2Vary + 6y=0, 
and the other lines represented by them be perpendicular, prove that 

6 - a h-a ^^ 

28. Prove that the equation to the bisectors of the augle between 
the straight lines ax^ + 2hxy + 6y* = is 

^ (a^ -y*) + (&-«) a^ = (we* - fcy') cos w, 
the axes being inclined at an angle la, 

29. Prove that the straight lines 

aa? +2fcry + 6y2=0 
make equal angles with the axis of x if ftsacoscu, the axes being 
inclined at an angle ta. 

30. ^ the axes be inclined at an angle w, shew that the equation 

0^ + 2jey cos w + y ' cos 2w = 
represents a pair of perpendicular straight lines. 

31. Shew that the equation 

cos 3o (x* - 3a^8) + sin 3o (y» - Sx'-^y) + 3a (x* + 2/2) _ 4as = 
represents three straight lines forming an equilateral triangle. 
Prove also that its area is 3 ^a^, 

32. Prove that the general equation 

ax?+2ftxy + &y«+2flfx+2/y+c=0 
represents two parallel straight lines if 

h^=^ah and bg^=:af*. 
Prove also that the distance between them is 

V a{a + b)' 

33. If the equation 

represent a pair of straight lines, prove that the equation to the third 
X)air of straight lines passing through the points where these meet the 
axes is 

4f/* 
aoi^-'2hxy + by^-\'2gx-\'2fy + c + ^-xy = 0. 



2. 
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34. If the equation 

aa^+2hxy + by^+2gx+2fy + c=0 

represent two straight lines, proye that the square of the distance of 

their point of intersection from the origin is 

c (a+6)-/«-p« 

ah-h* 

35. Shew that the orthocentre of the triangle formed by the 
straight lines 

ax*+2hxy+ly^=0 and lx-hmy=l 

is a point {xf, y') such that 

of _y' _ a+b 

36. Hence find the locos of the orthocentre of a triangle of which 
two sides are given in position and whose third side goes through a 
fixed point. 

37. Shew that the distance between the points of intersection of 
the straight line 

Of oosa + 2^ sin a - j>=0 
with the straight lines aa^ + 2hxy + by^=0 

2pjh^-ab 

6 coB^a- 2/i cos a sin a + a sin* a ' 
Deduce the area of the triangle formed by them. 

38. Proye that the product of the perpendiculars let fall from the 
point (x\ y') upon the pair of straight lines 

aa^ + 2hxy + by*=:0 

aiKf^ + 2hxfy'-\-hy'^ 

^ Jia-bf + 4h^ ' 

39. Shew that two of the straight lines represented by the 
equation 

ay^+bxy^-hca^y^ + dxi^y + 60^=0 
will be at right angles if 

{b + d)(ad + be) + (e-a)*{a-\'C + e)=:zO, 

40. Prove that two of the lines represented by the equation 

ax*-hbx*y+C2^y^+dxy^-^ay*=0 
will bisect the angles between the other two if 
c + 6a=0 and b + d=0. 

41. Prove that one of the lines represented by the equation 

ax^+bx^y + cxy^-^dy^=0 
will bisect the angle between the other two if 

{Sa+c)^bc + 2cd-Sad) = {b+Sd)^{be + 2ah-Sad). 
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TRANSFORMATION OF COORDINATES. 



127. It is sometimes found desirable in the discussion 
of problems to alter the origin and axes of coordinates, 
either by altering the origin without alteration of the 
direction of the axes, or by altering the directions of the 
axes and keeping the origin unchanged, or by altering the 
origin and also the directions of the axes. The latter case 
is merely a combination of the first two. Either of these 
processes is called a transformation of coordinates. 

. We proceed to establish the fundamental formulae for 
such transformation of coordinates. 

128. To alter the origin of coordinates tvithoiU altering 
the directions of the axes. 

Let OX and OF be the original axes and let the new 
axes, parallel to the original, be 

o'JT' and ar. 

Let the coordinates of the new 
origin 0', referred to the original 
axes be h and k, so that, if O'L be 
perpendicular to OXy we have 
OL = h and LO' = k, 

Let F be any point in the plane 
of the paper, and let its coordinates, referred to the original 
axes, be x and y, and referred to the new axes let them be 
a/ and y'. 

Draw PI^ perpendicular to OX to meet O'X' in iV'. 



Y' 
0' 




P 

N' 




X- 



N 



110 



COORDINATE GEOMETRY. 



Then 

ON=x, NF = y, aN' = x\ and N'P = y\ 

We therefore have 

x^ON=OL + O'N' = A + a;', 

and y = NP = LO' + N'P = k^y\ 

The origin is therefore transferred to the point (A, k) when 
we substitute for the coordinates x and y the quantities 

x' + h and y' + k. 

The above article is true whether the axes be oblique 
or rectangular. 

129. To change the direction of the aaces of coordinates j 
without cJianging the origin^ both systems of coordinates being 
rectangular. 

Let OX and OF be the original system of axes and OX' 
and OF' the new system, and let 
the angle, XOX\ through which 
the axes a^e turned be called 6, Y' 

Take any point P in the plane 
of the paper. 

Draw PN and PN^ perpen- 
dicular to OX and 0X\ and also 
N'L and N'M perpendicular to OX and PN, 

If the coordinates of P, referred to the original axes, 
be x and y, and, referred to the new axes, be x and y\ we 
have 

0N=x, NP^y, ON' = x\ and N'P = y\ 

The angle 

MPN' = 90" - ^ MN'P = L MN'O = l XOX' = e. 

We then have 

x = ON=OL-MN'=ON'cose-N'PBUie 

= x co&B — y smO (1), 

and y=^NP = LN' + MP=0N'BUie + N'PQOBe 

i=a;'sin^ + y'cos^ (2). 
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If therefore in any equation we wish to turn the ax< 
being rectangular, through an angle we must substitute 

It couO^yiAxkO and x" lin tf + 3r CO! tf 

for X and y. 

When we have both to change the origin, and also the 
direction of the axes, the transformation is clearly obtained 
by combining the results of the previous articles. 

If the origin is to be transformed to the point (A, k) 
and the axes to be turned through an angle ^, we have to 
substitute 

h + x' cos B — y' sin and h-^x' sin ^ + y' cos $ 

for X and y respectively. 

The student, who is acquainted with the theory of projection of 
straight lines, will see that equations (1) and (2) express the fact that 
the projections of OP on OX and OF are respeotiyely equal to the 
sum of the projections of ON' and N'P on the same two lines. 

ISO. Bx. 1. Transform to parallel axes through the point ( - 2, 8) 
the equation 

2a;2 + 4a:y + 6y2-4x-22y + 7=0. 

We substitute x=x' -2 and y=y'-\'^, and the equation becomes 

2(a;'-2)«+4(x'-2)(y'+3) + 5(y' + 3)2-4(x'-2)-22(y' + 3) + 7=0, 

ue. 2a:^ + 4xy + 5y'2-22 = 0. 

Ex. 2. Transform to axes inclined at 30^ to the original axes the 
equation 

«2 + 2<^3xy-y2=2a2. 

For X and y we have to substitute 

x^ cos 30° - y' Bin 30° and x' sin 30° + y' cos 30°, 

The equation then becomes 
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1. Transform to parallel axes through the point (1, - 2) the 
equations 

(1) y2-4x+4y + 8=0, 
and (2) 2x^+y^-'4x-\-4y=U>, 

2. What does the equation 

(x-a)«+(y-6)2=c2 
become when it is transferred to parallel axes through 

(1) the point (a - c, h), 

(2) the point (a, h-c)? 

3. What does the equation 

{a-b){x^+y*)-2abx=0 

become if the origin be moved to the point ( ——z , j ? 

4. Transform to axes inclined at 45° to the original axes the 
equations 

(1) x»-y«=a2, 

(2) 17x^-Uxy + 17y^=225, 
and (3) y*+a:*+6xV=2. 

5. Transform to axes inclined at an angle a to the original axes 
the equations 

(1) »«+y«=f2, 

and (2) s^-^2xy tan 2a '-y^=aK 

6. If the axes be turned through an angle tan~i 2, what does the 
equation 4xy - Sx'sa* become ? 

7. By transforming to parallel axes through a properly chosen 
point {h, k)t prove that the equation 

12a? - 10«y + 2y« + 11a; - 6y + 2=0 
can be reduced to one containing only terms of the second degree. 

8. Find the angle through which the axes may be turned so that 
the equation Ax + By + C=0 

may be reduced to the form a; = constant, and determine the value of 
this constant. 

131 • The general proposition, which is given in the 
next article, on the transformation from one set of oblique 
axes to any other set of oblique axes is of very little 
importance and is hardly ever required. 
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^132. To change from one set of axes, inclined at an 
cmgle cd, to another get, inclined <U an angle ia\ tfie origin, 
remaining unaltered. 




O M N L X 

Let OX and or be the original axes, OX' and OF the 
new axes, and let the angle XOX* be 0, 

Take any point P in the plane of the paper. 
Draw PN and PN' parallel to OY and OY' to meet OX 
and OX' respectively in N and N\ PL perpendicular to OX^ 
and N'M and N'M' perpendicular to OL and LP, 
Now 

iPNL^iYOX = i^, and PN'M' ^Y'OX ^t^' ^-d. 
Hence if 

ON=x, NP^y, ON' = x\ ajidIfT = y\ 
we have f/aiD.u} = NPsinia = LP= MN'' -hM'P 
= ON' sin ^ + N'P sin (co' + 0), 

so that y sin (0 = as' sin + y^ sin (io -\-0) (1). 

Also 

x + ycoHio = 0]^-\-]^L=OL=OM+N"M' 

= x' cm + y cos {w ^ 0) (2). 

Multiplying (2) by sina>, (1) by cosw, and subtracting, 
we have 

asin 0) =«' sin (<i) — ^) + y' sin (<i) - <o' — 0) (3). 

[This equation (3) may also be obtained by drawing a perpen- 
dicular from P upon OT and proceeding as for equation (1).] 

The equations (1) and (3) give the proper substitutions 
for the change of axes in the general case. 

As in Art. 180 the equations (1) and (2) may be obtained by 
equating the projections of OP and of ON^ and N'P on OX and a 
straight line perpendicular to OX, 

h. 8 
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^133. Particular cases of Hie preceding aHide, 

(1) Suppose we wish to transfer our axes from a 
rectangular pair to one inclined at an angle n/. In this 
case <o is 90"*, and the formulee of the preceding article 
become 

x = x cos $ + y' cos ((I)' + $)y 
and y = oc' sin + y' sin (w' + $), 

(2) Suppose the transference is to be from oblique 
axes, inclined at (o, to rectangular axes. In this case to' is 
90°, and our formulae become 

X sin w = x' sin (<o — 0) — y' cos (w — ^), 

and y sin 0) = a;' sin d ■\-y cos B, 

These particular formulae may easily be proved in- 
dependently, by drawing the corresponding figures. 

Bz. Transform the equation -5 - 1^= 1 from rectangular axes to 

axes inclined at an angle 2a, the new axis of x being inclined at an angle 

-a to the old axes and sin a being equal to . . 

>ija^+h^ 

Here 0= -a and a/ = 2a, so that the formalsa of transformation 
(1) become 

x={xf-^l^ooBa and y = {y' - x') mn a. 

Since sin as . , we have cos a= , =^, and hence the 

given equation becomes 

(x'+yT ( y^-J^" _, 

i.e, a;y=i(a2 + 6a). 

^134. The degree of an equation is unchanged by any 
transfornuUion of coordinates. 

For the most general form of transformation is found 
by combining together Arts. 128 and 132. Hence the 
most general formulae of transformation are 

sin (I) sin <o 

- ,sin^ ,8in(a)' + ^) 

and y = A? + a; -. — + y ^ . 

^ sino) ^ smo) 
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For X and y we have therefore to substitute expressions 
in x' and y' of the first degree, so that by this substitution 
the degree of the equation cannot be raised. 

Neither can, by this substitution, the degree be lowered. 
For, if it could, then, by transforming back again, the 
degree would be raised and this we have just shewn to be 
impossible. 

*185. If by any change of axest without change of origin^ the 
qtUMtity a^^-^+2hxy-j-by^ become 

tJie axes in each case being rectangular, to prove that 
a+6=a' + 6', and abrh^rzaV-h^ 

By Art. 129, the new axis of x being inclined at an angle $ to the 
old axis, we have to snbstitate 

x'ooBd-y'Bind and x^emS+y'coaS 
for x and y respectively. 
Hence oar' + 2hxy + by^ 
= a (x' cos ^ - y ' sin e)* + 2h (x' cos ^ - y' sin d) (x' sin ^ + y' cos 0) 

+ 6 (x' sin tf + y' cos tf )• 
=x^[acoa^0+2hooB0ain0+bBin^0] . 

+ 2x'|^' [-aoos^sin^+A (cos* - sin' 0) + booB0 sin 0] 
-\-y^[awxi^0-2hcoB0an0+bcoB^0], 
We then have 

a' = <ioo8» tf + 2* cos tf sin ^ + fefiil^J tf 

=J[(a+6) + (a-6)cos2tf+2A8in2fl (1), 

6'=a sin'tf - 2^cos tf sin tf +6cos*^ 

=i[(a + 6)-(a-6)oos2^-2*Bin2d] (2), 

and V=: -aoos^sin^ + ft(cos'^-sin'^) + &eos^sin^ 

=i[2AooB2tf-(a-6)sin2A] (3). 

By adding (1) and (2), we have a'f 6'=a+6. 
Also, by multiplying them, we have 

4a'6'=(a+6)«7 {(a-6)oos2tf+2fcsin2tfp. 
Hence 4a'6' - 4^" 
s-(a+6)a-[{2ftsm2tf + (a-6)coB2^}»+{2*cos2^-.(a-6)sin2^}»] 
=:(a+6)«-[(a- 6)a+4/ia]=4a6 - 4^«, 
so that a'6'-fc'«=a6-ft«. 

186.. To find the angle through which the axes mast be turned so 
that the expression aal*-\-2honf + by* may become an expression in which 
there is no term involving x'y\ 

48—2 
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AflBiiniing the work of the previous article the coefficient of a^y* 
vanisheQ if V be zero, or, from equation (3), if 
2ft 008 2^= (a - 5) sin 29, 

i.e.if tan 29=-^. 

The required angle is therefore 



«--(.^)- 



*\Z^m The proposition of Art 135 is a particular 
case, when the axes are rectangular, of the following more 
general proposition. 

If hy cmy change of axes, tvithotU ehcmge of origin^ the 
quantity aa? + 2hxy + hy^ becomes a' a? + 2h'xy + 6y, then 
a + b-2hco8<ti _ a' ^-h' -- 2h' cos w' 
sin^ (i> sin^ w' ' 



cmd 

8%n''ia sin' Hi ' 

m cmd <o being the angles bettveen the original cmd final pair s 
of axes. 

Let the coordinates of any point F, referred to the 
original axes, be x and y and, referred to the final axes, let 
them be a?' and y\ 

By Art. 20 the square of the distance between F and 
the origin is as* + 2xy cos <o + y", referred to the original axes, 
and a?'* + 2x'y' cos a/ + y'\ referred to the final axes. 
We therefore always have 

a^ + 2ocycosia + y^ = x'^ + 2x'f/ coaui +y^ (1). 

Also, by supposition, we have 

aa? + 2hxy + bif = a'x"^ + 2Ko^y + b'y'^ (2). 

Multiplying (1) by X and adding it to (2), we therefore have 
05* (a + X) + 2xy (A + X cos w) + y* (6 + X) 

= x"^ (a' + X) + 2a;y (^' + ^ cos co') + y'^ {V + X) ...(3). 
If then any value of X makes the left-hand side of (3) a 
perfect square, the same value must make the right-hand 
side also a perfect square. 

But the values of X which make the left-hand a perfect 
square are given by the condition 

(A + X cos (I))' = (a + X) (5 + X), 
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i,e. by 

X" (1 - cos'co) + X (a + 6 - 2A cos oi) + a6- ^*»0, 

. , ., . a + 6~2Aco8(i) o6-A' . ,.. 

t.e. by X' + X r-r + —r-z — = (4). 

In a similar manner the values of X which make the 

right-hand side of (3) a perfect square are given by the 

equation 

,» ,a' + 6'-2A'coscu' a'6'-A'« ^ ,^, 

X^ + X ,-^-7 + . , , =0 (5). 

sin' (I) sin' (I) 

Since the values of X given by equation (4) are the same 
as the values of X given by (5), the two equations (4) and 
(5) must be the sama 

Hence we have 

a + b - 2h CO! (O a' + V - 2h' coi W 



and 



8in2 Qi sin> Qi' 

ab-h« _ a-b -h8 



EXAMPLES. ZVL 

1. The equation to a straight line referred to axes inclined at 30° 
to one another is y=2x+l. Find its equation referred to axes 
inclined at 45°, the origin and axis of x being unchanged. 

2. Transform the equation 2x^ + 3 ^Bxy + Zy^ = 2 from axes 
inclined at 30° to rectangular axes, the axis of x remaining 
unchanged. 

3. Transform the equation x^+xy-\-y^=i6 from axes inclined at 
60° to axes bisecting the angles between me original axes. 

4. Transform the equation 2^'+4^cota-4fl;=0 from rectangular 
axes to oblique axes meeting at an angle a, the axis of x being kept 
the same. 

5. If ^ and y be the coordinates of a point referred to a system of 
oblique axes, and x* and y' be its coordinates referred to another 
system of oblique axes with the same origin, and if the formulas of 
transformation be 

x=mx^-^ny' and y=m'x'+nyf 

,, ^ m'+m'*-l mm' 

prove that — ^ — ,„, — =^ = — r • 
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THE CIRCLE. 



138. Def. A circle is the locus of a point which 
moves so that its^distance from a fixed point, called, the 

. centre, is equal to a given distance. The given distance is 
called the radius of the circle. 

139. To find th,&jsquation^taj($circley the axes ofcoordi- 
ncUes being tux> 'straight lines thresh its centre at right 
angles. 

Let be the centre of the circle and let aj^e-4ts«udius. 

Let OX and OF be the axes of 
coordinates. ^ 

Let P be any point on the circum- 
ference of the circle, and let its coordi- 
nates be X and y. 

Draw PJf perpendicular to OX and 
join OP. 

Then (Euc. i. 47) 

OM^ + MP'^a\ 

te. x2 + y2 = a2. 

This being the relation which holds between the •)ordi- 
nates of any point on the circumference is, by Art. 42, the 
required equation. 

140. To find the equation to a cvrcle referred to any 
rectangular, aaces. 
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.(1). 



Let OX and OF be the two rectangular axes. 

Let C be the centre of the 
circle and a its radius. Y 

Take any point P on the 
circumference and draw per- 
pendiculars CM and PN upon 
OX'y fet P be the point (ic, y). 

Draw GL perpendicular to 
NP. ^ 

Let the coordinates of (7 be 
h and h ; these are supposed to be known. 

We have CL = MN=ON-OM = x-h, a 
and LP = kP-NL = NP^MC = y-h 

Hence, since CL" + LP^ = CP'y 
we have (z-h)2+ (y .k)> = a2 

Thi^ is thq^pequired equation. 

Bz. The equation to the circle, wjiose centre is the point ( - 3, 4) 
And whose radius is 7, is 

(a? + 3)»+(y-4)2=7», 

141. Some particular cases of the preceding article may be 
noticed: 

(a) Let the origin O be on the circle so that, in this case, 

i,e. h^+k^=a^. 

The equation (1) then becomes 

i.e. * x2+ya-2^-2%=0. 

(^) I^t the origin be not on* the curve, but let the centre lie on 
the axis of x. In this case k=0, and the equation becomes 

(7) Let the origin be on the curve and let the axis of a; be a 
diameter. We now have k=0 and a = ^, so that the equation becomes 

id) By taking at C, and thus making both h and k zero, we 
have uie case of Art. 139. 
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(e) The oirde will toaoh the axis of x if MC be equal to the 
radios, i,e. itk=a. 

The equation to a circle touching the axis of x is therefore 

a^+y^-2hx-2ky + h^=0. 
Similarly, one touching the axis of y is 

a^+y«-2fcc-2Jky+fc«=0. 

142. To prove that the equaJ^on 

iB* + 2^ + 25ra:+2/y + c = (1), 

ahvays represents a circle for all values of g,fj and o, and to 
find its centre amd radius. [The axes are assumed to be 
rectangular.] 

This equation may be written 

(a:» + 25ra;+5r») + (y»+ 2/y +/«) =5r»+/«-c, 

i.e. (aj + ^)>+(y+/)« = {7/+/«-c}l 

Comparing this with the equation (1) of Art 140, we 
see that the equations are the same if 

h = -g, k = -f and a = Jg'4-f^'-c, 

Hence (1) represents a circle whose centre is the point 
(— ^, —f)i and whose radius is Jg^-^f^ — c. 
If ^ +y^ > c, the radius of this circle is real. 

If g'^ +/* = c, the radius vanishes, L e, the circle becomes 
a point coinciding with the point (— ^r, — /). Such a circle 
is called a point-circle. 

If g^ 4-/^ < c, the radius of the circle is imaginary. In 
this case the equation does not represent any real geo- 
metrical locus. It is better not to say that the circle does 
not exist, but to say that it is a circle with a real centre 
and an imaginary radius. 

Bz. 1. The equation x^+|/^+4a;-%=0 can be written in the 
form 

(a: + 2)2+(y-3)«=13=(^)2, 

and therefore represents a eircle whose centre is the point ( - 2, 8) and 
' whose radicts is ^^18. 
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Bz. a. The eqoation 45x> + 45y> -60x+86y + 19>:s0i8 eqaiyalent 
to 

^«. («-l)*+(y+l)'=t+A-«=A. 

and therefore represents a circle whose centre is the point (|, - {) and 

whose radios is —7- • 
15 

143. Condition that the general equaUion of the second 
degree rnay represent a circle. 

The equation (1) of the preceding article, multiplied by 
any arbitrary constant, is a particular case of the general 
equation of the second degree (Art. 114) in which there is 
no term containing xy and in which the coefficients of a^ 
and y* are equal 

The general equation of the second degree in rectangular 
coordinates therefore represents a circle if the coefficients 
of x> and y> be the same and if the coefficient of xy 
be zero. 

144. The equation (1) of Art. 142 is called the 
general equation of a circle^ since it can, by a pix)per 
choice of g, f and c, be made to represent any circle. 

The three constants g, /, and c in the general equation 
correspond to the geometrical fact that a circle can be found 
to satisfy three independent geometrical conditions and no 
more. Thus a circle is determined when three points on it 
are given, or when it is required to touch three straight 
lines. ^ 

146. To find the equation to the circle which is described on the 
line joining the points (aj^, y^) and (xj, y^) as diameter. 

Let A be the point (x^ , y^) and B be the point (x,, y^), and let the 
coordinates of any point P on the circle be h and k. 

The equation to AP is (Art. 62) 

y-yi=|^^(^-*i) (1). 

and the equation to BP is 

y-y^=]~y-^^) (2). 

But, since APB is a Bemioirde, the angle APB is a right angle, 
and hence the straight lines (1) and (2) are at right angles. 
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Hence, by Art. 69, we have 

h-Xi' h-X2 ' 

i.e. {h-x;){h-x^+{k-y^{k-y^=0. 

Bnt this is the oondition that the point {h, k) may lie on the carve 
whose equation is 

(a:-ari)(x-X2) + (y-yi)(y-ya)=0. 
This therefore is the required equation. 

146. Intercepts made on the axes by the circle whose equation is 

ax^+ay^-\-2gx + 2fy+c=0 (1). 

The abscissas of the points where the circle (1) meets the axis of x, 
i.e. y=Ot are given by me equation 

ax«+2pa?+c=0 (2). Y 

The roots of this equation being x^ and x, , 
we have 



and 



_C 

Xi Xn — . 

^ ' a 



(Art. 2.) 




Hence 



A1A2 =x^-Xi= sj(xi + Xj)^ - 4tx^x^ 

^ a^ a a ' 

Again, the roots of the equation (2) are both imaginary if ^<ac. 
In this case the circle doQS not meet tne axis of as in real points, i.e, 
geometrically it does not meet the axis of x at all. 

The circle will touch the axis of x if the intercept A1A2 be just 
zero, i.e. if ^'=ac. 

It will meet the axis of x in two points lying on opposite sides of 
the origin if the two roots of the equation (2) are of opposite signs, 
i. e. if e be negative. 

147. Bz. 1. Find the eqtiation to the circle which passes through 
the points (1, 0), (0, - 6), and (3, 4). 
Let the equation to the circle be 

x^+y^+2gx+2fy+c=0 (1). 

Since the three points, whose coordinates are given, satisfy this 
equation, we have 

l + 2g + c=0 (2), 

36-12/+c=0 (3), 

and 26 + 6^ + 8/+c=0 (4). 
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Sabtraoting (2) firom (3) and (3) from (4), we have 
2p + 12/=36, 
and 6p + 20/=ll. 

Henoe /=V^ and p= -^^. 

Equation (2) then gives c = ^ . 
Snbstitating these values in (1) the required equation is 
4««+4y«-142x + 47ar + 188=0. 

Bz. 3. Ftfki t^ equation to the circle which touches the axi$ ofy 
at a distance +4 from the origin and cuts off an intercept 6 firom the 
axis of X, 

Any circle is x*+y^+2gx+2fy+c=0. 

This meets the axis of y in points given by 

y«+2yy+c=0. 
The roots of this equation must be equal and each equal to 4, so 
that it must be equivalent to (2^ - 4)^=0. 
Henoe 2/= -8, and c=16. 

The equation to the cirde is then 

aj"+y*+2^ar-8y+16=0. 
This meets the axis of x in points given by 
»2 + 2^«4-16=0, 
i.e. at points distant 

-g-\-j9^^^ and -g-Jg^-lQ. 
Hence 6=2^^«-16. 

Therefore g^±5y and the required equation is 

a5*+y«=tlOa:-8y + 16=0. 
There are therefore two circles satisfying the given conditions. 
This is geometrically obvious. 
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Find the equation to the circle 
1. Whose radius is 8 and whose centre is ( - 1, 2). 
' 2. Whose radius is 10 and whose centre is ( - 6, - 6). 

3. Whose radius is a + & and whose centre is (a, - b). 

4. Whose radius is Ja^ - b^ and* whose centre is ( - a, - 6). 

Find the coordinates of the centres and the radii of the circles 
whose equations are 

5. a^+y^-ix-By=:41. 6. 3a;2+3y*-6x-6y+4=0. 
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7. T'+y^'^kix+k). 8. x^+y^=z2gx 

9. -s/r+w?(a:'+y^-2ca?-2»icy=0. 
Praw the circles whose eqnations are 
0. x^+y^=2ay. U. dx^+9y^=^x. 

12. 5a;2 + 6y«=2a?+3y. 











>\; 


,C 



13. Find the equation to the circle which passes through the 
points (1, - 2) and (4, - 8) and which has its centre on the straight 
line da; +4^ =7. 

14. Find the equation to the circle passing through the points 
(0, a) and {b, h), and having its centre on the axis of x. 

Find the equations to the circles which pass through the points 

15. (0, 0), (a, 0), and (0, b). 16. (1, 2), (3, - 4), and (5, - 6). 
17. (1,1), (2,-1). and (8, 2). 18. (5, 7). (8, 1), and (1, 3). 

19. (a, b), (a, - 6), and {a+b, a - 6). 

20. ABCD is a square whose side is a; taking AB and AD as 
axes, prove that the equation to the circle circumscribing the square is 



x 



ar«+y«=a(a; + y). 



21. Find the equation to the circle which passes through the 
origin and cuts off intercepts equal to 3 and 4 from the axes. 

22. Find the equation to the circle passing through the origin 
and the points (a, b) and (&, a). Find the lengths of the chords that 
it cuts off from the axes. 

23. Find the equation to the circle which goes through the origin 
and cuts off intercepts equal to h and k from ti^e positive parts of &e 
axes. 

24. Find the equation to the circle, qjf radius a, which passes 
through the two points on the axis of x which are at a distance b from 
the origin. 

Find the equation to the circle which 

25. touches each axis at a distance 5 from the origin. 

26. touches each axis and is of radius a, 

27. touches both axes and passes through the point ( - 2, - 8). 

28. touches the axis of x and passes through the two points 
(1,-2) and (3, -4). 

29. touches the axis of y at the origin and passes through the 
point (6, c). 
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30. tooches the axis of a; at a distance 8 from tha origin and 
int^cepts a distanoe 6 on the axis of y, 

31. Points (1, 0) and (2, 0) are taken on the axis of x, the axes 
being rectangnlar. On the line joining these points an equilateral 
triangle is described, its vertex being in the positive quadrant. Find 
the equations to the circles described on its sides as diameters. 

32. lty=mxhe the equation of a chord of a circle whose radius is 
a, the origin of coordinates being one extremity of the chord and the 
axis of X being a diameter of the circle, prove that the equation of a 
circle of which this chord is the diameter is 

(1 +m«) (a5«+y«) - 2a («+my)=0. 

33. Find the equation to the circle passing through the points 
(12, 43), (18, 39), and (42, 3) and prove that it also passes through 
thepomts(-64, -69)and(-81, -38). 

34. Find the equation to the circle droumsoribing the quadrilateral 
formed by the straiight lines 

2ar+8y=2, 3a;-2y=:4, j:+2y=3, and 2ar-y=8. 

35. Prove that the equation to the circle of which the points 
(or J , y^ and (or, , y,) are the ends of a chord of a segment containing an 
angle $ is 

(^-^i)(«-*2)+(y-yi)(y-ya) 

± cot ^ [(a: - ajj) (y - ya) - (a; -acj) (y - y,)] = 0. 

36. Find the equations to the circles in which the line joining the 
points (a, h) and (&, - a) is a chord subtending an angle of 45° at any 
point on its circumference. 



^ 



148. Tangent. Euclid in his Book III. defines the 
j^ tangent at any point of a oircle, and proves that it is always 
perpendicular to the radius drawn from the centre to the 
point of contact. 

From this property maj be deduced the equation to the 
tangent at any point (x\ ^) of the circle a^ + y' = a\ 

For let the point F (Fig. Art. 139) be the point 

(«^, y')- 

The equation to any straight line passing through P is, 
by Art 62, 

y-y' = m{x-x') (1). 

Also the equation to OF is 

y=^«' (2> 
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The straight lines (1) and (2) are at right angles, i. e. the 
line (1) is a tangent, if 

mx?( = -l, (Alt. 69) 

%.e, if " m = — >. 

y 

Substituting this value of m in (1), the equation of the 
tangent at {x\ y) is 

.i.e. xx' + yy' = x'^ + y'^ (3). 

But, since (aj', y ) lies on the circle, we have a?'* + y'^ = a', 
and the required equation is then 

* 149. In the case of most curves it is impossible to 
/ give a simple construction for the tangent as in the case of 
^the circle. It is therefore necessary, in general, to give a 
different definition. 

Tangent. Def. Let P and Q be any two points, near 
to one another, on any curve. 

Join PQ) then PQ is called a , \' iky^ 

secant. \ ^V^ 

The position of the line PQ when •' y^x^^ 
the point Q is taken indefinitely close \/x 
to, and ultimately coincident with, the y^ 
point P is called the tangent at P. "'n. 

The student may better appreciate ^-^^.^^^^^ 

this definition, if he conceive the curve 
to be made up of a succession of very small points (much 
smaller than could be made by the finest conceivable drawing 
pen) packed close to one another along the curve. The 
tangent at P is then the straight line joining P and the 
next of these small points. 

j/ , 150. To find the equation of the tcmgent cU the point 
/ / (a/, y') of the cvrcle re* + ^ = a'. 
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Let F be the given point and Q a point (aJ", y") lying on 
the curve and close to P. 

The equation to PQ is then 

y-y'=fcJ<*-*'> : <^)- 

Since both (a;', y') and («", y") lie on the circle, we have 

and x"* + ^/'* = cf. 

By subtraction, we have 

a/'»-a;"+y"«-y" = 0, 
i.«. (a:" - «') (a;" + x') + (y'.' - y') (y" + y^ = 0, 

y"-y _ a;" + a; ' 
*•*• a:"-a!'~ y" + y" 

Substituting this value in (1), the equation to PQ is 

y-2^ = -^(*-»'') •. (2)- 

Now let Q be taken very close to P, so that it ulti- 
mately coincides with P, i.e. put x" ^x' and y*' ^y\ 
Then (2) becomes 

2a;' 

i, e. yy* + qbx' = 05'* + y" = a*. 

The required equation is therefore 

n'-tyy'z :^. (3). 

It will be noted that the equation to the tangent 
found in this article coincides with the equation found 
from Euclid's definition in Art. 148. 

Our definition of a tangent and Euclid's definition there- 
fore give the same straight line in the case of a circle. 

151. To obtain the equation of the tangent at any point 
{x'y y') lying on the circle 

af + y^-h 2gx + 2/y + c = 0. 
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Let F be the given point and Q a point'(a:", y") lying on 
the curve close to P. 

The equation to PQ is therefore 

y-y'=^'<'"-*'>- <i>- 

Since both {x\ y') and {x'\ y") lie on the circle, we have 

aj'« + y'' + 2^a:' 4- 2/3^ + = (2), 

and iB"« + y'" + 2^a:" + 2/y" + c = (3). 

By subtraction, we have 

i,e, (a:"-a:')(a:" + x' + 2(7) + (y"ly')(y" + y>2/) = 0, 

*•''• ' aj"-a/" y" + y' + 2/- 

Substituting this value in (1), the equation to PQ be- 
comes 

aj" + a;' + 2^ ,. . 

^-^=-yT7W('«-^) <*)• 

Now let Q be taken very close to P, so that it ultimately 
coincides with P, i.e. put a" = a' and y" = y'. 

The equation (4) then becomes 
i.e. !f(:ff'+/) + x(x' + g) = y'(y'+/) + x'{x' + g) 

by (2). 

This may be written / 

xx' + yy' + g(x + x') + f(y + y') + c=:0 

which is the required equation. 

152. The equation to the tangent at (x\ f/) is there- 
fore obtained from that of the circle itself by substituting 
okb' for re*, yy' for y*, x + x' for 2x, and y -^y' for 2y. 



f\ 
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This is a particular case of a general rule which will be 
found to enable us to write down at sight the equation to 
the tangent at (oc, y') to any of the curves with which we 
shall deal in this book. 

153. Points of intersection, in general, of the straight 



line 

with the circle 



i/ = mx + c. 



(1), 
.(2). 




The coordinates of the points in which the straight line 
(1) meets (2) satisfy both equations (1) and (2). 

If therefore we solve them as simultaneous equations 
we shall obtain the coordinates of the common point or 
points. 

Substituting for y from (1) in (2), the abscissae of the 
required points are given by the equation 

' of + {mx + c)- ~ a^y 

i,e. a^{l+m'') + 2mcx + c^-a' = (3). 

The roots of this equation are, by Art. 1, real, coinci- 
dent, or imaginary, according as 

(2incy —4(1+ m*) (c* — a*) is positive, zero, or negative, 

i,e, according as 

a* (1 + w*) — c* is positive, zero, or negative, 

i,e, according as 

(T* is < = or > a* (1 + m^). 

In the figure the lines marked I, II, and III are all 
parallel, i,e, their equations all have the same "w." 

L. 9 
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The straight line I corresponds to a value of c* which 
is <a'(l + m') and it meets the circle in two real points. 

The straight line III which corresponds to a value of c*, 
> a' (1 + m*), does not meet the circle at all, or rather, as in 
Art. 108, this is better expressed by saying that it meets 
the circle in imaginary points. 

The straight line II corresponds to a value of c^, which 
is equal to a^ (1 + m*), and meets the curve in two coincident 
points, i.e, is a tangent. 

154. We can now obtain the length of the chord inter- 
cepted by the circle on the straight line (1). For, if Xj and 
052 ^ ^^® roots of the equation (3), we have 

2mc , c»-ar 

Hence 

2 

Xi-oc^ = J{xi + x^y -ix^x^ = TTw? n/^*<j' - (c*- a') (1 + «»*) 

•2 



1 + m ^ ^ ' 

If 2/i and y^ be the ordinates of Q and R we have, since 
these points are on (1), 

Hence 



/ g' (1 + m') - 



In a similar manner we can consider the points of inter- 
section of the straight line y = mx + k with the circle 

ic* + 2^ + 2^a; + 2/y + c = 0. 
155. The straight line 

y = mx + ajl + m* 
is always a tangent to the circle 
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As in Art. 153 the straight line 

y = 7nx + c 

meets the circle in two points which are coincident if 

c = a J\ + w*. 

But if a straight line meets the circle in two points 
which are indefinitely close to one another then, by Art. 
149, it is a tangent to the circle. 

The straight line y = mx + c is therefore a tangent to the 
circle if ^, ^ 

i.e. the equation to any tangent to the circle is 

y = nuc + a Vl + m^ (1). 

Since the radical on the right hand may have the + or — 
sign prefixed we see that corresponding to any value of m 
there are two tangents. They are marked II and IV in 
the figure of Art. 153. 

166. The above result may also be deduced from the equation 
(3) of Art. 150, which may be written 

y= --X + - (1). 

y y 

Put — > = »», 80 that «'= -my' y and the relation x'^-\^y'^=a^ gives 

y'«(m2+l) = a2, i.e. -= ^jT+mK 
The equation (1) then becomes 

y-mx + ajl + m\ 
This is therefore the tangent at the point whose coordinates are 

-7na _ a 

, and . 

167. If we assume that a tangent to a circle is always perpen- 
dicular to the radius vector to the point of contact, the result of 
Art. 155 may be obtained in another manner. 

For a tangent is a line whose perpendicular distance from the 
centre is equal to the radius. 

9—2 



132 COORDINATE GEOMETRY. 

The straight line y=mx-\-c will therefore touch the circle if the 
perpendicular on it from the origin he equal to a, i.e, if 



^a, 




i.«. if 

This method is not however applicable to any other curve besides the 
circle. • 

168. Bz. Find the eqtiatuyns to the tangents to the circle 

which are parallel to the straight line 

4aj+% + 6=0. 

Any straight line parallel to the given one is 

4a: + % + C=0 (1). 

The equation to the circle is 

(x-3)2 + (t/ + 2)2=62. 

The straight line (1), if it be a tangent, must be therefore such 
that its distance from the point (3, - 2) is equal to =i= 5. 

Hence 12 -6-K 7 ^ 

V42+32 " 

so that (7= - 6±25 = 19 or - 31. 

The required tangents are therefore 

4aj + 3y + 19=0 and 4r + 3y-31 = 0. 

159. Normal. Def. The normal at any point P of 
a curve is the straight line which passes through P and is 
perpendicular to the tangent at P. 

To find the equation to the noimial at the point (x', y) of 
{I) the circle 

and (2) t^ie circle 

aj2 + 2/* + 2gx + 2/y + c=^0. 
(1) The tangent at (x', y') is 

XX + yy = a\ 
X «« 

y—y'-^y" 
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The equation to the straight line passing through (x', y') 
perpendicular to this tangent is 

y-y =m(x- x), 
where m x (--A = - 1, (Art 69), 

y' 



m = - 
x 



The required equation is therefore 

y-y=^.{x-x'), 

i. e. x'y — xy' = 0. 

This straight line passes through the centre of the circle 
which is the point (0, 0). 

If we assume Euclid's propositions the equation is at once 
written down, since the normal is the straight line joining 
(0,0)U>{x\yy 

(2) The equation to the tangent at (x\ y) to the circle 

aj* + ^ + 2gx + 2/y + c = 

The equation to the straight line, passing through the 
point {x\ y) and perpendicular to this tangent, is 

y-y' ^ m {x - x'), 

(Art. 69), 



where 




"*H -y-^f) = 


-1, 


i,e. 




x' ^ g 




The 


equation 


to the normal is therefore 






^ ^ x' + g^ 


-cc'), 



i,e, y {x +g)-x (y +/) +/x - gy = 0. 



134 COORDINATE GEOMETRY. 



BXAMPT.ES. XVm. 

Write down the equation of the tangent to the oirole 

1. x2 +y2 _ Sx+lOy = 16 at the pomt (4, - 11). 

2. 4a;2 + 4y2-16a: + 24y = 117atthepoint(-4, -^). 
Find the equations to the tangents to the circle 

3. x^+y^=4i which are parallel to the line x + 2y + S=0. 

4. x* + y* + 2gx + 2/y + c =0 which are parallel to the line 

x+2y-6=0. 

5. Prove that the straight line y=x-\-c^2 touches the oirole 
a^+y^=c'^^ and find its point of contact. 

6. Find the condition that the straight line cx-by + b^=0 may 
tou^ the circle x*+y'*=ax + by and find the point of contact. 

7. Find whether the straight line a; + y = 2 + V^ touches the circle 

x3 + 2/2-2x-2y + l=0. 

8. Find the condition that the straight line 3x+iy=k may 
touch the circle x^+y^=10x, 

9. Find the value ofp so that the straight line 

X cos a +y sin a -i> =0 
may touch the circle 

x^+y^- 2ax cos a - 2hy sin a - a^ Bin2a=0. 

10. Find the condition that the straight line Ax-\'By + G=0 may 
touch the circle 

11. Find the equation to the tangent to the circle x^^-y^=cfl 
which 

(i) is parallel to the straight line y = nu; + c, 
(ii) is perpendicular to the straight line y=mx-{-c, 
(iii) passes through the point (&» 0), 
and (iv) makes with the axes a triangle whose area is a'. 

12. Find the length of the chord joining the points in which the 
straight line 

a b 
meets the circle x^ +1/^=7^, 

13. Find the equation to the circles which pass through the origin 
and cut off equal chords a from the straight lines y=x and y=i -x. 
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14. Find the equation to the straight lines joining the origin to 
the points in which the straight line y=mx-^c outs the circle 

a^+y^=2ax + 2by. 

Hence find the condition that these points may subtend a right 
angle at the origin. 

Find also the condition tiiat the straight line may touch the 
circle. 

Find the equation to the circle which 

15. has its centre at the point (3, 4) and touches the straight line 

5x+12y=l, 

16. touches the axes of coordinates and also the line 

? + 2? = l 

the centre being in the positive quadrant. 

17. has its centre at the point (1, - 3) and touches the straight 
line 2a;-y- 4=0. 

18. Find the general equation of a circle referred to two perpen- 
dicular tangents as axes. 

19. Find the equation to a circle of radius r which touches the 
axis of ^ at a point dtstant h trom. the origin, the centre of the circle 
being in the positive quadrant. 

Prove also that the equation to the other tangent which passes 
through the origin is 

(7^-h^)x + 2rhy=0. 

20. Find the equation to the circle whose centre is at the point 
(a, /3) and which passes through the origin, and prove that the 
equation of the tangent at the origin is 

ax+py=zO. 

21. Two circles are drawn through the points (a, 5a) and (4a, a) 
to touch the axis of y. Prove that they intersect at an angle tan~^ V • 

22. A circle passes through the points ( - 1, 1), (0, 6), and (5, 5). 
Find the points on this circle the tangents at which are parallel to the 
straight Ime joining the origin to its centre. 

160. To shew that from, any 'point there com he drawn 
two tangerUs^ real or imaginary , to a circle. 

Let the equation to the circle be ar* -{- y^ = a\ and let the 
given point be (osi, y^). [Fig. Art. 161.] 

The equation to any tangent is, by Art. 155, 
y — mx + a J\ + rn?. 
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If this pass through the given point (a^, y^ we have 
yi = mxi + ajl + m^ (1). 

This is the equation which gives the values of m corre- 
sponding to the tangents which pass through (aJi, y^). 

Now (1) gives 

yi — mx^ = ajl + m\ 
i.e. y^ — 2r/W3iyi + rr^x^ = a^ + c^mn?, 
i. e. Yf? (x^ — a^) — 2mXjyi + y^ — a^ z=0 (2). 

The equation (2) is a quadratic equation and gives 
therefore two values of m (real, coincident, or imaginary) 
corresponding to any given values of x^ and y^. For each 
of these values of m we have a corresponding tangent. 

The roots of (2) are, by Art. 1, real, coincident or 
imaginary according as 

(2£Ci3/i)^ — 4 {x^ — a') {y^ — a*) is positive, zero, or negative, 

t.6. ^according as 

a? (— a? + x^ + ^1^) is positive, zero, or negative, 

i.e, according as x^ + y^ ^- a^. 

If Xi + y^ > a^, the distance of the point (aJi, y^ from 
the centre is greater than the radius and hence it lies outside 
the circle. 

If x^ + y^ — c^^ the point (iCi, y^ lies on the circle and 
the two coincident tangents become the tangent at (x^ , y^. 

If Xy + yi <cb% the point {x^, y^ lies within the circle, 
and no tangents can then be geometrically drawn to the 
circle. It is however better to say that the tangents are 
imaginary. 

- ^. xSarr" Chord of Contact. Def. If from any point 
^without a circle two tangents TP and TQ be drawn to 

yflie circle, the straight line PQ joining the points of 
contact is called the chord of contact of tangents from T, 

To find the equation of the chord of contact of tangent 
draum to the circle o(^ + y^ = a^ from the external point 



fl 



POLE AND POLAR. 
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Let T be the point (x^^ t/i), and P and Q the points 
(x\ y') and (a;", y") respectively. 

The tangent at P is 

xx' + yy' = a? (1), 

and that at Q is 

x^'^yy" = a^ (2). 

Since these tangents pass through 
T^ its coordinates (a^, y^ must satisfy 
both (1) and (2). 




Hence 



x^x + y-^ = oir 



(3), 
.(4). 



and ^v^'^y\y" = <^ 

The equation to FQ is then 

=i+yyi = a2 (5). 

For, since (3) is true, it follows that the point (a?', y\ 
i.e. P, lies on (5). 

Also, since (4) is true, it follows that the point {x\ y"\ 
i.e. Qf lies on (5). 

Hence both F and Q lie on the straight line (5), i.e. 
(5) is the equation to the required chord of contact. 

If the point (a^, yi) lie within the circle the argument 
of the preceding article will shew that the line joining the 
(imaginary) points of contact of the two (imaginary) 
tangents drawn from (ajj , y^) is xo^i + yyi = a^. 

We thus see, since this line is always real, that we may 
have a real straight line joining the imaginary points of 
contact of two imaginary tangents. 

162. Pole and Polar. Def. If through a point 
F (within or without a circle) there be drawn any straight 
line to meet the circle in Q and B, the locus of the point of 
intersection of the tangents at Q and F is called the polar 
of F ; also F is called the pole of the polar. 

In the next article the locus will be proved to be a 
straight line. 
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163. To find the equation to the polar of the point 
(^> Vi) ^^^ respect to the circle a^-^y^ = a\ 





Let QH be any chord drawn through F and let the 
tangents at Q and E meet in the point T whose coordinates 
are (A, k). 

Hence QJR is the chord of contact of tangents drawn 
from the point (A, k) and therefore, by Art. 161, its 
equation is a:h + yk = a\ 

Since this line passes through the point (xi, y^ we 
have 

xji -\-yJc = a^ (1). 

Since the relation (1) is true it follows that the 
variable point (A, k) always lies on the straight line whose 
equation is 

=i + yyi = a2 ...(2). 

Hence (2) is the polar of the point (a^, y,). 

In a similar manner it may be proved that the polar of 
(iCj, yi) with respect to the circle 

ar» + ys + 2^iB + 2/y + c = 

is xx^ + yyT, + g {x + x^ +/{y-^yi) + c = 0. 

164. The equation (2) of the preceding article is the 
same as equation (5) of Art 161. If, therefore, the point 
(xi, yi) be without the circle, as in the right-hand figure, 
the polar is the same as the chord of contact of the real 
tangents drawn through (aJi, Vi)* 

If the point (sci, yi) be on the circle, the polar coincides 
with the tangent at it. (Art. 150.) 
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If the point (xi, y^ be within the circle, then, as in 
Art. 161, the equation (2) is the line joining the (imaginary) 
points of contact of the two (imaginary) tangents that can 
be drawn from (a^, y^). 

We see therefore that the polar might have been 
defined as follows : 

The polar of a given point is the straight line which 
passes through the (real or imaginary) points of contact of 
tangents drawn from the given point ; also the pole of any 
straight line is the point of intersection of tangents at the 
points (real or imaginary) in which this straight line meets 
the circle. 



165. Geometrical construction for t/ie polar of a point. 

The equation to OP, which is the line joining (0, 0) to 
(a^i,yi), is 



a^i -04^ = 



(1). 




Also the polar of P is 



^i + yyi^<^ 



.(2). 



By Art. 69, the lines (1) ^and (2) are perpendicular to 
one another. Hence OP is perpendicular to the polar 
of P. 

Also the length OP = Jx^+^% 
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and the perpendicular, OiT, from upon (2) 



Hence the product ON , 0F~o?. 

The polar of any point P is therefore constructed thus : 
Join OP and on it (produced if necessary) take a point N 
such that the rectangle ON , OP is equal to the square of 
the radius of the circle. 

Through N draw the straight line LL' perpendicular to 
0P\ this is the polar required. 

[It will be noted that the middle point N of any ohord hV lies on 
the line joining the centre to the pole of the chord.] 

166. To find the 'pole of a given line vnth respect to 
a/tiy circle. 

Let the equation to the given line be 

i4a; + % + (7 = (1). 

(1) Let the equation to the circle be 

and let the required pole be (x^, y^. 

Then (1) must be the equation to the polar of (xy, y^), 
. i.e. it is the same as the equation 

xxy + yyi-a^ = r. (2). 

Comparing equations (1) and (2), we have 

«! _ y, _ - a? 

so that Xy- —-p^ a? and y^ — -- a^. 

The required pole is therefore the point 

(2) Let the equation to the circle be 

ar» + y2+ 2gx + 2/y + c =0. 
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I^ (^> Vi) ^ the required pole, then (1) roust be 
equivalent to the equation 

a^-i^i + yyi + 5^ (aJ + «i) +/(y + yi) + <5 = 0, (Art. 1 63), 

i.e. x{x^+g) + y{y^'¥f) + gx^-\-fy^ + c^O (3). 

Comparing (1) with (3), we therefore have 

By solving these equations we have the values of or, 
and yi. 

Bz. i^tTui t/ie ^{^ o/ the straight line 

9x+y-28=0 (1) 

tDith respect to the circle 

2a:2+2y«-3x + 5y-7 = (2). 

If (xj, y^) be the required point the line (1) must coincide with the 
polar of (oTi, y^f whose equation is 

2xari + 2yyi-|(x + Xi) + f(y + yi)-7 = 0, 

t.c. a;(4a;i-3) + y(4yi + 6)-3iCi + 5yi-14 = (3). 

Since (1) and (3) are the same, we have 

43?!- 8 _ 4^1 + 5 _ -3art-H 5yt-14 
9 ~ 1 ~ -28 

Hence Xi=9yi + 12, 

and 3x1-117^1 = 126. 

Solving these equations we have Xi = 3 and yi= -1, so that the 
required point is (3, - 1). 

167- If the polar of a point P pass thro^igh a point T, 
then the polar of T passes through P. 

Let P and T be the points (a?i, y,) and (a^, 2/2) re- 
spectively. (Fig. Art. 163.) 

The polar of (a?,, y,) with respect to the circle 

xo(\-\-yy^ = a\ 
This straight line passes through the point T if 

aV»i + 2^22^1 = a^ (!)• 
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Since the relation (1) is true it follows that the point 
(iCj, yi), i,e. Py lies on the straight line xx^ + yy^ = a\ which 
is the polar of (ccj, y^)y i.e. T^ with respect to the circla 

Hence the proposition. 

Cor. The intersection, T, of the polars of two points, 
P and Qy is the pole of the line PQ. 

168. To find the length of the tangent that ca/n be 
drawn f row, the point (a^, yj) to the circles 

(1) a?^f = a\ 

and (2) ar» + y^ + 2^a; + 2/y + <j = 0. 

If ^ be an external point (Fig. Art 163), TQ a tangent 
and the centre of the circle, then TQO is a right angle 
and hence 

(1) If the equation to the circle he a? + y^ = a\ is the 
origin, OT'' = ajj^ + y^^, and OQ^ = a\ 

Hence TQ^ = a^' + y^ - a-. 

(2) Let the equation to the circle be 

a?-Y'f+2gx + yy + c = % 
i.e. (x^gY + {y+jy = f-Yf'-c. 

In this case is the point (— g^ —f) and 

0(^ = (radius)^ = ^ +/» _ c. 
Hence OT^=\x^^ {-g)Y + [yx - (-/)P (Art. 20). 

= («a+^)^ + (yi+/)^. 
Therefore TQ^ = {x,^gf+{y,^ff-{g^+P-c) 
= x^ + y^-^2gx^ + 2fy^-^c. 

In each case we see that (the equation to the circle 
being written so that the coefficients of o? and ^ are each 
unity) the square of the length of the tangent drawn to the 
circle from the point (a^i, y^ is obtained by substituting a?i 
and yx for the current coordinates in the left-hand member 
of the equation to the circle. 

*169. To find the eqtuUion to the pair of tangents that 
can be dratonfrom the point (a^, y,) to the circle a^ + y^ = a\ 



I 
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Let (A, k) be any point on either of the tangents from 

Since any straight line touches a circle if the perpen- 
dicular on it from the centre is equal to the radius, the 
perpendicular from the origin upon the line joining (aji, y,) 
to {h, k) must be equal to a. 

The equation to the straight line joining these two 
points is 

i,e, y {h - x^ — X {k — y^ '\-hci — hy^^ 0. 

__ kx^ — hy. 

Hence y. — ^ = a, 

J{h^x,Y-^{k-y,y 

so that (kxi - hyiY := a^ [(h - x^f + {k- yif]. 

Therefore the point (A, k) always lies on the locus 

{x^-my=a'[{x'X,y + {y-y,y] (1). 

This therefore is the required equation. 

The equation (1) may be written in the form 

a^{yi'-a') + y'(xi^-a^)-a^x,' + y,^) 

= 2aJ2/aj^i - 2a'xiCi - Idhfy^, 

i.e. {a?-¥y^-a^){x^ + y^-a?)z=a?a^ + y^y^ + a^^2xyxTy^ 

-2a'xx^--2a'yy^ = {xx, + yy^-ay (2). 

# 170. In a later chapter we shall obtain the equation to the pair 
of tangents to any cnrve of the second degree in a form analogous 
to that of equation (2) of the previous article. 

Similarly the equation to the pair of tangents that can be 
drawn from (x^, y^) to the circle 

(x-fyHy'9?=a^ " 
'^ {(^-/)H(y-flr)«-a2}{(ari-/)»+(y,-^)»-a»} 

r . ={(^-/)(^i-/)+(y-^)(yi-p)-«T (1). 

If the equation to the circle be given in the form 

the equation to the tangents is, similarly, 

(ar2+y2 + 2(7X + 2/y + c){a;i2+yi2+2^Xi + 2/yi + c) 

= [a?»i+yyi+^(a;+ari)+/(y+yi) + cP (2). 
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EXAMPLES. TTT 

Find the polar of the point 

1. (1, 2) with respect to the circle a:^+y^=7. 

2. (4, - 1) with respect to the circle 2x« + 2y«= XI. 

3. ( - 2, 3) with respect to the circle 

a:2+y2_4a;_6y + 6=0. 

4. (5, - ^) with respect to the circle 

Sa^-^9y^'7x + ^-9=0, 

5. («» - ^) with respect to the circle 

x^ + y^ + 2ax-2by + a^-b^=0. 
Find the pole of the straight line 

6. ar + 2y = 1 with respect to the circle x^ + y^= 5. 

7. 2x-y=6 with respect to the circle 5x^ + 5y* = 9. 

8. 2x + y + 12 = with respect to the circle 

x^4-y^~4x + Sy-l=0. 

9. 48:r - 5iy + 53=0 with respect to the circle 

3x« + 3y2 + 6ar-7j/ + 2=0. 

10. <ix+by-{- 3a2 + 36* = with respect to the circle 

x^-{-y^-^2ax + 2by=:a^ + bK 

11. Tangents are drawn to the circle x^+y^=12 at the points 
where it is met by the circle x^ +y* - 5x + Sy - 2—0 ; find the point of 
intersection of these tangents. 

12. Find the equation to that chord of the circle oc* + y* = 81 which 
is bisected at the point ( - 2, 3), and its pole with respect to the circle. 

13. Prove that the polars of the point (1, - 2) with respect to the 
circles whose equations are 

a^+y*+6y + 5=0 and x^+y^-{-2x-^Sy-{-5=0 
coincide ; prove also that there is another point the polars of which 
with respect to these circles are the same and find its coordinates. 

14. Find the condition that the chord of contact of tangents from 
the point (x't y') to the circle x^-\-y^=a^ should subtend a right angle 
at the centore. 

15. Prove that the distances of two points, P and Q, each from 
the polar of the other with respect to a circle, are to one another 
as the distances of the points from the centre of the circle. 

16. Prove that the polar of a given point with respect to any one 
of the circles x^-{-y^-2kx + c^=0, where k is variable, always passes 
through a fixed point, whatever be the value of k. 
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17. Tangents are drawn from the point {h, k) to the drele 
a;3_{.^2--^3. prove that the area of the triangle formed by them 
and the straight line joining their points of contact is 

a(^a+fe2_a2)i 

Find the lengths of the tangents drawn 

18. to the circle '2x^ +2y^=S from the point ( - 2, 3). 

19. to the circle Sx^-^Sy^-7x - 6y =12 from the point (6, - 7). 

20. to the circle a:^ + y^ + 26a; - 36" = from the point 

(a + 6, a-b). 

21. Given the three circles 

sfi+y^-Ux + ijO=0, 

3a?»+3y3-36x + 81=0, 

and a^» + 2/2-16a;-12y + 84=0, 

find (1) the point from which the tangents to them are equal in 
length, and (2) this length. 

22. The distances from the origin of the centres of three circles 
x*+y^-2Xx=c^ (where c is a constant and \ a variable) are in 
geometrical progression ; prove that the lengths of the tangents drawn 
to them from any point on the circle x^-\-y^=c^tae also in geometrical 
progression. 

23. Fi^d the equation to the pair of tangents drawn 

(1) from the point (11, 3) to the circle x^+y^=65, 

(2) from the point (4, 5) to the circle 

2a;2 + 2i/a-8x + 12?/ + 21 = 0. 

171. To find tlie general eqication of a circle referred 
to pola/r coordinates. 

Let be the origin, or pole, OX the initial line, G the 
centre and a the radius of the 
circle. 

Let the polar coordinates of C 
be R and a, so that 00 = R and 
lXOG^o, 

Let a radius vector through 
at an angle with the initial line 
cut the circle in P and Q, Let 
OP, or OQ, be r. 

L. 10 
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Then (Trig. Art. 164) we have 

CP^ = OC* + OP^ - 20C . OP cos OOP, 
It. a' = i?^ + r»-2i?rco8(^-a), 
i.e. r2-2i?rcos(^-a) + i?«-a« = (1). 

This is the required polar equation. 



17a. Particular cctses of the general equation inpolar coordinates. 

(1) Let the initial line be taken to go through the centre C. Then 
a=0, and tiie equation becomes 

r«-2flrcos^ + i?-a2=0. 

(2) Let the pole O be taken on the circle, so that 

R=OG=a. 
The general equation then becomes 

r^-2arco8{e-a)=0, 
i.e. r=2aco8(^-a). 

(3) Let the pole be on the circle and also let the initial line pass 
through the centre of the circle. In this case 

a=0, and J2=a. .^"'^^'^ 

The general equation reduces then to the 
simple form r=2acosd. 

This is at once evident from the figure. 0( ^^' — ^ ^A 

For, if OCA be a diameter, we have 
0P=0^ cos ^, 
i.e. r=2a COS d. 

173. The equation (1) of Art. 171 is a quadratic 
equation which, for any given value of 0, gives two 
values of r. These two values in the figure are OP and 
OQ. 

If these two values be called r^ and rg, we have, from 
equation (1), 

^1^3 = product of the roots = i?' — a^, 
i.e. OP,OQ = Ji^-a\ 

The value of the rectangle OP. OQ is therefore the 
same for all values of $, It foUows that if we drew any 
otlier line through to cut the circle in Pj and Qi we ■ 
should have OP,OQ = OP^ . OQ^. 

This is Euc. 111. 36, Cor. 
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17^ Find the equation to the chord joining the points on the circle 
r=2a cos $ whose vectorial angles are 0i and 0^^ and deduce the equation 
to the tangent at the point 0^ . 

The equation to any straight line in polar coordinates is (Art. 88) 

j)=rooB(^-a) (1). 

If this pass through the points (2a cos ^], 0^ and (2aoos^2« ^j)* ^^ 
have 

2acos^iCos (^i-a)=i>=2acos^aCOS (^3-a) ,(2). 

Hence cos (2^i - a) + cos a = cos (2^2 - a) + cos a, 

i,e, 2^1 -a= -(2^3 -a), 

since 0i and 0^ are not, in general, eqnal. 

Hence a = ^i + ^a, 

and then, from (2), p = 2a cos 0^ cos 6^ . 

On suhstitution in (1), the equation to the required chord is 

rcos(^-^i-^j) = 2acos^iC08^a *.. (3). 

The equation to the tangent at the point 0i is found, as in 
Art. 150, hy putting 0^=01 in equation (3). 

We thus obtain as the equation to the tangent 

r cos (^ - 2^ J = 2a cos^ 0^ . 

As in the foregoing article it could be shewn that the equation to 
the chord joining the points 0^ and 0^ on the circle r=2acos (0 - y) is 

r co8[^ - ^1 - ^2 + 7]=2a cos (0^ - y) cos (0^ - y) 

and hence that the equation to the tangent at the point 0^ is 

r cos (^ - 2^1 + 7) =2a cos^ (0^ - y). 



EXAMPLES. XX. 

1. Find the coordinates of the centre of the circle 

r^A cos^ + Bsin^. 

2. Find the polar equation of a circle, the initial line being a 
tangent. What does it become if the origin be on the circumference? 

3. Draw the loci 

(1) r=a\ (2) r=a sin ^; (3) r=a cos ^; (4) r=a sec ^; 
(5) r=:acos(^-a); (6) r=a sec (^- a). 

4. Prove that the equations r=a cos (^- a) and r=6sin(d-a) 
. represent two cirdes which cut at right angles. 

5. Prove that the equation r* cos ^-ar cos 2(?-2a2 cos d=0 
represents a straight line and a circle. 

10—2 
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6. Find the polar equation to the circle described on the straight 
line joining the points (a, a) and (6, p) as diameter. 

7. Prove that the equation to the circle described on the straight 
line joining the points (1, 60°) and (2, 30°) as diameter is 

r2-r[cos(^-60°) + 2cos(^-30°)]+V3=0. 

8. Find the condition that the straight line 

-=acos^ + 6sin^ 
r 

may touch the circle r = 2c cos 6, 

176. To find tlie general equation to a circle referred to 
oblique axes which meet at an angle <o. 

Let C be the centre and a the radius of the circle. , Let 
the coordinates of C be (A, k) so 
that if CM, drawn parallel to the 
axis of y, meets OX in M, then 
OM=h and MC = k. 

Let P be any point on the 
circle whose coordinates are x and 
y. Draw PN, the ordinate of P, 
and GL parallel to OX to meet 
PNmL. 

Then CL = MN= ON- 0M= x-h, 

and LP = NP-NL = NP - MG = y-L 

Also I GLP= L ONP= 180** - l PNX^im^'-io. 

Hence, since GL"" -f LP^ - WL . LP cos GLP = a\ 
we have (x-h)2 4. (y-k)2 4.2 (x-h) (y-k) cosoisa^^ 
Le, s(? -^y^ + ^xy cos w ~ 2a; (A + A; cos m) -2y (k + h cos w) 

+ A^ -f P + 2hk cos 0) = a*. 

The required equation is therefore found. 

176. As in Art. 142 it may be shewn that the 
equation 

a? + 2xy cos m + y^ + 2gx + 2fy + c = 

represents a circle and its radius and centre found. 
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Bz. If the cLxe» he inclined at 60°, jprove that the equation 

ar*+iey+y'-4x-6y-2=0 (1) 

represents a circle and find its centre and radius. 

If ay be equal to 60°, so that cos »=}, the equation of Art. 175 
becomes 

x^-hxy + y^-x{2h + k)-y(2k-^h)-\-h^-\']^ + hk = a^. 

This equation agrees with (1) if 

2h + k = 4 (2), 

2k'\-h=5 (3), 

and h^ + k^ + hk-a^=-2 (4). 

Solving (2) and (3), we have ^=1 and k=2. Equation (4) then 
gives 

a^=h^+k'^ + hk + 2 = 9, 
so that a = 3. 

The equation (1) therefore represents a circle whose centre is the 
point (1, 2) and whose radius is 3, the axes being inclined at 60°. 

EXAMPLES. XXL 

Find the inclinations of the axes so that the following equations 
may represent circles, and in each case find the radius and centre ; 

1. x''-xy+y^-2gx-2fy = 0. 

2. a;2+V3a:y + y'-4x-6y + 5 = 0. 

3. The axes being inclined at an angle a>, find the centre and 
radius of the circle 

x'^ + 2xy<iosta + y'^-2gx-2fy = 0, 

4. The axes being inclined at 45°, find the equation to the circle 
-whose oentre is the point (2, 3) and whose radius is 4. 

5. The axes being inclined at 60°, find the equation to the circle 
whose centre is the point ( - 3, - 5) and whose radius is 6. 

6. Prove that the equation to a circle whose radius is a and 
which touches the axes of coordinates, which are inclined at an angle 
tOy is 

a;2 + 2a5i/ cos w + 2/2 _ 2a (a: + 2/) cot ^ + a^ cot^ - = 0. 

7. Prove that the straight line y — mx will touch the circle 

a:' + 2a;y cosa;+y2 + 2^x + 2/y + c = 
if (^+/m)2=c(l + 2TOCOSw + m2). 

8. The axes being inclined at an angle a;, find the equation to the 
circle whose diameter is the straight line joining the points 

(a;', y') and (or", y"). 
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Coordinates of a point on a circle expressed in 
terms of one single variable. 

177- If, in the figure of Art. 139, we put the angle 
MOP equal to a, the coordinates of the point P are easily 
seen to he a cos a and a sin a. 

These equations clearly satisfy equation (1) of that 
article. 

The position of the point P is therefore known when 
the value of a is given, and it may be, for brevity, called 
" the point a." 

With the ordinary Cartesian coordinates we have to 
give the values of ttjoo separate quantities x' and y' (which 
are however connected by the relation x' = Ja^ — y'^) to 
express the position of a point P on the circle. The 
above substitution therefore often simplifies solutions of 
problems. 

178. To find tJie equation to tlie straight line joining 
two points, a and fi, on the circle a? + y^ = c^. 

vliet the points be P and Q, and let ON be the perpen- 
dicular from the origin on the straight line PQ \ then ON 
bisects the angle POQ, and hence 

lXON=\{lXOP^ iXOQ) = ^(a-^p). 
Also 0N= OP cos NOP=a cos ^^ . 

The equation to PQ is therefore (Art. 53), 

a + p . a + p a-B 

X cos — - + y sin - = a cos ~~ . 
2 ^ Z 

If we put j8 = a we have, as the equation to the tangent 
at the point a, 

X cos a + y sin a = a. 

This may also be deduced from the equation of Art. 150 
by putting a;' = a cos a and y' = a sin a, 

179. If the equation to the circle be in the more 
general form 

{X - /*)' + (y - ky = a\ (Art 140), 
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we may express the coordinates of P in the fomi 

(A + a cos a, ^ + a sin a). 

For these values satisfy the above equation. 

H*e a is the angle LCP [Pig. Art. 140]. 

The equation to the straight line joining the points a and 
P can be easily shewn to be 

{x — h) cos — ^ + (y — «J) sin — ^ = a co4 —^ , 

and so the tangent at the point a is 

(x — h) cos a + (y — A;) sin a~a. 



*180. Common tangents to two oirclet. If 0^ 

and O2 be the centres of two circles whose radii are r^ and 
?*2, and if one pair of common tangents meet O/)^ in T^ 
and the other pair meet it in T^^ then, by similar triangles, 

we have j^ = -* = -^ . The points T^ and T^ therefore 

divide O^O^^ in the ratio of the radii. 

The coordinates of 7\ having been found, the corre- 
sponding tangents are straight lines passing through it, 
such that the perpendiculars on them from 0^ are each 
equal to r^. So for the other pair which pass through T^. 

Bz. Find the four common tangents to the circles 

a;2+y9-22a;+4y + 100=0, and ««+y«+22x-4y- 100=0. 

The equations may be written 

(x - 11)« + (y + 2)«= 62, and (x + 11)* + (y - 2)«= 162. 

The centre of the first is the point (11, - 2) and its radius is 6. 

The centre of the second is the point ( - 11, 2) and its radius is 16. 

Then T, is the point dividing intemalljthe line joining the centres 
in the ratio 6 : 16 and hence (Art. 22) its coordinates are 

16xll + 5x(-ll) ^ 16x(-2) + 6x2 

:r^~~ ' and \^eL » 

16 + 5 16 + 5 

that is, Ta is the point (V , - 1). 



..l) 
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Similarly T^ is the point dividing this line externally in the ratio 
5 : 15, and hence its coordinates are 

15xll-5x(~ll) . 15x(-2)-5x2 

16-6 16-6 

that is, Ti is the point (22, - 4). # ( jj 

Let the equation to either of the tangents passing throngh T, be 

y + l=m(x-V)... (1). 

Then the perpendicnlar from the point (11, - 2) on it is equal to 
db 5, and hence 

m(ll-V-)-(-2-H) ^^^ 

On solving, we have m= - i^^ or f . . 

The required tangents through T^ are therefore ^ ^ > ^ 

24x+7y = 125, and ix-Sy= 25. 
Similarly the equations to the tangents through T^ 

y+4=m(x-22) (2). 

where -l^Ll^Mzlli). .5. 






ViT 



On solving, we have ?'*= A or - f . 

On substitution in (2), the required equations are therefore 

7x-24y=250and3a;+4y=50. 
The four common tangents are therefore found. 

181. We shall conclude this chapter with some mis- 
cellaneous examples on loci. 

Bz. 1. Find the locus of a point P which moves so that its distance 
from a given point O is always in a given ratio (n : 1) to its distance 
from another given point A, 

Take O as origin and the direction of OA as the axis of x. Let 
the distance OA be a, so that A is the point (a, 0). 

If {Xy y) be the coordinates of any position of P we have 
OP2=n2.^p2^ 
i.e. x^+y^=n^l(x-a)^ + y% 
i.e, {x^+y^)(n^-l)'-2an^x + n^a^=0 (1). 

Hence, by Art. 143, the locus of P is a circle. 

Let this circle meet the axis of x in the points G and D. Then 00 
and OD are the roots of the equation obtained by putting y equal to 
zero in (1). 

Hence 0C=~% and 0D=~. 

n+1 n-1 
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We therefore have 

GA= and AD= — -. 

n + 1 n-1 

„ OG OD 

The points G and D therefore divide the line OA in the given ratio, 
and the required circle is on GD as diameter. 

Sx. 2. From any point on one given circle tangents are drawn to 
another given circle; prove that the locus of the middle point of the 
chord of contact is a third circle. 

Take the centre of the first circle as origin and let the axis of x 
pass through the centre of the second circle. Their equations are 
then 

«2+y^=a'» (1), 

and (x-c)2 + y2=52 (2), 

where a and h are the radii, and c the distance hetween the centres, of 
the circles. 

Any point on (1) is (a cos ^, a sin 6) where 6 is variable. Its chord 
of contact with respect to (2) is 

(a;-c)(acos^-c)+yasin^=62 (3). 

The middle point of this chord of contact is the point where it is 
met by the perpendicular from the centre, viz. the point (c, 0). 
The equation to this perpendicular is (Art. 70) 

-(a;-c)asin^ + (acos^-c)y = (4). 

Any equation deduced from (3) and (4) is satisfied by the coordi- 
nates of the point under consideration. If we eliminate from them, 
we shall have an equation always satisfied by the coordinates of the 
point, whatever be the value of 0, The result will thus be the equation 
to the required locus. 

Solving (3) and (4), we have 

asm^ = — — r-^ — -, 
y^+(x-c)^' 

and «cos^-c=^-^^^— ^^,, 

so that acos^=c + — - 



2/2 + (a;-c)2* 
Hence 

a^=a^Gos^0 + a^Bm^0=c^+2cb^ ^"^ 



The required locus is therefore 

(a2 - c2) [y^ +(x- c)2] = 2c62 (x-c) + b*. 
This is a circle and its centre and radius are easily found. 
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Bz. 8. Find the locus of a point P which is such that its polar with 
respect to one circle touches a second circle. 

Taking the notation of the last artide, the equations to the two 
circles are 

x^+y^=a^ (1), 

and (ar-c)2+3/a=&» (2). 

Let {hf k) be the coordinates of any position of P. Its polar with 
respect to (1) is 

xh+yk=a^ (3). 

Also any tangent to (2) has its equation of the form (Art. 179) 

(a;-c)cos^ + y sin^=6 (4). 

If then (3) be a tangent to (2) it mnst be of the form (4). 

_- - cos^ sin^ ccos^ + 6 

Therefore — j— = — ;— = s — . 

h k a^ 

These equations give 

coaO{a^-ch) = bht and sin ${a^-ch)=bk. 

Squaring and adding, we have 

{a^-chf=b^{h^-\-k'^ (6). 

The locus of the point (hj k) is therefore the curve 

b^{x^+y^ = {a^-cx)\ 

Aliter. The condition that (3) mJEiy touch (2) may be otherwise 
found. 

For, as in Art. 153, the straight line (3) meets the circle (2) in the 
points whose abscissaa are given by the equation 

k^{x-c)^-\-(a^.-hxf^b^k^ 

i.e. x^{h^-{'k^)-2x{ck^ + a^h) + {k^c^-ha*-b^k^)=0. 

The line (3) will therefore touch (2) if 

{ck^ + a«/i)2 = {h^ + k^) (JfcV + a4 _ i2jc2^^ 

i.e. it 62(/i2 + jfca) = (cfe-a2)2, 

which is equation (5). 

Bz. 4. O is a fixed point and P any point on a given circle ; OP 
is joined and on it a point Q is taken so that OP . OQ = a constant 
quantity k^ ; prove that the locus of Q is a circle which becomes a 
straight line when O lies on the original circle. 
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Let O be taken a8 pole and the line throng^ the centre C as the 
initial line. Let 00 =d, and let the 
radius of the circle be a, ^J/C 

The equation to the circle is then ^' ^^ 

«2=r2+<i«-2rdoos^, (Art. 171), o \d C" 

where OP=r and / POG=$. 

Let OQ he pt BO that, by the given 

condition,, we have rp= k* and hence r=— . 

P 
Substituting this value in the equation to the circle, we have 

k* k^d 

a2=^ + d2-2— cos^ (1), 

P" P 

so that the equation to the locus of Q is 

k^d k* 
^-^3^^^^''^"=-^^^ (2). 

But the equation to a circle, whose radius is a' and whose centre is 
on the initial line at a distance d\ is 

r2-2rd'cos^=a'2-4'« (3). 

Comparing (1) and (2), we see that the required locus is a circle, 
such that 

d' = — -. and oT^-d^^ -— — „. 

Hence a-=^^,, [^^.- ij = j^-^,^^ 

The required locus is therefore a circle, of radius -=; — „ , whose 

}^d 
centre is on the same line as the original centre at a distance —, — . 

or - a-* 
from the fixed point. 

When lies on the original circle the distance d is equal to a, and 
the equation (1) becomes *2=2drcos ^, i.^., in Cartesian coordinates, 

k'^ 
^ = 25- 

In this case the required locus is a straight line perpendicular 
to OC. 

When a second curve is obtained from a given curve by the above 
geometrical process, the second curve is said to be the inverse of the 
first curve and the fixed point O is called the centre of inversion. 

The inverse of a circle is therefore a circle or a straight line 
according as the centre of inversion is not, or is, on the circumference 
of the original circle. 
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Bz. 6. PQ it a straight line drawn through O, one of the common 
pmnts of two circles ^ and meets them again in P and Q; find the locus of 
the point S which bisects the line PQ, 

Take O as the origin, let the radii of the two circles be R and P', 
and let the lines joining their centres to O make angles a and a' with 
the initial line. 

The equations to the two circles are therefore, {Art. 172 (2)}, 

r=2iJcos(^-o), and r=2R'coB(e-a'). 

Hence, if S be the middle point of PQ, we have 

205= OP-^ 0Q=2R cos (^ - a) + 2JR' cos {0 - a'). 

The locus of the point 8 is therefore 

r=Rcoa(e- a) +iJ' cos {0 - a') 

= {R cos a + Rf cos a') cos ^ + (i2 sin a + R' sin a') sin 

=2R"cos(0-a") (1), 

where 2iJ" cos a" = R cos a + -R' cos a', 

and 2i2" sin a" =iJ sm a + i2' sm a'. 



Hence R"=i ^R^-\-R'^ + 2RR'cos (a - a'), 

J X // iisina + ii'sina' 

and tan a" = =j =r-, , . 

JJcosa + JJ'coso 

From (1) the locus of 5 is a circle, whose radius is Rf\ which 
passes through the origin O and is such that the line joining O to its 
centre is inclined at an angle a" to the initial line. 
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1. A point moves so that the sum of the squares of its distances 
from the four sides of a square is constant ; prove that it always lies 
on a circle. 

2. A point moves so that the sum of the squares of the perpendi- 
culars let fall from it on the sides of an equilateral triangle is constant; 
prove that its locus is a circle. 

3. A point moves so that the sum of the squares of its distances 
from the angular points of a triangle is constant ; prove that its loons 
is a circle. 

4. Find the locus of a point which moves so that the square of 
the tangent drawn from it to the circle x^+y^=a^ is equal to c times 
its distance from the straight line lx+my+n=0. 

5. Find the locus of a point whose distance from a fixed point is 
in a constaoit ratio to the tsingent drawn from it to a given cirole. 
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6. Find the loons of the vertex of a triangle, given (1) its base and 
the sum of the sqaares of its sides, (2) its base and the sum of m times 
the sqoare of one side and n times the square of the other. 



7. A point moves so that the sum of the squares of its distances 
from n fixed points is given. Prove that its locus is a circle. 

8. Whatever be the value of a, prove that the locus of the inter- 
section of the straight lines 

xcosa + Vsina = a and a; sina-^cosa=& 
is a circle. 

9. From a point P on a circle perpendiculars PM and PN are 
drawn to two radii of the circle which are not at right angles ; find 
the locus of the middle point of MN. 

10. Tangents are drawn to a circle from a point which always 
lies on a given line ; prove that the locus of the middle point of the 
chord of contact is another circle. 

11. Find the locus of the middle points of chords of the circle 
a?+y2_a2 wiiich pass through the fixed point (/i, A;). 

12. Find the locus of the middle points of chords of the circle 
x^+y^=a^ which subtend a right angle at the point (c, 0). 

13. O is a fixed point and P any point on a fixed circle ; on OP 
is taken a point Q such that OQ is in a constant ratio to OP ; prove 
that the locus of Q is a circle. 

14. is a fixed point and P any point on a given straight line ; 
OP is joined and on it is taken a point Q such that OP . OQ = k'^ ; 
prove that the locus of Q, Le. the inverse of the given straight line 
with respect to O, is a circle which passes through O. 

15. One vertex of a triangle of given species is fixed, and another 
moves along the circumference of a fixed circle ; prove that the locus 
of the remaining vertex is a circle and find its radius. 

16. is any point in the plane of a circle, and OP^P^ any chord 
of the circle which passes through O and meets the circle in P^ and 
Pg. On this chord is taken a point Q such that 0<^ is equal to (1) the 
arithmetic, (2) the geometric, and (3) the harmonic mean between OPj 
and OP2 ; in each case find the equation to the locus of Q, 

17. Find the locus of the point of intersection of the tangent to 
any circle and the perpendicular let fall on this tangent from a fixed 
point on the circle. 

18. A circle touches the axis of x and cuts off a constant length 
21 from the axis of y ; prove that the equation of the locus of its centre 
is y^ - x^=2?cosec^ w, the axes being inclined at an angle u. 
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19. A straight line moves so that the product of the perpendi- 
culars on it from two fixed points is constant. Prove that the locus 
of the feet of the perpendiculars from each of these points upon the 
straight line is a circle, the same for each. 

20. O is a fixed point and AP and BQ are two fixed parallel 
straight lines; BOA is perpendicular to both and FOQ is. a right 
angle. Prove that the locus of the foot of the perpendicular drawn 
from O upon PQ is the circle on AB as diameter. 

21. Two rods, of lengths a and &, slide along the axes, which are 
rectangular, in such a manner that their ends are always conqyclic ; 
prove that the locus of the centre of the circle passing through these 
ends is the curve 4 {x^ - y^) = a^ - 6^^ 

22. Shew that the locus of a point, which is such that the 
tangents from it to two given concentric circles are inversely as the 
radu, is a concentric circle, the square of whose radius is equal to the 
sum of the squares of the radii of the given circles. 

23. Shew that if the length of the tangent from a point P to the 
circle x^+y^=a^he four times the length of the tangent from it to the 
circle {x - a)^+y^=:a\ then P lies on the circle 

16a;« + 15y2 - S2ax + a^ = 0. 

Prove also that these three circles pass through two points and that 
the distance between the centres of the first and third circles is 
sixteen times the distance between the centres of the second and 
third circles. 

24. Find the locus of the foot of the perpendicular let fall from 
the origin upon any chord of the circle a?+y^+2gx + 2fy-\-c=0 which 
subtends a right angle at the origin. 

Find also the locus of the middle points of these chords. 

25. Through a fixed point O are drawn two straight lines OPQ 
and ORS to meet the circle in P and Q, and R and S, respectively. 
Prove that the locus of the point of intersection of PS and QR, as also 
that of the point of intersection of PR and QS, is the polar of with 
respect to the circle. 

26. '^iBy C, and D are four points in a straight line; prove that 
the locus of a point P, such that the angles APB and GPD are equal, 
is a circle. 

27. The polar of P with respect to the circle x^ + y^=a^ touches 
the circle {x - a)* + (y - j8)^= 6^ ; prove that its locus is the curve given 
by the equation (oo; + j8y - o?f —}^(x^-\-y\ 

28. A tangent is drawn to the circle (x - of +2/2=6* and a perpen- 
dicular tangent to the circle {x-\-aY-\-y^—c^\ find the locus of Uieir 
point of intersection, and prove that the bisector of the angle between 
them always touches one or other of two fixed circles. 
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29. Ill ftiiy circle prove ihat the perpendicular from any point of 
it on the line joining the points of contact of two tangents is a mean 
proportional between the perpendiculars from the point upon the two 
tangents. 

30. From any point on the circle 

tangents are drawn to the circle 

a^ + y^ + 2gx + 2fy + CBm^a-{-{g^+P)ooB^a=0; 
prove that the angle between them is 2a. 

31. The angular points of a triangle are the points 
(acosa, asina), (acos/3, asin/?), and (acos7, asin7); 

prove that the coordinates of the orthocentre of the triangle are 

a (cob a + cos /9 + COS 7) and a (sin a + sin /9+ sin 7). 

Hence prove that it A, Bj C, and D be four points on a circle the 
orthocentres of the four triangles ABC, BCD, CDA, and DAB lie on 
a circle. 

32. A variable circle passes through the point of intersection O 
of any two straight lines and cuts off from them portions OP and OQ 
such that m.OP+n.OQ is equal to unity; prove that this circle 
always passes through a fixed point. 

33. Find the length of the common chord of the circles, whose 
equations are {x-af+y^=a^ and af' + (y - bf= 6^, and prove that the 
equation to the circle whose diameter is this common chord is 

(a' + 6«) (x2 + y^=2ab (bx + ay), 

34. Prove that the length of the common chord of the two circles 
whose equations are 

(j;-a)2 + (y-6)2=c2 and {x-b)^ + {y^a)^=c^ 

is 7^2_2(a-6)''«. 

Hence find the condition that the two circles may touch. 

35. Find the length of the common chord of the circles 

x^+y^-2ax-4ay-4a^=0 and x^+y^-Sax-\-4ay=0, 

Find also the equations of the common tangents and shew that 
the length of each is 4a. 

36. Find the equations to the common tangents of the circles 

(1) a^+y3_2a;-6y + 9=0 and a;2+y2+6x-2y + l=0, 

(2) «2 + y2=c2 and {x-a)^-\-y^=:h^. 



CHAPTER IX. 



SYSTEMS OF CIRCLES. 




[This chapter may be omitted by the student on a first 
reading of the subject.] 

182. Orthogonal Circlet. Def. Two circles are 
said to intersect orthogonally when 
the tangents at their points of 
intersection are at right angles. 

If the two circles intersect at 
P, the radii O^P and OJP, which 
are perpendicular to the tangents 
at P, must also be at right angles. 

Hence 0^0^ = O^P^ + Og^^ 

i,e. the square of the distance between the centres must be 
equal to the sum of the squares of the radii. 

Also the tangent from O2 to the other circle is equal to 
the radius az, i^e. if two circles be orthogonal the length of 
the tangent drawn from the centre of one circle tos the 
second circle is equal to the radius of the first. ^ , 

Either of these two conditions will determine whether 
the circles are orthogonal. 

The centres of the circles 

x^-{-y^+2gx + 2fy + c=0 and x^ + y^ + 2g'x-{-2fy + c'=0, 

are the points (-^, -/) and {-g\ -f')\ also th^ squares of their 
radii are g^ +P-c and g'^ +/'2 - c\ 
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They therefore out orthogonally if 

i.e, if 2^^'+2jOr'=c+c'. 

183. Radical Axis. Def. The radical axis of 
two circles is the locus of a point which moves so that the 
lengths of the tangents drawn from it to the two circles are 
equal 

Let the equations to the circles be 

iB» + y» + 2^aj + 2/y + <j=0 (1), 

and ar» + y« + 2i^ia;+2/y + Ci = (2), 

and let (a^, ^i) be any point such that the tangents from it 
to these circles are equal 

By Art. 168, we have 

x^-^Vi + "^gxi + 2/yi + c = {»!« + yi^ + ^g^x^ + %f^i + Cj, 

i.e. 2x^ {g - g^) + 2y^ (/-/i) + c - Cj = 0. 

But .this is the condition that the point (a^, f/i) should 
lie on the locus 

2«07-^i) + 2y(/-/i) + c-Ci = O (3). 

This is therefcnre the equation to the radical axis, and it 
is clearly a straight line. 

It is easily seen that the radical axis is perpendicular 
to the line joining the centres of the circles. For these 
centres are the points {-g, -/) and (-^i, -/i). The 

"m" of the line joining them is therefore -^ — /^"\» 

Le. f~A. 
9-9i 

The «m" of the line (3) is -^^. 

The product of these two " 7;i*s" is - 1. 

Hence, by Art. 69, the radical axis and the line joining 
the centres are perpendicular. 

L. 11 
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184. A geometrical construction can be given 
for the radical axis of two circles. 




Fig. 1. 



Fig. 2. 



If the circles intersect in real points, P and Qj as in 
Fig. 1, the radical axis is clearly the straight line PQ. 
For if T be any point on PQ and TR and TS be the 
tangents from it to the circles we have, by Euc. iii. 36, 

TR^'^TP^TQ^TS^. 

If they do not intersect in real points, as in the second 
figure, let their radii be a^ and aj, and let T be a point such 
that the tangents TR and TS are equal in length. 

Draw TO perpendicular to OiO^. 

Since TR^=TS\ 

we have TO^^ - O^R"" = TO^ - 0^\ 

le, TC + OiO» - a,^ = TO^-\r 00^^ - < 

i.e, Ojy - 00^^ = < - a/, 

{0^0 - 00^) (0^0 + 00^) = Oi^ - a^^ 



t.e, 



I.e. 



OiO — 00^ = —TTj^ = a constant quantity. 



Hence is a fixed point, since it divides the fixed 
straight line 0^0^ into parts whose difierence is constant. 

Therefore, since OiOT is a right angle, the locus of T^ 
i.e, the radical axis, is a fixed straight Ime perpendicular to 
the line joining the centres. 
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185. If the equations to the circles in Art. 183 be 
written in the form S=0 and /S' = 0, the equation (3) to 
the radical axis may be written 8—8^ = 0, cmd therefore 
the radical axis passes through the common points, real or 
imaginary, of the circles S = and S' = 0. 

In the last article we saw that this was true geometri- 
cally for the case in which the circles meet in real points. 

When the circles do not geometrically intersect, as in 
Pig. 2, we must then look upon the straight line TO as 
passing through the imaginary points of intersection of the 
two circles. 

186. The radical aaces of three circles, taken in pairs, 
meet in a point. 

Let the equations to the three circles be 

^5^ = (1), 

^ = (2), 

and 5" = (3). 

The radical axis of the circles (1) and (2) is the straight 
line 

S-S^^O (4). 

The radical axis of (2) and (3) is the straight line 

S'-^S" = (5). 

If we add equation (5) to equation (4) we shall have the 
equation of a straight line through their points of inter- 
section. 

Hence S-&' = (6) 

is a straight line through the intersection of (4) and (5). 

But (6) is the radical axis of the circles (3) and (1). 

Hence the three radical axes of the three circles, taken 
in pairs, meet in a point. 

This point is called the Radical Centre of the three 
circles. 

This may also be easily proved geometrically. For let 
the three circles be called A, B, and C, and let the radical 
axis of A and B and that of B and C meet in a point 0. 

11—2 
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By the definition of the radical axis, the tangent from O 
to the circle A = the tangent from 
to the circle B^ and the tangent 
from to the circle J5 = tangent 
from it to the circle (7. f ^ 1 \e 

Hence the tangent from to 
the circle A = the tangent from it 
to the circle (7, i.e, is also a 
point on the radical axis of the 
circles A and C, 

187. If S= arid S^ = be the equations of two circles, 
the equation of am.y xiircle through their points of inter- 
section is S= XaS^. Also the equation to any circle, such that 
the radical aocis of it and S= is u = 0, is S + Xu^O, 

For wherever S=0 and S'=0 are both satisfied the 
equation ^8^= \S' is clearly satisfied, so that JS = XS' is some 
locus through the intersections of aS' = and S^=0, 

Also in both S and JS' the coefficients of a^ and y^ are 
equal and the coefficient of ajy is zero. The same statement 
is therefore true for the equation S=>uS'. Hence the 
proposition. 

Again, since u is only of the first degree, therefore in 
S + Xu the coefficients of a^ and y^ are equal and the 
coefficient of ocy is zero, so that ^ + Xw = is clearly a circle. 
Also it passes through the intersections of S==0 and u = 0. 

EXAMPLES. XXm. 

Prove that the following pairs of circles intersect orthogonally : 

1. a;*+y2-2aa; + c=0 and a;»+y2+26y-c=0. 

2. x^+y^-2ax + 2by + c=:0 and x'^ + y^+2bx'i-2ay-c=0, 

3. Find the equation to the circle which passes through the origin 
and cuts orthogonally each of the circles 

x^+y^-6x + 8=0 and x^+y^~2x-2y=M^7. 
Find the radical axis of the pairs of circles 

4. a;'+y2=:144 and a;2+y«-15a; + lly=0. 

5. a;2+2/*-3a;-42/ + 6=0 and Sx^+Sy^-7x + Sy + ll=0, 
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6. a^+y^-xy + ex-ly + S=0 and x«+y«-a?y-4=0, 
the axes being inclined at 120°. 

Find the radical centre of the sets of oiroles 

7. ar"+y'+a:+2y + 3=0, a^+y« + 2x + 4y + 6=0, 
and a;»+y«-7x-8y-9=0. 

8. (a:-2)2+(y-3)»=36, (x + 3)2 + (y + 2)«=49, 
and (x-4)«+(y + 6)2=64. 

9. Prove that the square of the tangent that can be drawn from 
any point on one circle to another circle is equal to twice the product 
of the perpendicular distance of the point from the radical axis of the 
two circles, and the distance between their centres. 

10. Prove that a common tangent to two circles is bisected by the 
radical axis. 

11. Find the general equation of all circles any pair of which have 
the same radical axis as the circles 

a^+y^=4: and x2 + y« + 2x + 4y = 6. 

12. Find the equations to the straight lines joining the origin to 
the points of intersection of 

x*+y2_4fl5_2y=4 and a;3+y2_2x~4y-4=0. 

13. The polars of a point P with respect to two fixed circles meet 
in the point Q. Prove that the circle on PQ as diameter passes 
through two fixed points, and outs both the given circles at right 
angles. 

14. Prove that the two circles, which pass through the two points 
(0, a) and (0, - a) and touch the straight line y =mx +c, will cut ortho- 
gonally if c2= a* (2 + m^). 

15. Find the locus of the centre of the circle which cuts two given 
circles orthogonally. 

16. If two circles cut orthogonally, prove that the polar of any 
. point P on the first circle with respect to the second passes through 

the other end of the diameter of the first circle which goes through P. 

Hence, (by considering the orthogonal circle of three circles as 
the locus of a point such that its polars with respect to the circles 
meet in a point) prove that the orthogonal circle of three circles, 
given by the general equation is 

x + 9i^ y + fiy 9iX + fiy+Ci 



166 COORDINATE GEOMETRY. 

188. Coaxal Circles. Def. A system of circles 
is said to be coaxal when they have a common radical axis, 
i,e, when the radical axis of each pair of circles of the 
system is the same. 

To find ike eqaxUion of a system of cocuxal circles. 

Since, by Art. 183, the radical axis of any pair of the 
circles is perpendicular to the line joining their centres, it 
follows that the centres of all the circles of a coaxal system 
must lie on a straight line which is perpendicular to the 
radical axis. 

Take the line of centres as the axis of x and the radical 
axis as the axis of y (Figs. I. and II., Art. 190), so that O 
is the origin. 

The equation to any circle with its centre on the axis 
of X is 

a^ + y'-2gx + c = (1). 

Any point on the radical axis is (0, yj). 

The square on the tangent from it to the circle (1) is, 
by Art. 168, y^^ + c. 

Since this quantity is to be the same for all circles of 
the system it follows that c is the same for all such circles ; 
the different circles are therefore obtained by giving dif- 
ferent values to ^ in the equation (1). 

The intersections of (1) with the radical axis are then 
obtained by putting a; = in equation (1), and we have 

If c be negative, we have two real points of intersection 
as in Fig. I. of Art. 190. In such cases the circles are said 
to be of the Intersecting Species. 

If c be positive, we have two imaginary points of in- 
tersection as in Fig. II. 

189. Limiting points of a coaxal system. 

The equation (1) of the previous article which gives any 
circle of the system may be written in the form 
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It therefore represents a circle whose centre is the point 
(cfy 0) and whose radius is J^ — c. 

This radius vanishes, ix. the circle becomes a point- 
circle, when ^ = c, i,e. when g = ± Jc, 

Hence at the particular points (+ ^y 0) we have point- 
circles which belong to the system. These point-circles are 
called the Limiting Points of the system. 

If c be negative, these points are imaginary. 

But it was shown in the last article that when c is 
negative the circles intersect in real points as in Fig. I., 
Art. 190. 

If c be positive, the limiting points Zj and L^ (Fig. II.) are 
real, and in this case the circles intersect in imaginary points. 

The limiting points are therefore real or imaginary 
according as the circles of the system intersect in imaginary 
or real points. 

190. Orthogonal circles of a coaxal system. 

Let T be any point on the common radical axis 
of a system of coaxal circles, and let TR be the tangent 
from it to any circle of the system. 




Then a circle, whose centre is T and whose radius is TR^ 
will cut each circle of the coaxal system orthogonally. 
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[For the radius TR of this circle is at right angles to 
the radius Oj-ff, and so for its intersection with any other 
circle of the system.] 

Y 




Fig. II. 

Hence the limiting points (being ^mt-drcles of the 
system) are on this orthogonal circle. 

The limiting points are therefore the intersections with 
the line of centres of any circle whose centre is on the 
common radical axis and whose radius is the tangent from 
it to any of the circles of the system. 

Since, in Fig. I., the limiting points are imaginary these 
orthogonal circles do not meet the line of centres in real 
points. 

In Fig. II. they pass through the limiting points L^ 
and Zg. 

These orthogonal circles (since they all pass through two 
points, real or imaginary) are therefore a coaxal system. 

Also if the original circles, as in Fig. I., intersect in 
real points, the orthogonal circles intersect in imaginary 
points; in Fig. II. the original circles intersect in imaginary 
points, and the orthogonal circles in real points. 

We therefore have the following theorem : 

A set of coaxal circlea can be cut orthogonally by another 
set of coaxal circles, the centres of ea^ch set lying on the 
radical axis of the otJier set ; also one set is of the limiting- 
point species and the other set of the other species. 



ORTHOGONAL CIRCLES. 169 

101. Withont reference to the limiting points of the original 
system, it may be easily found whether or not the orthogonal circles 
meet the original line of centres. 

For the circle, whose centre is T and whose radius is TJ2, meets 
or does not meet the line 0^0^ according as TR^ is > or < TO^, 

i.e. according as TOj^- Oji?' is > T0\ 

i. e, according as TO^ + 00^ - O^R^ is > T0\ 

i.e. according as 00^ is g OjJR, 

i.e. according as the radical axis is without, or within, each of the 
circles of the original system. 

192. In the next article the above results will be 
proved analytically. 

To find the equation to any circle which cuts two given 
circles orthogonally. 

Take the radical axis of the two circles as the axis of y^ 
so that their equations may be written in the form 

a:2 + 2/^_2^a; + c = (1), 

and ar' + y2-2^iaj+c = (2), 

the quantity c being the same for each. 

Let the equation to any circle which cuts them or- 
thogonally be 

{x-Af + iy-Bf^E' (3). 

The equation (1) can be written in the form 

{x^gf + f^[Jf^cY (4). 

The circles (3) and (4) cut orthogonally if the square of 
the distance between their centres is equal to the sum of 
the squares of their radii, 

i.e. if {A-gy + B'--^B' + [J7^]\ 

i.e. if A^ + S^-2Ag = J^-c (5). 

Similarly, (3) will cut (2) orthogonally if 

A^-¥B^-2Ag^ = Iir'-c (6). 

Subtracting (6) from (5), we have A (g - g^) = 0. 

Hence A=0, and B^ = J^ + c. 
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Substituting these values in (3), the equation to the 
required orthogonal circle is 

a? + y^-2By-c = (7), 

where B is any quantity whatever. 

Whatever be the value of B the equation (7) represents 
a circle whose centre is on the axis of y and which passes 
through the points (+ ^, 0). 

But the latter points are the limiting points of the 
coaxal system to which the two circles belong. [Art. 189.] 

Hence any pair of circles belonging to a coaxal system 
is cut at right angles by any circle of another coaxal 
system ; also the centres of the circles of the latter system 
lie on the common radical axis of the original system, and 
all the circles of the latter system pass through the limiting 
points (real or imaginary) of the first system. 

Also the centre of the circle (7) is the point (0, B) and 
its radius is JB^ + c. 

The square of the tangent drawn from (0, B) to the 
circle (1) = jS^ + c (by Art. 168). 

Hence the radius, of any circle of the second system is 
equal to the length of the tangent drawn from its centre to 
any circle of the first system. 

193. The equation to the system of circles which cut 
a given coaxal system orthogonally may also be obtained 
by using the result of Art. 182. 

For any circle of the coaxal system is, by Art. 188, 
given by 

a? + y^-2gx-\-c = (1), 

where c is the same for all circles. 

Any point on the radical axis is (0, y'). 

The square on the tangent drawn from it to (1) is 
therefore y'^ + c. 

The equation to any circle cutting (1) orthogonally is 
therefore 

i.e. ar^ + y* — 2yy' — c = 0. 
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Whatever be the value of y' this circle passes through 
the points (+ ^/c, 0), i.e, through the limiting points of the 
system of circles given by (1). 

194. We can now deduce an easy construction for the 
circle that cuts any three circles orthogonally. 

Consider the three circles in the figure of Art. 186. 

By Art. 192 any circle cutting A and B orthogonally 
has its centre on their common radical axis, i.e, on the 
straight line OD, 

Similarly any circle cutting B and orthogonally has 
its centre on the radical axis OE. 

Any circle cutting all three circles orthogonally must 
therefore have its centre at the intersection of OD and OEy 
i.e. at the radical centre 0, Also its radius must be the 
length of the tangent drawn from the radical centre to 
any one of the three circles. 

Ex. Find the equation to the circle which cuts orthogonally each 
of the three circles 

a^ + y^+2x + ny+ 4 = (1), 

x^+y^+7x+ 6y + ll=0 (2), 

a.a+ya_ x + 22y-\- 3=0 (3). 

The radical axis of (1) and (2) is 

&c-lly + 7=0. 
The radical axis of (2) and (3) is 

8aT-16y + 8=0. 
These two straight lines meet in the point (3, 2) which is therefore 
the radical centre. 

The square of the length of the tangent from the point (3, 2) to 
each of the given circles =57. 

The required eqnation is therefore {x-S)^+(y- 2)' = 57, 
i.e. x^+y^'-6x-4y-U=0. 

106. Bz. Find the locus of a point which moves so that the length 
of the tangent drawn from it to one given circle is X times the length of 
the tangent from it to another given circle. 

As in Art. 188 take as axes of x and y the line joining the centres 
of the two circles and the radical axis. The equations to the two 
circles are therefore 

a;2 + ya_2pja; + c=0 (1), 

and x^+y^-2g^-\'C=(i (2). 
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Let (A, A;) be a point snoh that the length of the tangent from it to 
(1) is always X times the length of the tangent from it to (2). 

Then h^-hk^-'2gjh+c=\^ih^-hk^-2g^h+c], 

Henoe (h, k) always lies on the circle 



afl+y^-.2x^^^^+c==0. 



.(3). 



This circle is clearly a circle of the coaxal system to which (1) and 
(2) belong. 

Again, the centre of (1) is the point {g^^ 0), the centre of (2) is 

(^2, 0), whilst the centre of (8) is ( ^ffjj^ - . 0^ . 

Hence, if these three centres be called 0^^ , O^ , and O3 , we have 
0^0,=^-^^-g,=^{g,^g,l 

and 0A=^§^-i?2=xa^te-^,). 

so that OjOj : 0^0^ : : X^ : 1. 

The required locus is therefore a circle coaxal with the two given 
circles and whose centre divides externally, in the ratio X* : 1, the line 
joining the centres of the two given circles. 

EXAMPLES. XXIV. 

1. Prove that a common tangent to two circles of a coaxal 
system subtends a right angle at either limiting point of the system. 

2. Prove that the polar of a limiting point of a coaxal system 
with respect to any circle of the system is the same for all circles of 
the system. 

3. Prove that the polars of any point with respect to a system of 
coaxal circles all pass through a fixed point, and that the two points 
are equidistant from the radical axis and subtend a right angle at a 
limiting point of the system. If the first point be one limiting point 
of the system prove that the second poipt is the other limiting point. 

4. A fixed circle is out by a series of circles all of which pass 
through two given points ; prove that the straight line joining the 
intersections of the fixed circle with any circle of the system always 
passes through a fixed point. 

5. Prove that tangents drawn from any point of a fixed circle of 
a coaxal system to two other fixed circles of the system are in a 
constant ratio. 
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6. Prove that a system of coaxal circles inverts with respect to 
either limiting point into a system of concentric circles and find the 
position of the common centre. 

7. A straight line is drawn touching one of a system of coaxal 
circles in P and catting another in Q and 12. Shew that FQ and FR 
subtend equal or supplementary angles at one of the limiting points 
of the system. 

8. Find the locus of the point of contact of parallel tangents 
which are drawn to each of a series of coaxal circles. 

9. Prove that the circle of similitude of the two circles 

a;2 + y2_2A;x + 3=0 and ar'+y«-2/f'x + 8=0 

(i. e. the locus of the points at which the two circles subtend the same 
angle) is the coaxal circle 

10. From the preceding question shew that the centres of simili- 
tude (i.e. the points in which the common tangents to two circles 
meet the line of Centres) divide the line joining the centres internally 
and externally in the ratio of the radii. 

11. If x+y J~^ = \Xkn(u+v ij -l)y where x, y, w, and v are all 
real, prove that the curves w= constant give a family of coaxal circles 
passing through the points (0, ±1), and that the curves t;= constant 
give a system of circles cutting the first system orthogonally. 

12. Find the equation to the circle which cuts orthogonally each 
of the circles 

a:2+y2^2<7af + c=0, x^-hy^+2g'x+c=0, 

and ay^+f + 2hx + 2ky + a=0. 

13. Find the equation to the circle cutting orthogonally the 
three circles 

a;2+ya=a2, (x-c)^+y^=a^, and x^ + {y-b)^=a^ 

14. Find the equation to the circle cutting orthogonally the 
three circles 

a^»+y«-2a;+3y-7 = 0, x^'^y^-{^5x-5y + 9=0, 

and x^+y^+7x-9y + 29 = 0. 

15. Shew that the equation to the circle cutting orthogonally the 
cirdes 

(a:-a)« + (y-6)a=d3, {x-b)^+{y-a)^=a^ 

and {x-a-'b-c)^ + y- = ab'hc\ 

is x^ + y^'-2x{a + b)-y{a + b)+a^ + dab + b^'=0. 



CONIC SECTIONS. 



CHAPTER X. 

THE PARABOLA. 

196. Conic Section. Def. The locus of a point 
P, which moves so that its distance from a fixed point is 
always in a ccmstant ratio ^to its pe rpendicula r distance 
fmm a fixed straight Une,'^ called a Conic Section. 

The fixed point is called the Focus and is usually 
denoted by S» 

The constant ratio is called the ESccentlicity and is 
denoted by e. 

The fixed straight line is called the Directrix. 

The straight line passing through the Focus and per- 
pendicular to the Directrix is called the Axis, 

When the eccentricity e is equal to unity, the Conic 
Section is called a Parabola. 

When e is less than unity, it is called an ESllipse. 

When e is greater than unity, it is called a Hyper- 
bola. 

[The name Conic Section is derived from the fact that 
these curves were first obtained by cutting a cone in 
various ways.] 
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197. Tojvnd the equatiovt to a Parabola, 

Let S be the fixed point and ZM the directrix. We 
require therefore the locus 
of a point F which moves 
so that its distance from S 
is always equal to P3i, its 
perpendicular distance from 
ZM. 

Draw SZ perpendicular 
to the directrix and bisect 
SZ in the point A \ produce 
-^^ toZ. 

The point A is clearly a 
point on the curve and is 
called the Vertex of the 
Parabola. 

Take A as origin, AX as the axis of a;, and AY^ 
perpendicular to it, as the axis of y. 

Let the distance ZA^ or A8^ be called a, and let F be 
any point on the curve "whose coordinates are x and y. 

Join SPy and draw PN and PM perpendicular respec- 
tively to the axis and directrix. 

We have then SP^ = PM\ 

i.€. (« - a)« + s^ = ZN^ =r^ + xY, 

y2 = 4ax (1). 

This being the relation which exists between the co- 
ordinates of any point P on the parabola is, by Art. 42, the 
equation to the parabola. 

Cor. The equation (1) is equivalent to the geometrical 
proposition 

PI^^ = iAS.AJ!^. 

198. The equation of the preceding article is the 
simplest possible equation to the parabola. Throughout 
this chapter this standard form of the equation is assumed 
unless the contrary is stated. 
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If instead of ilX and AY we take the axis and the 
directrix ZM as the axes of coordinates, the equ^ition 
would be 

(a;-2a)« + y» = a», 

i.e, y' = 4a(a; — a) (1). 

Similarly, if the axis SX and a perpendicular line S£f 
be taken as the axes of coordinates, the equation is 

i,e, y* = 4a(a5 + a) (2). 

These two equations may be deduced from the equation 
of the previous article by transforming the origin, firstly to 
the point (- a, 0) and secondly to the point (a, 0). 

100. The equation to the parabola referred to any focus and 
directrix may be easily obtained. Thus the equation to the parabola, 
whose focus is the point (2, 3) and whose directrix is the straight 
line x~ 42/ + 3=0, is 

i.e. 16x2 + y« + Sxy - 74a; -78y + 212=0. 

200. To trace the curve 

y^-^ax (1). 

If a; be negative, the corresponding values of y are 
imaginary (since the square root of a negative quantity is 
unreal) ; hence there is no part of the curve to the left of 
the point A, 

If y be zero, so also is oj, so that the axis of x meets 
the curve at the point A only. 

If a; be zero, so also is ^, so that the axis of y meets 
the curve at the point A only. 

For every positive value of x we see from (1), by taking 
the square root, that y has two equal and opposite values. 

Hence corresponding to any point P on the curve there 
is another point P' on the other side of the axis which is 
obtained by producing FN to P' so that FN and NF are 
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equal in magnitude. The line PF is called a double 
ordinate. 

As X increases in magnitude, so do the corresponding 
values of y; finally, when x becomes infinitely great, y 
becomes infinitely great also. 

By taking a large number of values of x and the 
corresponding values of y it will be found that the curve is 
as in the figure of Art. 197. 

The two branches never meet but are of infinite length. 

201. Tlie qtvomtity y^ — Aioacf is negative, zero, or positive 
eiccording cts the point \x\ y') is within, upon, or without the 
pa/rahola. 

Let Q be the point {x', y') and let it be within the 
curve, i.e, be between the curve and the axis AX, Draw 
the ordinate QN and let it meet the curve in P. 

Then (by Art. 197), PN*=ia.x\ 

Hence y'^, i,e, QN\ is < PN^, and lience is < ^ax\ 
.'. y'^ — 4aa5' is negative. 

Similarly, if Q be without the curve, then y'^, i.e, QN\ 
IS > PN\ and hence is > ^ax'. 

Hence the proposition. 

202. Latus Rectum. Def. The latus rectum of 
any conic is the double ordinate LSL' drawn through the 
focus S. 

In the case of the parabola we have SL = distance of L 
from the directrix = iS'-2r= 2a. 

Hence the latus rectum = 4a. 

When the latus rectum is given it follows that the 
equation to the parabola is completely known in its 
standard form, and the size and shape of the curve 
determined. 

The quantity 4a is also often called the principal 
parameter of the curve. 

Focal Distance of any point. The focal distance 
of any point P is the distance 8P, 

This focal distance = PM = ZW^ ZA^AN^aArx, 

L. 12 
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Bx. Find the vertex, axis^ focusy and latus rectum of the parabola 

4y2+i2x-20y+67=0. 
The equation can be written 

y2-6y=-3x-¥, 

Transform this equation to the point (-{, |) and it beoomes 
y^=z -%x, which represents a parabola, whose axis is the axis of x 
and whose concavity is turned towards the negative end of this axis. 
Also its latus rectum is 3. 

Referred to the original axes the vertex is the point ( - 1 , |), the 
axis is y =f , and the focus is the point ( - 1 - J, t)» t.e. ( - ^, f). 



EXAMPLES. XXV. 

Find the equation to the parabola with 

1. focus (3, - 4) and directrix 6a5 - 7y + 6 = 0. 

2. focus (a, 6) and directrix - +|=1. 

Find the vertex, axis, latus rectum, and focus of the parabolas 

3. y«=4a; + 4y. 4. x^-\-2y=z%x-l. 
5, a;2-2ax + 2ay=0. 6. y2=4y-4a:. 

7. Draw the curves 

(1) y2=-4ax, (2) ix^=^ay, and (3) x'=-4ay. 

8. Find the value of p when the parabola y^—^px goes through 
the pomt (i) (3, - 2), and (ii) (9, - 12). 

9. For what point of the parabola y^=18a; is the ordinate equal 
to three times the abscissa? 

10, Prove that the equation to the parabola, whose vertex and foeos 
are on the axis of x at distances a and a' f om the origin respectively, 
is y2=4(a'-a)(x-a). 

11, In the parabola y^=6ar, find (1) the equation to the chord 
through the vertex and the negative end of the latus rectum, and 
(2) the equation to any chord though the point on the curve whose 
abscissa is 24. 

12, Prove that the equation y^-{-%Ax-{-2By-{-C=Q represents a 
parabola, whose axis is parallel to the axis of x, and find its vertex and 
the equation to its latus rectum. 

13, Prove that the locus of the middle points of all chords of 
the parabola y^=^ax which are drawn through the vertex is the 
parabola y^—2ax. 
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14. Prove that the locus of the centre of a circle, which intercepts 
a chord of given length 2a on the axis of x and passes through a given 
point on the axis of y distant b from the origin, is the curve 

Trace this parabola. 

15. PQ is a double ordinate of a parabola. Find the locus of its 
Xx>ints of trisection. 

16. Prove that the locus of a point, which moves so that its 
distance from a fixed line is equal to the length of the tangent drawn 
from it to a given circle, is a parabola. Find the position of the 
focus and directrix. 

17. If a circle be drawn so as always to touch a given straight 
line and also a given circle, prove that the locus of its centre is 
a parabola. 

18. The vertex ^ of a parabola is joined to any point P on the 
curve and PQ is drawn at right angles to AP to meet the axis in Q, 
Prove that the projection of PQ on the axis is always equal to the 
latus rectum. 

19. If on a given base triangles be described such that the sum of 
the tangents of the base angles is constant, prove that the locus of 
the vertices is a parabola. 

20. A double ordinate of the curve y^=ipx is of length 8p ; prove 
that the lines from the vertex to its two ends are at right angles. 

21. Two parabolas have a common axis and concavities in oppo- 
site directions; if any line parallel to the common axis meet the 
parabolas in P ajud P\ prove that the locus of tiie middle point of PP* 
is another parabola, provided that the latent recta of the given para- 
bolas are unequal. 

22. A parabola is drawn to pass through A and £, the ends of 
a diameter of a given circle of radius a, and to have as directrix a 
tangent to a concentric circle of radius h ; the axes being AB and 
a perpendicular diameter, prove that the locus of the focus of the 

203. To find tJie points of intersection of any straight 
line vnth the parabola 

y^ = ^ax (1). 

The equation to any straight line is 

y = ma5 + c (2). 

The coordinates of the points common to the straight 
line and the parabola satisfy both equations (1) and (2), 
and are therefore found by solving them. 

12—2 
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Substituting the value of y from (2) in (1), we have 

(mx + cf = 4005, 

t.«. wV+2aj(7wc-2a) + c2 = (3). 

This is a quadratic equation for x and therefore has two 
roots, real, coincident, or imaginary. 

The straight line therefore meets the parabola in two 
' points, real, coincident, or imaginary. 

The roots of (3) are real or imaginary according as 

{2{mc-2a)}*-4m«c* 

is positive or negative, i.e. according as — amc + a? is 
positive or negative, i.e. according z&mch&^a, 

a04. To find the length of the chord intercepted by the parabola on 
the straight line ' 

y^fnx-^-c (1). 

If (aTj , t^]) and {x^^ y^ be the common points of intersection, then, 
as in Art. 154, we nave, from equation (3) of the last article, 

_ 4(mc-2a)^ _ l£* - 16a (a -wk?) 

and ^1 - ^2= ^ (^1 - ^a)- 

Hence the required length = sj(y\ - y%f + (xi - .^o)^ 

; 4 , , '_ 

= VI + m'-' (a?! - as,) = ^ VI + wi'W a (a - wic). 

205. To Jmd the eqvMion to the tangent at any point 
{^\ y') of^^^ pa/rahola y^ = Aax, 

The definition of the tangent is given in Art. 149. 

Let P be the point (a;', y') and Q a point {x'\ y") on the 
parabola. 

The equation to the line PQ is 

2'-2''=fe|^(*-'«') 0)- 

Since P and Q both lie on the curve, we have 

y'* = 4ax' (2), 

and y"^ = iax" '. (3), 
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Hence, by subtraction, we Lave 

y"-y' ^a 

and hence ^, — "^ , = -j-, , . 

X -X \f -^ry 

Substituting this value in equation (1), we have, as . 
the equation to any secant FQ^ 

*•«• y {y + y") = ^ax+ yy" + y" - i^^^' 

= 4aa; + yy' (4). 

To obtain the equation of the tangent at (a;', y') we take 
Q indefinitely close to P, and hence, in the limit, put y" = y\ 
The equation (4) then becomes 

%y' = y' + 4«a; = iax + 4aa;', 
I.e. yy' = 2a(z + x'). 

Cor. It will be noted that the equation to the tangent 
is obtained from the equation to the curve by the rule of 
Art. 152. 

Bzfl. The equation to the tangent at the point (2, - 4) of the 
parabola y^=8a; is 

y(-4)=4(x+2), 
i.e. aj + y + 2=0. 

The equation to the tangent at the point ( — 5 , — ) of the parabola 

\m^ m J 

2/^=4aa;is 

2a ^ f a\ 

a 
I.e. y=mx-\ — . 

* TO 

206. To find tJie condition tliat the straight line 

y = mx + c (1) 

may touch the parabola y* = iax (2). 

The abscissae of the points in which the- straight line (1) 
meets the curve (2) are as in Art. 203, given by the equation 
mW + 2aj(7iic-2a)+c2 = (3). 
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The line (1) will touch (2) if it meet it in two points 
which are indefinitely close to one another, i.e. in two 
points which ultimately coincide. 

The roots of equation (3) must therefore be equal. 

The condition for this is 

4 (mc — 2ay = 4mV, 

t.e. ' a'-amc = 0, 

a 
so that c = — . 

m 

Substituting this value of c in (1), we have as the 
equation to a tangent, 

In this equation m is the tangent of the angle which 
the tangent makes with the axis of x. 

The forgoing proposition may also be obtained from the equation 
of Art. 205. 

For equation (4) of that article may be written 
2a lax' 

y^Y""^^ ^^^- 

In this equation put — =m, i.e. y'= — , 

and hence x'=x7- = — 5, and — 7- = — . 

4a w? y VI 

The equation (1) then becomes y=mx+ — . 

Also it is the tangent at the point (x', y'), i.e. ( — , , — ) . 

\inr mj 

207. Equation to tlie ndrmcd at (o;, y'). The required 
normal is the straight line which passes through the point 
(a/, y') and is perpendicular to the tangent, i,e. to the 
straight line 

Its equation is therefore 

y-y' =7n!{x-x% 

where m'x--j=-l, i.e. m' = -J^, (Art. 69.) 



NORMAL TO A PARABOLA. 



183 



and the equation to the normal is 



•(I). 



208. To express the equcUion qft/ie normal in the form 

y - mac — 2am ~ am\ 
In equation (1) of the last article put 

-y' 



2a 



Hence 



= m. i.e, v' = — 2am. 



05 = V = «W7l'. 

4a 



The normal is therefore 

y + 2am — m{x — am^)y 
i,e. J = mz * 2am — am', 

and it is a normal at the point {am\ — 2am) of the curve. 

In this equation m is the tangent of the angle which 
the normal makes with the axis. It must be carefully 
distinguished from the m of Art. 206 which is the tangent 
of the angle which the tangent makes with the axis. The 
" m " of this article is - 1 divided by the " m " of Art. 206. 

209. Subtangent and Subnormal. Def. If 

the tangent and normal at any point P of a conic section 
meet the axis in T and G respectively and PiV be the 
ordinate at P, then NT is called the Subtangent and NG the 
Subnormal of F. 

Tojvnd the length of the subtangent and subnormal. 

If P be the point (x\ y') the equation to TP is, by 
Art. 205, 

yy'=^2a{x-\-x') (1). 

To obtain the length of AT^ we 
have to find the point where this 
straight line meets the axis of a, 
i.e. we put y = Oin (1) and we 
have 

«; = -«' (2). 

Hence AT=AN. 
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[The negative sign in equation (2) shews that T and 
N always lie on opposite sides of the vertex A!\ 

Hence the subtangent iTI'rr 2ili\r= twice the abscissa 
of the point P. 

Since TFO is a right-angled triangle, we have (Euc. vi. 8) 

FN^=TN.NG, 
Hence the subnormal NG 

_ PN^ _ PN^ 
" TN~ 2AN~ 
The subnormal is therefore constant for all points on 
the parabola and is equal to the semi-latus rectum. 

aiO. Bz. 1. If a chord which is normal to the parabola at one 
end subtend a right angle at the vertex, prove that it is inclined at an 
angle tan~^ J2 to the a.xis. 

The equation to any chord which is normal is 
y=mx- 2am - am^y 
i,e, mx-y= 2am+ amK 

The parabola is y'=4ax. 

The straight lines joining the origin to the intersections of these 
two are therdTore given by the eqnation 

y^ {2am + am^) - 4aa? {mx - y) = 0. 
If these be at right angles, then 

2am + am^ - i^am = 0, 
i.e. m=±^2. 

Bz. a. From the point where any normal to the parabola y^=Aax 
meets the axis is drawn a line perpendicular to this normal; prove that 
this line always touches an equal parabola. 

The equation of any normal to the parabola is 
y = ma; - 2am - am^. 

This meets the axis in the point (2a+am^ 0). 

The equation to the straight line through this point perpendicular 
to the normal is 

y=.mi(x-2a- am^), 
where miWi=-l. 

The equation is therefore 



2, = m,(x-2a-^,), 
7/ = w, ix - 2a) . 
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This straight line, as in Art. 206, always toaohes the equal parabola 
ya=_4a(x-2a), 
whose vertex is the point (2a, 0) and whose conoavitj is towards the 
negative end of the axis of as. 
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Write down the equations to the tangent and normal 

1. at the point (4, 6) of the parabola y^=9x, 

2. at the point of the parabola y^=6x whose ordinate is 12, 

3. at the ends of the latos reotum of the parabola y^=: 12x, 

4. &t the ends of the latns rectnm of the parabola y^ = 4a (x - a). 

5. Find the equation to that tangent to the parabola y*=7x 
which is parallel to the straight line 4y-a; + 3 = 0. Find also its 
point of contact. 

6. A tangent to the parabola y^= iax makes an angle of 60° with 
the axis ; find its point of contact. 

7. A tangent to the parabola ^^=8^ makes an angle of 45° with 
the straight line y=Sx+5, Find its equation and its point of 
contact. 

8. Find the points of the parabola y^=^ax at which (i) the 
tangent, and (ii) the normal is inclined at 30° to the axis. 

9. Find the equation to the tangents to the parabola y^ ^ 9x which 
goes through the point (4, 10). 

10. Prove that the straight line x + y=l touches the parabola 

y=:X-3^, 

11. Prove that the straight line y=mx+e touches the parabola 
y'=4a(x+a) if c=ma-i — . 

12. Prove that the straight line lx-{-my+n=0 touches the parabola 
y^ = 4ax if In = aw?, 

13. For what point of the parabola ^^ =4aa; is (1) the normal equal 
to twice the subtangent, (2) the normal equal to the difference between 
the subtangent and the subnormal ? 

Find the equations to the common tangents of 

14. the parabolas y^ = 4aa? and x^ = 45y , 

15 . the circle a^+y^= 4cuc and the parabola y^ = 4ax. 

16. Two equal parabolas have the same vertex and their axes are 
at right angles ; prove that the common tangent touches each at the 
end of a latus rectum. 



186 COOftDISATE GEOMKntT. [BXB. 



VJ, Frove tbat two tXna^ Hat^ aam » teage^ to the panihnlm 

j^s4a{z'^a)mad1hec4hato1heftawhcllMy^=4a'{x-i'^ which are 

Mi rig^ fto^^ to one uiother, meet on the iitna^ line x-i-«-i-<i'=0. 

Oiew also that this etnu^ Uiie k the commoo diotd of flie two 

paiabolaa. 

1S« Pi^ w ftn ordxnate of the pafahoht ; a wtraight fine is drawn 
paraUd to the axis to biaeet NP and meets the enrre in Q; proTe 
that NQ meets the tangent at the Tertex in a point T soeh that 
AT^iNP. 

19, Prore that ^le chord of the parabola jf*=4aae, whose equation 
iBy'-x^2'^4a,j2=0, is a normal to the curve and that its length is 

20* I' perpendicolars be drawn on anj tangent to a parabola finom 
two fixed pomts on the axi;», which are equidistant from the focus, 
prove that the difference of their squares is constant. 

21. If Pf Qt ftncl it be three points on a parabola whose ordinates 
are in geometrical progression, prove that the tangents at P and R 
meet on the ordinate of Q« 

22. Tangents are drawn to a parabola at points whose absdsso 
are in the ratio /i : 1 ; prove that Aey intersect on the carve 

23. I^ t^o tangents at the points {x\ y') and {x"y y") meet at the 
point {Xi, yi) and the normals at the same points in (x,, 7j^, prove 
that 

and henoe that 

(8) «,«2a+ ^ - «i and y,= - ^^^^ . 

24. From the preceding question prove that, if tangents be drawn 
to the parabola y*—iax from anj point on the paraboU y^=a(x-{-b), 
then the normals at the points of contact meet on a meed straight 
line. 

26* Find the lengths o( the normals drawn from the point on the 
axis of the parabola y*=Sax whose distance from the focas is 8a. 

26. Piove that the locus of the middle point of the portion of a 
normal intersected between the curve and the axis is a parabola whose 
vertex is the focus and whose latus rectum is one quarter oi that of 
the original parabola. 

27. Prove that the distance between a tangent to the parabola and 
the parallel normal is a ooseo $ seo^ 6^ where tf is the angle that either 
makes with the axis. 
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28. PNP' is a double ordinate of the parabola ; prove that the 
loons of the point of intersection of the normal at P and the diameter 
through P' is the equal parabola y^=4a{x- 4a). 

29. The normal at any point P meets the axis in G and the 
tangent at the vertex in G' ; if ^ be the vertex and the rectangle 
AGQG* be completed, prove that the equation to the locus of Q is 

sfi=2ax^+ayK 

30. Two equal parabolas have the same focus and their axes are 
at light angles; a normal to one is perpendicular to a normal to the 
other; prove that the locus of the point of intersection of these 
normals is another parabola. 

31. If a normal to a parabola make an angle ^ with the axis, 
shew that it will cut the curve again at an angle tan~^ (^ tan 0). 

32. Prove that the two parabolas y^ = Aax and y ' = 4c (x - 6) cannot 

have a common normal, other than the axis, unless > 2. 

a-c 

33. If a^>8&^, prove that a point can be found such that the two 
tangents from it to the parabola y^=^ax are normals to the parabola 

34. Prove that three tangents to a parabola, which are such that 
the tangents of their inclinations to the axis are in a given harmonical 
progression, form a triangle whose area is constant. 

35. Prove that the parabolas i/^=4aa; and x^=4^hy cut one another 

at an angle tan ^ — 5 5- . 

2(a« + 63) 

36. Prove that two parabolas, having the same focus and their axes 
in opposite directions, cut at right angles. 

37. Shew that the two parabolas 

a;2+4a(2/-26-a)=0 and y'=46(a;-2a + 6) 

intersect at right angles at a common end of the latus rectum 
of each. 

38. A parabola is drawn touching the axis of x at the origin and 
having its vertex at a given distance k from this axis. Prove that the 
axis of the parabola is a tangent to the parabola x^=-Bk{y- 2k), 

211. Some properties of the Parabola. 

(a) If tJie tangent and normal at any point P of the 
parabola meet the axis in T and G respectively^ then 

ST=SG = SF, 
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amd the tangent at P is equally inclined to the axis and the 
focal dista/nce of P, 



M 




^y^ 


^ 


Y 


Yl\ 


T Z 

M' 




Kb N G X 



Let P be the point (a;', y'). 

Draw PM perpendicular to the directrix. 

By Art. 209, we have AT=AN. 

/. TS=TA^-AS=AN+ZA=ZN==MP = 8P, 
and hence i STP = i SPT. 

By the same article, NG = 2AS = ZS, 

:. SG = Sir-i-NG^ZS+SJ!^=MP=SP. 

(/3) If the tcmgent ai P meet the directrix in Kj then 
KSP is a right angle. 

For I SPT= iPTS^ i KPM. 

Hence the two triangles KPS and KPM have the two 
sides KPy PS and the angle XPS equal respectively to the 
two sides KP, PM and the angle KPM. 

Hence i KSP = z KMP = a right angle. 

Also lSKP^lMKP. 

(y) Ta/ngents cU the extremities of any focal chord inter- 
sect a^ right angles in the directrix. 

For, if PS be produced to meet the curve in jP, then, 
since l FSK\b a right angle, the tangent at F meets the 
directrix in K. 
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Also, by (p)y L MKP = L SKP, 
and, similarly, i M'KP = i SKF, 

Hence 

z PKF = }^L SKM + 1 L SKM' = a right angle. 

(S) If SY he perpendicular to the tcmgent at P, then Y 
lies on the tangent at the vertex and SY^^ AS . SP. 
For the equation to any tangent is 

y = mx + ^ (!)• 

m ^ ' 

The equation to the perpendicular to this line passing 
through the focus is 

y=-^(«=-«) (2). 

The lines (1) and (2) meet where 

a I , , 1 a 

mx + — = (x—a)= 03+ — , 

m m ^ ' m m 

i, e, where x = 0. 

Hence Y lies on the tangent at the vertex. 

Also, by Euc. vi. 8, Cor., 

SY^ = SA,ST=AS.SP. 

212. To prove that through any given point (cCi, y^) 
there pass, in general, two tangents to the parabola. 

The equation to any tangent is (by Art. 206) 

y = mx + — (1). 

If this pass through the fixed point (x^ , y^), we have 

i. e. m^oci — my^ + a = (2). 

For any given values of x^ and yi this equation is in 
general a quadratic equation and gives two values of m 
(real or imaginary). 

Corresponding to each value of m we have, by substi- 
tuting in (1), a different tangent. 
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The roots of (2) are real and difPerent if y^ — ^axc^ be 
positive, t.e., by Art. 201, if the point (a^, y-^ lie without 
the curve. 

They are equal, t. e, the two tangents coalesce into one 
tangent, if y^— ^aoci be zero, i.e. if the point (a^, y^) lie on 
the curve. 

The two roots are imaginary if y^^ — iaoci be negative, 
i.e, if the point {x^, y^) lie withm the curve. 

213. Eqimtion to the chord of contact of tangents 
drawn from a point (aji, yj). 

The equation to the tangent at any point Q^ whose 
coordinates are x' and y\ is 

yy' = 2a (a; + x'). 
Also the tangent at the point R, whose coordinates are 
x" and y'\ is 

yy" = 2a{x-¥x"y 

If these tangents meet at the point T^ whose coordi- 
nates are x^ and y^, we have 

yy = 2a(a^ + a;') (1) 

and y^"^2a{x^^-x") (2). 

The equation to QR is then 

yyi = 2a(x + Xi) (3). 

For, since (1) is true, the point {x\ y') lies on (3). 

Also, since (2) is true, the point (x'\ y") lies on (3). 

Hence (3) must be the equation to the straight line 
joining {x\ y') to the point {x'\ y"), V*.e. it must be the 
equation to QR the chord of contact of tangents from the 
point (ajp yi). 

214. The polar of any point with respect to a para- 
bola is defined as in Art. 162. 

To find the equation of the polar of the point (ccj, y^ 
with respect to the pa/rahola y^ = 4aa;. 

Let Q and R be the points in which any chord drawn 
through the point P, whose coordinates are (a^, y^), meets 
the parabola. 
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Let the tangents at Q and R meet in the point whose 
coordinates are (hy k). 





We require the locus of (A, k). 

Since QB is the chord of contact of tangents from (A, k) 
its equation (Art. 213) is 

ky = 2a(x + h). 

Since this straight line passes through the point {x^ , y^ 
we have 

%i = 2a(a^ + A) (1). 

Since the relation (1) is true, it follows that the point 
(A, k) always lies on the straight line 

yyi = 2a(x + Xi) (2). 

Hence (2) is the equation to the polar of (a^, y^. 

Cor. The equation to the polar of the focus, viz. the point (a, 0), 
is 0=x+a, so that the polar of the focus is the directrix. 

215. When the point (x^ , y^ lies without the parabola 
the equation to its polar is the same as the equation to the 
chord of contact of tangents drawn from (a^, y^. 

When {x^y y^ is on the parabola the polar is the same 
as the tangent at the point. 

As in Art. 164 the polar of (x^, y^ might have been 
defined as the chord of contact of the tangents (real or 
imaginary) that can be drawn from it to the parabola. 

216. Geometrical construction /or the polar of a point 
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Let T be the point (a^, yi), so that its polar is 

yyi = 2a(a; + iCi) (1). 

Through T draw a straight line parallel to the axis ; its 
equation is therefore 

y^Vx (2). 

Let this straight line meet the polar 
in V and the curve in P. 

The coordinates of F, which is the 
intersection , of (1) and (2), are therefore 

^"-a^andy, (3). 

Also F is the point on the curve 
whose ordinate is y,, and whose coordi- p. ^ 




nates are therefore 



flandy,, 



... , . -^ abscissa of :7^+ abscissa of r 

Since abscissa or r= 

fore, by Art. 22, Cor., 
middle point of TV, 

Also the tangent at F is 

which is parallel to (1). 

Hence the polar of T is parallel 
to the tangent at P. 

To draw the polar of T we therefore draw a line through 
Ty parallel to the axis, to meet the curve in P and produce 
it to F so that rP = PF; a line through F parallel to the 
tangent at P is then the polar required. 

a 17. If the polar of a point P passes through the point T, then 
the polar of T goes through P. (Fig. Art. 214). 
Let P be the point (x^y y^) and T the point (K h). 
The polar of P is yyj^=2a {x + Xj). 
Since it passes throagh T, we have 

yik=2a{x^ + h) (1). 
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The polar of T is yk=2a (z+h). 

Since (1) is true, this eqaation is satisfied by the coordinates Xi 
andyi. 

Hence the proposition. 

Cor. The point of intersection, T, of the polars of two points, 
P and Q, is the pole of the line PQ. 

218. To find the pole of a given itraighi line with retpeet to the 
parabola. 

Let the giyen straight line be 

Ax + By + 0=0. 
If its pole be the point {xi, yi), it mnst be the same straight 
line as 

m=2a(a!+a?i), 
ue. 2ax -yyi+ 2axi = 0. 

Since these straight lines are the same, we have 
2a _ -yi_2a£i 
X""B""" C ' 

C , 2Ba 

i.e. x^^joadyi^--^. 

219. To find the equation to the pair of tangents that 
can he drawn to the pa/rabola from the point {a^, y^. 

Let (^, k) be any point on either of the tangents drawn 
from (ajj, y^. The equation to the line joining (aji, y^) to 
(A, k) is 

k — Vy, X 

h — Xi h — Xi 

If this be a tangent it must be of the form 

a 

so that := — ^^ = m and -~ = — . 

h- oci h — Xi Til 

Hence, by multiplication, 

^^ k-y^hy^-kxy^ 

h — Xi h — Xi ' 

i.e. a (A -ah)'*= {k-y^) {hy^-kx^. 

L. 13 
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The locus of the point (A, k) (i, e, the pair of tangents 
reqiiired) is therefore 

a(a;-a^)» = (y-yi)(icyi-yaji) (1). 

It will be seen that this equation is the same as 

(f-iax) {yi»- 4aaJi) = {yyi - 2a{x-^x,)}\ 

220. To prove that the middle points of a system of 
parallel chords of a pan'ohola all lie on a straight line which 
is parallel to the aacis. 

Since the chords are all parallel, they all make the same 
angle with the axis of x. Let 
the tangent of this angle be m. 

The equation to QE, any 
one of these chords, is there- -.^ 
fore 

y = mx + c (1), ^ 

where e is different for the 
several chords, but m is the 
same. 

This straight line meets the parabola if = iax in points 
whose ordinates are given by 

mif=ia(i/-c), 
*.«. y^ y+ — =0 (2). 

m^ m ^ ' 

Let the roots of this equation, i,e. the ordinates of Q 
and i?, be y' and y'\ and let the coordinates of F, the 
middle point of QE, be (h, k). 
Then, by Art. 22, 

y' + y"_2a 
^-~2~-m' 
from equation (2). 

The coordinates of V therefore satisfy the equajbion 
2a 

y = ^' 
m 

so that the locus of T is a straight line parallel to the axis 
of the curve. 




MIDDLE POINTS OF PARALLEL CHORDS. 196 

The straight line y= — meets the curve in a point P, 

whose ordinate is — and whose abscissa is therefore — ^ . 

The tangent at this point is, by Art. 205, 

a 
m 
and is therefore parallel to each of the given chords. 

Hence the locus of the middle points of a system of 
parallel chords of a parabola is a straight line which is 
parallel to the axis and meets the curve at a point the 
tangent at which is parallel to the given system. 

221. To find the eq-aatUm to the chord of the parabola which is 
bisected at any point {h, k). 

By the last article the required chord is parallel to the tangent at 
the point P where a line through {h, k) parallel to the axis meets the 
curve. 

Also, by Art. 216, the polar of (A, k) is parallel to the tangent at 
this same point P. 

The required chord is therefore parallel to the polar yh=:2a(x + h). 

Hence, since it goes through (A, k), its equation is 

k{y-k)=2a{x-h) (Art. 67). 

222. Diameter. Def. The locus of the middle points 
of a system of parallel chords of a parabola is called a 
diameter and the chords are called its double ordinates. 

Thus, in the figure of Art. 220, PF is a diameter and 
QE and all the parallel chords are ordinates to this 
diameter. 

The proposition of that article may therefore be stated 
as follows. 

Any diameter of a parahola ia pa/ralld to the axis amd 
the tcmgent at the point where it meets the curve is pa/raUel 
to its ordinates. 

223. Tlie tam>gerUs at the ends of any chord meet on 
the diamfieter which bisects the chord. 

Let the equation of QR (Fig., Art. 220) be 

y = mac + c (1), 

13—2 
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and let the tangents at Q and R meet at the point T 
i^f Vi)' 

Then QR is the chord of contact of tangents drawn 
&om T^ and hence its equation is 

yy^ = 2a (a: + x^ (Art. 213). 

Comparing this with equation (1), we have 

2a , 2a 

— = m, so that Vi = — , 
Vi ^ 

and therefore T lies on the straight line 

2a 

But this straight line was proved, in Art. 220, to be 
the diameter PV which bisects the chord. 

224. To find the eqiuxtion to a parabolay the axes 
being any diameter and the tangent to the parabola at the 
point where this diameter meets the curve. 

Let PVX be the diameter and FY the tangent at P 
meeting the axis in T. 

Take any point Q on the curve, 

and draw QM perpendicular to the 

axis meeting the diameter P Fin L. 

Let PF be a: and r© be y. 

Draw FN^ perpendicular to the 

axis of the curve, and let 

0=1 YPX^lPTM. 
Then 

iAS.AN^FN^:=:NT^iAn^e=4:AN^.\An^e, 
:, AN = AS.coi^e = a cot^ 6, 
and FN = J4AS,AN= 2a cot 0, 

Now Q2P=iAS.AM=4a.AM (1). 

Also 
QM= NF-\-LQ = 2a cot^ + F^sin tf = 2a cot^ + y sin 6, 
and AM=AN + PV + VL = a cot^ + x + y cosO. 
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Substituting these values in (1), we have 

(2acot0 + f/sin0y = ia{a cot* 0-^x + ycoaO)y 
i,e. y" sin' = 4asc 

The required equation is therefore 

»* = 4?« (2), 

where 

p = ^7^=a(l + cot* tf) = a +^ir=SP (by Art. 202). 

The equation to the parabola referred to the above axes 
is therefore of the same form as its equation referred to the 
rectangular axes of Art. 197. 

The equation (2) states that 

225. The quantity ip is called the parameter of the 
diameter PV, It is 6qual in length to the chord which is 
parallel to PF and passes through the focus. 

For if Q'V'E be the chord, parallel to PF and passing 
through the focus and meeting PT in V\ we have 
pr=.ST=8P=p, 

so that Q' r^ =4p.Pr= ^p\ 

and hence QB! = 2^ F = 4p. 

226. Just as in Art. 205 it could now be shown that 
the tangent at any point (oj', y') of the above curve is 

yy' = 2;? (a: + a/). 
Similarly for the equation to the polar of any point. 

EXAMPLES. XXVn. 

1. Prove that the length of the chord joining the points of 
contact of tangents drawn from the point (a;^, y-^ is 

a 

2. Prove that the area of the triangle formed by the tangents 
from the point {sc^^ yj and the chord of contact is (y^^ - 4aa?i)*T-2a. 
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3. If a perpendicular be let fall from any point P upon its polur 
prove that the distance of the foot of this perpendicoliEkr from the 
fooQS is eqnal to the distance of the point P fh>m the directrix. 

4. What is the equation to the chord of the parabola y*=Sx 
which is bisected at the point (2, >8)? 

5. The general equation to a system of parallel chords in the 
parabola y^=^x is ^x-y-k-k—O. 

What is the equation to the corresponding diameter? 

6. P» Qt and R are three points on a parabola and the chord PQ 
outs the diameter through RiaV. Ordinates Pilf and QN are drawn 
to this diameter. Prove that RM . RN^RVK 

7. Two equal parabolas with axes in opposite directions touch at 
a point 0. From a point P on one of them are drawn tangents PQ 
and PQ' to the other. Prove that QQ' will touch the first parabola in 
P where PP is parallel to the common tangent at O. 

CoordinateB of any point on the parabola ez- 
preBBed in termB of one variable. 

227. It is often convenient to express the coordinates 
of any point on the curve in terms of one variable. 

It is clear that the values 

a 2a 

m m 

always satisfy the equation to the curve. 
Hence, for all values of m, the point 

2a\ 



/a^ 2a\ 



lies on the curve. By Art. 206, this m is equal to the 
tangent of the angle which the tangent at the point makes 
with the axis. 

The equation to the tangent at this point is 

m 
and the normal is, by Art. 207, found to be 

my + a; = 2a + — 5 . 
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228. The coordinates of the point could also be ex- 
pressed in terms of the m of the normal at the point ; in 
this case its coordinates are am' and — 2am. 

The equation of the tangent at the point (am', — 2am) 
is, by Art. 205, 

my + a? + aw? = 0, 

and the equation to the normal is 

y = mx — 2am — am^, 

229. The simplest substitution (avoiding both nega- 
tive signs and fractions) is 

X = at> and y = 2at. 

These values satisfy the equation y* = 4aaj. 

The equations to the tangent and normal at the point 
(a«2, 2at) are, by Arts. 205 and 207, 

ty = x + a^, 

and y + tx=2at-\-af. 

The equation to the straight line joining 

{at^y 2a<i) and {at^, 2at^) 

is easily found to be 

y (ti + 1^) = 2a? + 2a^«2. 

The tangents at the points 

(atj^y 2atj) and (at^^ 2at^) 

are tji/ = x + at^^ 

and t^ — x-\- cU^' 

The point of intersection of these two tangents is clearly 

{a«i«a, a(«i + <a)}. 

The point whose coordinates are (at\ 2at) may, for 
brevity, be called the point "L" 

In the following articles we shall prove some important 
properties of the parabola making use of the above substi- 
tution. 
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280. If the tangents at P and Q meet in T, prove that 

(1) TP and TQ subtend equal angles at the focus 8, 

(2) ST^=SP.SQ, 
and (3) tlie triangles SPT and 8TQ are similar. 

Let P be the point {at^^, 2a^), and Q be the 
point {atJ, 2atX so that (Art. 229) T is the point 

(1) The equation to iSP is y = —r^^ {x - a), 

i.e. (ti«-l)y-2eia; + 2ati=0. 

The perpendicular, TU, from T on this 
straight line 

_ a((i«-l)(t^ + g-2t,.at,ta + 2ati ^^ fa8-ei%) + ft,- 

Similarly TU' has the same numerical value. 
The angles PST and QST are therefore equal. 

(2) By Art. 202 we have 8P=a{l + ti^ and 8Q=a{l-^tJ'). 
Also 8T^={atjt^^a)^+a^ («i+y 

Hence 8T^=8P.8Q. 

(3) Since ^ = ^ and the angles TSP and T8Q are equal, the 
triangles 8PT and iSTQ are similar, so that 

1 8QT= L 8TP and 1 8TQ= 1 8PT. 

281. The area of the triangle formed by three points on a 
parabola is twice the area of the triangle formed by the tangents at 
these points. 

Let the three points on the parabola bd X- - J 

(a«i», 2a«i), (afg*, 2at^), and (atj^, 2at^). '^" 

The area of the triangle formed by these points, by Art. 25, 
= i [ah^ (2ata - 2at^ + at^ (2at^ - 2ati) + at^ {2at^ - 2ag] 

The intersections of the tangents at these points are (Art. 229) 
the points 

{atj^, a(<3+«8)}» {a«8*i> «(^8+*i)}» ftttd {afits, a(t^+t^}. 
The area of the triangle formed by these three points 

=i {^hh iP^h - CLt^+at^t^ (atj - at^ + at^t^ {at^-at^} 

=K(«2-«8)(<8-«i)(«i-«a). 
The first of these areas is double the second. 
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Ssa. The circle circumscribing the triangle formed by any thru 
tangents to a parabola passes through the focus. 

' liet P, Q, and i2 be the points at which the tangents are drawn 
and let their coordinates be 

(oti«, 2ati), W> 2a<J, and (at,«, 2ag. 

As in Art. 229, the tangents at Q and R intersect in the point 

Similarlj, the other pairs of tangents meet at the points 

{aVi» «(^+<i)} «»d {atit„a(«i+«a)}. 
liCt the equation to the circle be 

sfi+y^+2gx+2fy + c=0 (1). 

Since it passes through the above three points, we have 

a't,V+«M^+*8)*+^«M8+2/a(«a+«s)+c=0 (2), 

a%V+«'(<8+^)'+2^««s^+2/a(«8+«i) + <^=<> W. 

and a«tiV+«'(^ + <i)^+2^a^t,+2/a(fi + g + c=0 (4). 

Subtracting (3) from (2) and dividing by a (t, - 1^), we have 

«W(«i+W + «i + ^+2«,}+2^t,+2/=0. 
Similarly, from (3) and (4), we have 

«{«i'(«2+^) + ^a+*8+2ei}+2pti + 2/=0. 
From these two equations we have 

2^=-a(l + ta<8+<8*i + ¥a) ^^ 2/= -a[ti + <j+e,-tiVJ. 
Substituting these values in (2), we obtain 

c=a>(ta«8+Mi + ^y- 
The equation to the circle is therefore 

which dearly goes through the focus (a, 0). 

288. If be any point on the axis and POP* be any chord 
passing through 0, and if PM and P'M' be the ordinates of P and P*, 
prove that AM,AM'=AO\ and PM.P'M'=^ -^a.AO. 

Let O be the point {hy 0), and let P and P be the points 

(ati», 2a«i) and (atj^y 2atj). 
The equation to PP" is, by Art. 229, 

If this pass through the point {h, 0), we have 
-2h=2atjt^, 

i,e, hh^ — • 

*^ a 
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Hence AU,AU'^at^ . ai^^d!^ . ^^=h>=^0«, 

and PM.Pir=2ati.2at3.=4a«/^-^^=-4a.^O. 

Cor. If O be the foous, AO^a^ and we have 

The points [fltrfy 2ati) and \-r\y —r— ) are therefore at the ends 
of a f ooal chord. 

284. To prove that the orthocentre of any triangle formed by 
three tangents to a parabola lies on the directrix. 

Let the equations to the three tangents be 

y=wh« + ^ ^^^' 

y='V+^ (2)» 

and y=fn^ + — (3). 

The point of intersection of (2) and (3) is found, by solving them, 
to be 

The equation to the straight line through this point perpendicular 
to (1) is (Art. 69) 

ue. y+i=arl + l + _?_l (4). 

Similarly, the equation to the straight line through the intersection 
of (3) and (1) perpendicular to (2) is 



fit, \11i5 fill mjfnjn^/ 



and the equation to the straight line through the intersection of (I) 
and (2) perpendicular to (3) is 

nig VH ^^ ''^'%f%/ 

The point which is common to the straight lines (4), (5), and (6), 
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i.e, the orthooentre of the triangle, is easUj seen to be the point 

whose coordinates are 

/111 1 \ 

x=-a, !/=a( — + 1 1 ), 

^ \jWi m, nig mifit^i,/ 

and this point lies on the directrix. 

BXAMPLT88 ZXVm 

1. If w be the angle which a focal chord of a parabola makes with 
the axis, proTC that the length of the chord is 4a cosec' <a and that the 
perpendicular on it from the Yertez is a sin w. 

2. A point on a parabola, the foot of the perpendicular from it 
npon the directrix, and the focus are the vertices of an equilateral 
triangle. Prove that the focal distance of the point is equal to the 
latus rectum. 

3. Prove that the semi-latus-reotum is a harmonic mean between 
the segments of any focal chord. 

4. If T be any point on the tangent at any point P of a parabola, 
and if TL be pelrpendicular to the focal radius SP and TN be perpen- 
dicular to the directrix, prove that SL = TN. 

Hence obtain a geometrical construction for the pair of tangents 
drawn to the parabola from any point T. 

5. Prove that on the axis of any parabola there is a certain point 
K which has the property that, if a chord PQ of the parabola be drawn 
through it, then 

1 1 

Is the same for all positions of the chord. 

6. The normal at the point (at^^, 2ati) meets the parabola again 
in tibe point {at^, 2at^) ; prove that 

7. A chord is a normal to a parabola and is inclined at an angle 
to the axis ; prove that the area of the triangle formed by it and 
the tangents at its extremities is 4a^ sec' cosec' 0. 

8. If PQ be a normal chord of the parabola and if 5 be the focus, 
prove that the locus of the centroid of the triangle SPQ is the curve 

86ay« (Sx - 5a) - 81y*= 128a*. 

9. Prove that the length of the intercept on the normal at the 
point (at^t 2at) made by the circle which £9 descr ibed on the focal 
distance of the given point as diameter iaa tjl-j- tK 
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10. Prove that the area of the triangle formed by the normals to 
the parabola at the points {ati\ 20^^), (at,', 2at^ and (atj^ 2at,) is 

|'(«i-<3)(<3-*i)(<i-*f)(<i + «»+«s)'. 

11. Prove that the normal chord at the point whose ordinate 
is eqnal to its abscissa subtends a right angle at the focus. 

12. A chord of a parabola passes through a point on the axis 
(outside the parabola) whose distance from the vertex is half the 
latus rectum ; prove tnat the normals at its extremities meet on the 
curve. 

13. The normal at a point P of a parabola meets the curve 
again in Q, and T is the pole of PQ ; shew that T lies on the diameter 
passing through the other end of the focal chord passing through P, 
and that PT is bisected by the directrix. 

14. If from the vertex of a parabola a pair of chords be drawn hi 
right angles to one another and with these chords as adjacent sides a 
rectangle be made, prove that the locus of the further angle of the 
rectangle is the parabola 

y«=4a(«-8a). 

15. A series of chords is drawn so that their projections on a 
straight line which is inclined at an angle a to the axis are all of 
constant length c ; prove that the locus of their middle point is the 
curve 

(y" - 4ax) (y cos a + 2a sin a)' + a'c'=0. 

16. Prove that the locus of the poles of chords which subtend a 
right angle at a fixed point (A, k) is 

17. Prove that the locus of the middle points of all tangents 
drawn from points on the directrix to the parabola is 

y2(2x+a)=a(3ar + a)2. 

18. Prove that the orthocentres of the triangles formed by three 
tangents and the corresponding three normals to a parabola are 
equidistant from the axis. 

19. T is the pole of the chord PQ ; prove that the perpendiculars 
from P, T, and Q upon any tangent to the parabola are in geometrical 
progression. 

20. ^ fi and r, be the lengths of radii vectores of the parabola 
which are drawn at right angles to one another from the vertex, prove 
that 

ri4r2*=16a2(ri*+ra^. 

21. A parabola touches the sides of a triangle ABC in the points 
D, £, and F respectively ; if DE and DF cut the diameter through the 
point -4 in 6 and c respectively, prove that Bb and Gc are parallel. 
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22. Prove that all oirdes described on focal chords as diameters 
toudh the directrix of the curve, and that all circles on focal radii as 
diameters touch Uie tangent at the vertex. 

, 23. A circle is described on a focal chord as diameter ; if m be the 
tangent of the inclination of the chord to the axis, prove that the 
equation to the circle is 

\ WrJ m 

24. LOV and MOM are two chords of a parabola passing through 
a point O on its axis. Prove that the radical axis of the circles 
described on LL' and MM! as diameters passes through the vertex of 
the parabola. 

25. A circle and a parabola intersect in four points ; shew that the 
algebraic sum of the ordinates of the four points is zero. 

Shew also that the line joining one pair of these four points and 
the line joining the other pair are equally inclined to the axis. 

26. Circles are drawn through the vertex of the parabola to out 
the parabola orthogonally at the other point of intersection. Prove 
that the locus of the centres of the circles is the curve 

2y2 (2y> + a^a - 12ax) r=ax(Zx- 4a)». 

27. Prove that the equation to the circle passing through the 
points {at^y 2at^ and (at^, 2at^ and the intersection of the tan- 
gents to the parabola at these points is 

a;>+y^-aar[(ei + ta)« + 2]-ay(ti + g(l-«iy+a»«i«2(2-titj)=0. 

28. TP ai^d TQ are tangents to the parabola and the normals at P 
and Q meet at a point B. on the curve ; prove that the centre of the 
circle circumscribing the triangle TPQ lies on the parabola 

2y2=a («-«). 

29. Through the vertex A of the parabola y'=4aa; two chords AP 
and ^Q are drawn, and the circles on AP and ilQ as diameters 
intersect in R, Prove that, if ^^ , ^a, and <t> ^ ^^ angles made with 
the axis by the tangents at P and Q and by AR^ then 

cot ^1 + cot ^2 + 2 tan 0=0. 

30. A parabola is drawn such that each vertex of a given triangle 
is the pole of the opposite side ; shew that the focus of the parabola 
lies on the nine-point circle of the triangle, and that the orthocentre of 
tiie triangle formed by joining the middle points of the sides lies on 
the directrix. 



CHAPTER XL 
THE PARABOLA (continued). 



[On a first reading of this Chapter, the student may, with 
advantage, omit firom Art. 239 to the end.] 

Some ezampleB of Iioci connected with the 
Parabola. 

286. Bz. 1. Find the locus of the intenection of tangents to the 
parabola y^=^ax, the angle between them being always a given angle a. 

The straight line y=:mx + — ia always a tangent to the parabola. 
m 

If it pass throngh the point T {h, k) we 
have 

m^h-mk+a=iO (1). 

If fill and m^ be the roots of this equation 
we have (by Art. 2) 

%+wu = S (2), 



and 



miiiia = ^.. 



(3). 




and the equations to TP and TQ are then 

y=mix + — and y=in«x+— -. 
Henoe, by Art. 66, we have 

tana- *%-^ _ J{^+m^)^--^ni^fni 



l+Wlllflj 



l + TOlWI^ 



V ft* 



^-: 



4a 

h^^ ^k^-iah 
a + h 



, by (2) and (8). 
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/. A:»-4afc=(a+fc)«tan»a. 

Henoe the coordinates of the point T always satisfy the equation 

y' - ioof = (a +«)• tan' tt. 

We shall find in a later chapter that this curve is a hyperbola. 

As a particular case let the tangents intersect at right angles, so 
that f»iiii,= - 1. 

From (3) we then have ^= - a, so that in this case the point T lies 
on the straight line x=-a, which is the directrix. 

Henoe the locos of the point of intersection of tangents, which ont 
at right angles, is the directrix. 

Bz. 2. Prove that the locus of the poles of chords which are normal 
to the parabola y*=^ax is the curve 

y«(«+2a) + 4a»=0. 

Let PQ be a chord which is normal at P. Its equation is then 

yssmx-^am-an^ (1). 

Let the tangents at P and Q intersect in T, whose coordinates are 
h and k, so that we require the locus of T. 

Since PQ is the polar of the point (h, h) its equation is 

y*=2a(a;+/i) (2). 

Now the equations (1) and (2) represent the same straight line, so 
that they must be equivalent. Hence 

2a , . g 2ah 

iii=-jr-, and -2am-am'=-jr-. 

Eliminating m, t. e, substituting the value of m from the first of 
these equations in the second, we have 

4a« Sa^_2ah 
k Ifi" k ' 

i.e. *a(^^.2a)+4a»=0, 

The locus of the point T is therefore 

y»(ar+2a)+4a»=0. 

Bz. 8. Find the locus of the middle points of chords of a parabola 
which subtend a right angle at the vertex, and prove that these chords all 
pass through a fixed point on the axis of the curve. 
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First Me thod, Let PQ be any saoh chord, and let its equation be 

y=mx+c (1). 

The lines joining the vertex with the 
points of intersection of this straight line y 
with the parabola 

y»=4aa? (2). 

are given by the equation >V 

y'c = ^ax {y - mx), (Art. 122) 
These straight lines are at right angles if 
c + 4am=0. (Art. Ill) 

Substituting this value of e in (1), the 
equation to PQ is 

y=m{x-ia) (3). 

This straight line outs the axis of s at a constant distance 4a from 
the vertex, t.e. AA^=ia. 

If the middle point of PQ be {h, k) we have, by Art 220, 

*=?^ (4). 

tn ^ 

Also the point {h, k) lies on (3), so that we have 

k=m{h'-ia) (6). 

If between (4) and (5) we eliminate m, we have 

*=?^(h-4a), 

i.e. k'^=z2a{h-ia), 

so that (/», k) always lies on the parabola 

2^2= 2a (a; -4a). 

This is a parabola one half the size of the original, and whose 
vertex is at the point A' through which all the chords pass. 

Saooiid Ketbod. Let P be the point (at^^, 2at^ and Q be the point 
(a«,2, 2a«3). 

The tangents of the inclinations of AP and ^Q to the axis are 

Since AP and AQ are at right angles, therefore 



1 ?=-i 



i.e. tit,= -4 

As in Art 229 the equation to PQ is 

(«i + tj)y=2x+2otit,. 



.(6). 
.(7). 
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This meets the axis of as at a distance - at^tg, i.e., by (C), 4a, from 
the origin. 

Also, (A, k) being the middle point of PQ, we have 

and 2A;=2a(ti + y. 

Hence k^-2ah=a^{ti-\-t^^-a^(tj^ + tJ^) 

= 2a\t^=-8a\ 
so that the locus of (Ji, k) is, as before, the parabola 

Tblrd Ketbod. The equation to the chord which is bisected at 
the point (h, k) is, by Art. 221, 

k(y-k) = 2a{x-h), 

i.e. ky-2ax=k^-2ah (8). 

As in Art. 122 the equation to the straight lines joining its points 
of intersection with the parabola to the vertex is 

(A;2 - 2ah) y« = 4aa; {ky - 2ax), 

These lines are at right angles if 

{k^^2ah) + 8a^=0. 

Hence the locus as before. 

Also the equation (8) becomes 

ky-2ax= -SaK 

This straight line always goes through the point (4a, 0). 



EXAMPLES. XXTX. 

From an external point P tangents are drawn to the parabola ; find 
the equation to the locus of P when these tangents make angles 6^ and 
$2 with the axis, such that 

1. tan 6 1 + tan 6^ is constant ( = 6). 

2. tan 6j tan O^ is constant (=c). 

3. -cot $1 + cot $2 is constant (=d). 

4. ^1 + ^2 is constant ( = 2a). 

5. tan^ di + tan2 e^ is constant ( = X). 

6. cos ^1 cos $2 is constant ( = /x). 

L. 14 
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7. Two tangents to a parabola meet at an angle of 45° ; prove that 
the loous of their point of intersection is the oorve 

y»-4ax=(ar + a)2. 

II they meet at an angle of 60°, prove that the locus is 

y«-3ir«-10aa8-3a«=0. 

8. A pair of tangents are drawn which are equally inclined to a 
straight line whose inclination to the axis is a ; prove that the loous 
of their point of intersection is the straight line 

y={x-a)tB.n2a, 

9. Prove that the locus of the point of intersection of two tangento 
which intercept a given distance 4c on the tangent at the vertex is an 
equal parabola. 

10. Shew that the locus of the point of intersection of two tangents, 
which with the tangent at the vertex form a triangle of constant area . 
c\ is the curve a^ {y^ - 4aar) = 4tcW, 

11: If the normals at P and Q meet on the parabola, prove that 
the point of intersection of the tangents at P and Q lies either on a 
certain straight line, which is parallel to the tangent at the vertex, or 
on the curve whose equation is y^ (x + 2a) + 4a' = 0. 

12. Two tangents to a parabola intercept on a fixed tangent 
segments whose product is constant ; prove that the locus of tibeir 
point of intersection is a straight line. 

13. Shew that the locus of the poles of chords which subtend a 
constant angle a at the vertex is the curve 

{x + 4a)2 = 4 cot^ a (y« - 4tax). 

14. In the preceding question if the constant angle be a light angle 
the locus is a straight line perpendicular to the axis. 

15. A point P is such that the straight line drawn through it 
perpendicular to its polar with respect to the parabola ^= 4ax touches 
the parabola x*=4tby. Prove that its locus is the straight line 

2aa?+6y+4a3=0. 

16. Two equal parabolas, A and B, have the same vertex and axis 
but have their concavities turned in opposite directions ; prove that 
the locus of poles with respect to B of tangents to ii is the parabola A. 

17. Prove that the locus of the poles of tangents to the parabola 
y2=4ax with respect to the circle x^+y^ss2ax is the circle a?+y*=ax. 

18. Shew the loous of the poles of tangents to the parabola 
y^=4tax with respect to the parabola ^^=4&ac is the parabola 

» 462 
y^=-x. 
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Find the loons of the middle points of chords of the parabola 
which 

19. pass through the focus. 

20. pass through the fixed point {h, k), 
2L are normal to the curve. 

22. subtend a constant angle a at the vertex. 

23. are of given length I. 

24. are such that the normals at their extremities meet on the 
parabola. 

25. Through each point of the straight line x = my-{-h is drawn 
the chord of the parabola y^=4tax which is bisected at the point; 
prove that it always touches the parabola 

(y-2aiii)a=8ct(a;-/i). 

26. Two parabolas have the same axis and tangents are drawn to 
the second from, points on the first ; prove that the locus of the middle 
points of the chords of contact wi^ the second parabola all lie on a 
fixed parabola. 

' 27. Prove that the locus of the feet of the perpendiculars drawn 
from the vertex of the parabola upon chords, which subtend an angle 
of 45° at the vertex, is the curve 

r" - 24ar cos ^ + 16aa cos 2d = 0. 

236. To prove thcU, in general, three normals ca/n be 
drawn from any poirU to the pa/rahola and that the algebraic 
9wm of the, ordinates of the feet of these three normals is 
zero. 

The straight line 

y = mx — 2am — an 

is, by Art. 208, a normal to the 
parabola at the points whose coordi- 
nates are 

am^ and —2am. (2). 

If this normal passes through 
the fixed point 0, whose coordinates 
are h and k, we have 

A; as 9nA — 2am — am', 
i.e. am' + (2a — A)m + A; = 

14—2 
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This equation, being of the third degree, has three 
roots, real or imaginary. Corresponding to each of these 
roots, we have, on substitution in (1), the equation to a 
normal which passes through the point 0. 

Hence three normals, real or imaginary, pass through 
any point 0. 

If mi, Wa, and m^ be the roots of the equation (3), we 
have 

wij + TWa + WI3 = 0. 

If the ordinates of the feet of these normals be y^, y,, 
and y^j we then have, by (2), 

yi + ya + ys = -2a(mi + ma + 7W3) = 0. 

Hence the second part of the proposition. 

We shall find, in a subsequent chapter, that, for certain 
positions of the point 0, all three normals are real; for 
other positions of 0, one normal only will be real, and the 
other two imaginary. 

287. Bz. Find the locus of a point which is such that (a) two of 
the normals drawn from it to the parabola are at right angles, 
(P) the three normals through it cut the axis in points whose distances 
from the vertex are in arithmetical progression. 

Any nonnal is y=mx-2am-am^, and this passes through the 
point {h, k), if 

am^+(2a-h)m + k=0 (i). 

II then fill, m,, and m^ be the toots, we have, by Art. 2, 

mi+m2+m3=0, (2), 

2a -h ... 

k 
and mjm<^m^=: -- (4). 

(a) If two of the normals, say % and mg, be at right angles, we 

k 
have mimj=-l, and hence, from (4), m3=-. 

k 
The quantity - is therefore a root of (1) and hence, by substitution, 

we have 
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The locus of the point {h^ k) is therefore the parabola y^—a{x-Sa) 
whose vertex is the point (da, 0) and whose latus rectum is one-quarter 
that of the given parabola. 

The student should draw the figure of both parabolas. 

(/3) The normal y=mx- 2am - arn^ meets the axis of a; at a point 
whose distance from the vertex is ia+aw?. The conditions of the 
question then give 

(2a + am^^) + {2a + am2^ = 2(2a+am^^, 

i.e. m^+m^=2m^^ (6). 

If we eliminate m^, m^, and m^ from the equations (2), (3), (4), 
and (5) we shall have a relation between h and k. 
From (2) and (3), we have 

?^=m,m,+™,K+,n.) = m.m.-m,» (6). 

Also, (5) and (2) give 

2OT32 = (wi + ing)^ - 2OT1TO3 = TOa^ - 2niini8 , 
i.c. TO2'+2mim8=0 (7). 

Solving (6) and (7), we have 

2a-h , „ . 2a-h. 
%w*8=-3^» and m^=z-2x—^^. 

Substituting these values in (4), we have 

3a V 3a "" a' 

i.e. 21ak^=2(h-2a)\ 

so that therrequired locus is 

21ay^=2(x-2a)\ 

288. Ex. If the normals at three points P, Q, and B m£et in a 
point and S be thefocusy prove that SP.SQ,SB=a, SOK 

As in the previous question we know that the normals at the 
points (awii^, - 2awi), {am2^t-2am^ and (awig^ - 2a7W3) ^^^ ^ *^® 
point (A, k) if 

m^+m^+m^^O (1), 

2a -h 
m^m^+m^mj^+mjm^^ —^ (2), 

k 
and wii?7i2'W3= — • (3). 

By Art. 202 we have 

8P=a{l-\-m^), SQ = a(l-\-m^), and SR^aiX+m^- 
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Hence ^^'^^' ^^ =(1+%^) (1+V) (l+O 

= 1 + (TOj* + wij* + 111,2) ^ (OT,«TO,a + wi,2mi« + mi'iiij') + m^m^m^. 
Also, from (1) and (2), we have 

Wj* + wig' + wij" 3= (TOj + nia + «i,)2 - 2 (wtjWg + wijTOi + TOiifig) 

and 

= [^)\hj{l)md{2). 
Hence 1 =1 + 2 + ( I +-9 

i.tf. SP,SQ.SB=SO^.a, 

EXAMPLES. XXX. 

Find the locus of a point O when the three normals drawn from 
it are such that 

1. two of them make complementary angles with the axis. 

2. two of them make angles with the axis the product of whose 
tangents is 2. 

3. one bisects the angle between the other two. 

4. two of them make equal angles with the given line y=mx + c. 

5. the sum of the three angles made by them with the axis is 
constant. 

6. the area of the triangle formed by their feet is constant. 

7. ' the line joining the feet of two of them is always in a given 
direction. 

Tlie normals at three points P, Q, and R of the parabola y^=4ax 
meet in a point whose coordinates are h and k ; prove that 

8. the centroid of the triangle PQB lies on the axis. 

9. the point O and the orthocentre of the triangle formed by the 
tangents at P, Q, and B are equidistant from the axis. 
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10. if OP and OQ make oomplementaiy angles with the axis, then 
the tangent at B is parallel to SO, 

11. the smn of the intercepts which the normals cut off from the 
axis is 2(h+a), 

12. the sum of the squares of the sides of the triangle PQR is 
equal to 2{h-2a)(h+10a), 

13. the circle circumscribing the triangle PQR goes through the 
vertex and its equation is 2x^+2y^-2x{h+2a)-ky=0. 

14. if P be fixed, then QR is fixed in direction and the locus of 
the centre of the circle circumscribing PQR is a straight line. 

15. Three normals are drawn to the parabola ^^=4aa; cos a from 
any point lying on the straight line y = bBma, Prove that the locus 
of the orthocentre of the triangles formed by the corresponding tan- 

x^ y^ 
gents is the curve -^ + p =1, the angle a being variable. 

16. Prove that the sum of the angles which the three normals, 
drawn from any point O, make with the axis exceeds the angle which 
the focal distance of O makes with the axis by a multiple of ir. 

17. Two of the normals drawn from a point to the curve make 
complementary angles with the axis ; prove that the locus of O and 
the curve which is touched by its polar are parabolas such that their 
latera recta and that of the original parabola form a geometrical 
progression. Sketch the three curves. 

18. Prove that the normals at the points, where the straight line 
lx+my=l meets the parabola, meet on the normal at the point 



( —j^ , — =- ] of the parabola. 



19. If the normals at the three points P, Q, and R meet in a point 
and if PP", QQ\ and RRf be chords parallel to QR, RP, and PQ 
respectively, prove that the normals at P', Q\ and R' also meet in a 
poii}t. 

20. If the normals drawn from any point to the parabola cut the 
line x=2a in points whose ordinates are in arithmetical progres- 
sion, prove that the tangents of the angles which the normals make 
with the axis are in geometrical progression. 

21. PO, the normal at P to a parabola, cuts the axis in G and is 
produced to Q so that GQ=iPG; prove that the other normals 
which pass through Q intersect at right angles. 

22. Prove that the equation to the circle, which passes through the 
focus and touches the parabola ^^=4ax at the point (at^, 2at), is 

x^+y^-ax{St^+l)-ay{St-^ + SaH^=0. 
Prove also that the locus of its centre is the curve 
27ay^={2x-a)(x-5a)^. 
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23. Shew that three cirdes can be drawn to tonoh a parabola and 
also to touch at the focus a given straight line passing through the 
focus, and prove that the tangents at the point of contact with the 
parabola form an equilateral triangle. 

24. Through a point P are drawn tangents PQ and PB to a 
parabola and circles are drawn through the focus to touch the para- 
bola in Q and B respectively; prove that the common chord of these 
circles passes through the oentroid of the triangle PQB, 

25. Prove that the locus of the centre of the circle, which passes 
through the vertex of a parabola and through its intersections with a 
normal chord, is the parabola 2y^=ax-a^, 

26. A circle is described whose centre is the vertex and whose 
diameter is three-quarters of the latus rectum of a parabola ; prove 
tiiat the common c^ord of the circle and parabola bisects the distance 
between the vertex and the focus. 

27. Pn>ve that the sum of the angles which the four common 
tangents to a parabola and a circle make with the axis is equal to 
nir + 2a, where a is the angle which the radius from the focus to the 
centre of the circle makes with the axis and n is an integer. 

28. P-K and QB are chords of a parabola which are normals at P 
and Q. Prove that two of the common chords of the parabola and 
the circle circumscribing the triangle PBQ meet on the directrix. 

29. The two parabolas y^=^4ta{x-l) and a^=ia{y-V) always 
touch one another, the quantities I and V being both variable ; prove 
that the locus of their point of contact is the curve xy=^K 

30. A. parabola, of latus rectum I, touches a fixed equal parabola, 
the axes of the two curves being parallel; prove that the locus of the 
vertex of the moving curve is a parabola of latus rectum 2L 

31. The sides of a triangle touch a parabola, and two of its angular 
points lie on another parabola with its axis in the same direction ; 
prove that the locus of the third angular point is another parabola. 

239. In Art. 197 we obtained the simplest possible 
form of the equation to a parabola. 

We shall now transform the origin and axes in the 
most general manner. 

Let the new origin have as coordinates (A, k), and let 
the new axis of aj be inclined at ^ to the original axis, and 
let the new angle between the axes be o>'. 
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By Art. 133 we have for x and y to substitute 
xcoB$ + yco8(Q} +0) + A, 
and ajsin 6-^y sin (w' + 6) + k 

respectively. 

The equation of Art. 197 then becomes 
{x sin ^ + y sin (w + ^) + k}^ = 4a {a; cos ^ + y cos (o/ + 6)+ A}, 
i.e, 
{a; sin ^ + y sin (« + 0)Y + 2a; {A; sin ^ - 2a cos 6} 

+ 2y {k sin (w +0)-2a cos (w' + 0)} + k^- Aah = 

0). 

This equation is therefore the most general form of the 
equation to a parabola. 

We notice that in it the terms of the second degree 
always form a perfect square. 

240. To Ji/nd the equation, to a 'parabola^ cmy two 
tangents to it being the aocea of coordinates and the points of 
corUa/it being distant a and bfrom the origin. 

By the last article the most general form of the equa- 
tion to any parabola is 

{Ax+ Byy+2gx-\-2fy + c = (1). 

This meets the axis of a; in points whose abscissae are 
given by 

A^a^ + 2gx-\'C = (2). 

If the parabola touch the axis of a? at a distance a from 
the origin, this equation must be equivalent to 

A^{x-ay = (3). 

Comparing equations (2) and (3), we have 

^ = -^«a, and c = ^W (4). 

Similarly, since the parabola is to touch the axis of y 
at a distance b from the origin, we have 

f^^-B'b, and c^B'b' (5). 
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From (4) and (5), equating the values of c, we have 

sothat jB= + ^^ (6). 

Taking the negative sign, we have 

B = -A^, g = -A% /=-^«y, and c=A^a\ 

Substituting these values in (1) we have, as the required 
equation, 

(a \* a^ 

(M)'-?-|->=» (')• 

This equation can be written in the form 

[The radical signs in (8) can clearly have both the positive and 
negative signs prefixed. The different equations thus obtained corre- 
spond to different portions of the curve. In the figure of Art. 243, 
'the abscissa of any point on the portion PAQ is <a, and the ordinate 
< 6, so that for this portion of the curve we must take both signs 

positive. For the part beyond P the abscissa is >a, and - > ^ , so 

that the signs must be + and -. For the part beyond Q the 

ordinate is > &, and t > - > so ^^^ ^^ signs must be - and + . 

Tbere is clearly no part of the curve cdrresponding to two negative 
signs.] 



t,e. 



^.6. 
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241. If in the previous article we took the positive 
sign in (6), the equation would reduce to 



%.e. 



(M)"-^M"-«. 
(M-')'-»- 



This gives us (Fig., Art. 243) the pair of coincident 
straight lines FQ, This pair of coincident straight lines is 
also a conic meeting the axes in two ccmicident points at P 
and Q, but is not the parabola required. 

242. To find the equation to the tangent at any point 
{x\ j/) of the pcM^ahola 



V a"^V 6"" 



1. 



Let (aj", y") be any point on the curve close to (aj', y'). 
The equation to the line joining these two points is 

y-2''=!^>3' ('«-'«') <!)•' 

But, since these points lie on the curve, we have 

»that #^-T » 

v^c — ^oc fs/a 

The equation (1) is therefore 

or, by (3), 

y_y' = _^ MX&{x-^) (4). 
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The equation to the tangent at (x\ y') is then obtained 
by putting x" = od and y" = y\ and is 

Va six 

'■'■ ;^'^;fe=N^'V^' ('>• 

This is the required equation. 

[In the foregoing wa^ave assumed that (x', y^ lies on the portion 
PAQ (Fig., Art. 243). If it lie on either of the other portions the 
proper signs mnst be affixed to the radiofJs, as in Art. 240.] 

X V 

JtsL To find the condition that the straight line - + ^ = 1 may be a 
tangent. 

This line will be the same as (5), if 

f = Jax' and g=fjby^y 

Bothat >v/^ = -. and ./f=f. 

\ a a \ b b 

Hence -^ + £ = 1. 

a b 

This is the required condition; also, since xf=— and y'=.j-^ 

the point of contact of the given line is ( — » ^ ) . 

Similarly, the straight line Ix-^-my^n will touch the parabola if 

Vl ^ — 1 
al bm~~ 

243 . To find the focUB of the parabola 

Let S be the focus, the origin, and P and Q the 
points of contact of the parabola with the axes. 

Since, by Art. 230, the triangles OSF and QSO are 
similar, the angle SOP- angle SQO, 

Hence if we describe a circle through 0, Q, and S^ then, 
by Euc. III. 32, OP is the tangent to it at 6. 
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Hence *S^ lies on the circle passing through the origin 
Oj the point Q, (0, h), and touching the axis of x at the 
origin. 

Y/ 




O 

The equation to this circle is 

fl!^ + 2a3y cos o) +^ = hy (1). 

Similarly, since z SOQ = L SPO, S will lie on the circle 
through and F and touching the axis of y at the origin, 
i.e, on the circle 

of -^ 2x1/ cos io -\- y^ = ax (2). 

The intersections of (1) and (2) give the point required. 
On solving (1) and (2), we have as the focus the point 

\a' + 2ab cos w + 5* ' a' + 2ab cos « + 6"/ 

244. To find tlie equation to the axis. 

If V be the middle point of PQ, we know, by Art. 223, 
that F is parallel to the axis. 

Now V is the point f ^ , - j . 

Hence the equation to F is y = - as. 

The equation to the axis (a line through S parallel to 
O F) is therefore 

a^h h f a6^ \ 

^ a'* + 2a6cosa)+62~a V a^ + 2a6 cos <u + 67 * 

a' + 2a6 cos w + 6^ 
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245. To find the eqitation to the directrix. 

If we find the point of intersection of OP and a 
tangent perpendicular to OP, this point will (Art. 211, y) 
be on the directrix. 

Similarly we can obtain the point on OQ which is on 
the directrix. 

A straight line through the point (^ 0) perpendicular 
to OXi& 

y = m{x -/), where (Art. 93) I +m cos w = 0. 

The equation to this perpendicular straight line is 
then 

x+ycosii}=/ (1). 

This straight line touches the parabola if (Art. 242) 



a b cos (I) ' * * a+b cos w ' 

The point ( = , ) therefore lies on the directrix. 

^ \a + b cos o) / 

Similarly the point ( 0, = ) is on it. 

•^ ^ \ 6 + a cos o)/ 

The equation to the directrix is therefore 

x{a + b cos (o) + y (6 + a cos <o) = <ib cos co (2). 

The latus rectum being twice the perpendicidar distance 
of the focus from the directrix = twice the distance of the 
point 

/ ab'^ a'b \ 

V + 2a5cos<u + 6"' a^ + 2a6 cos a> + 67 
from the straight line (2) 

4a'6' sin' o> 



(a^ + 2a6 cos a) + 6«)t' 
by Art. 96, after some reduction. 

246. To find the coordinates of the vertex and the 
equation to the ta/ngent a/t the vertex. 
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The vertex is the intersection of the axis and the curve, 
i.e, its coordinates are given by 

b a a* + 2a6co8o> + 6" ^ '' 

(M -')'-? » 

From (1) and (2), we have 

^~ 4 L a'* + 2a6 cos w + 6" J ~ (a^ + 2a5 cos o> + b^)^' 
o,. M 1 a*^ (a + 6 cos o))' 

^"^■"^'y y= (««H-LcoB<o+6y 

These are the coordinates of the vertex. 

The tangent at the vertex being parallel to the directrix, 
its equation is 

, , V r aft^ (5 + a cos taf "I 

(a + 6 cos 0)) aj - — — )-— ^ 

' L a^ 4- 2a6 cos <i) + by J 

,, . r a'6 (a + 6 cos (of "I ^ 

+ (6 + a cos <i>) y - ^^^ — ^-^ ^^.r, = 0, 

L (a* + 2a6 cos (I) 4- 6*)'J 

X y ah 

+ a cos CD a-k-b cos co a' + 2a^ cos cd + 6* 
[The equation of the tangent at the vertex may also be 
written down by means of the example of Art. 242.] 

EXAMPLES. XXXT. 

1. If a parabola, whose latus rectum is 4c, slide between two 
reotangnlar axes, prove that the locus of its focus is sA/^ss^{x^+y^)y 
and that the curve traced out by its vertex is 

2. Parabolas are drawn to touch two given rectangular axes and 
tibeir foci are all at a constant distance c from the origin. Prove that 
the locus of the vertices of these parabolas is the curve 
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3. The axes being rectangular, prove that the loons of the foons 
of the parabola (- + r -l) = — r , « ai^d b being yariables such 
that ab=c^tia the curve {x^+y^y=c^. 

4. Parabolas are drawn to touch two given straight lines which 
are inclined at an angle oi ; if the chords of contact sJl pass through 
a fixed point, prove that 

(1) their directrices all pass through another fixed point, and 
(2) their foci all lie on a circle which goes through the intersection of 
the two given straight lines. 

5. A parabola touches two given straight lines at given points ; 
prove that the locus of the middle point of tiie portion of any tangent 
which is intercepted between the given straight lines is a straight 
line. 

6. TP and TQ are any two tangents to a parabola and the 
tangent at a third point B cuts them in P* and Q' ; prove that 

TP' TQ' QQ' TP' Q'R 

TP "*" TQ^ * * Q'T ~~ P'P " RP' ' 

7. If a parabola touch three given straight lines, prove that each 
of the lines joining the points of contact passes through a fixed point. 

8. A parabola touches two given straight lines ; if its axis pass 
through the point (h, k), the given lines being the axes of coordinates, 
prove that the locus of the focus is the curve 

x*-y^-hx + ky=zO. 

9. A parabola touches two given straight lines, which meet at 0, 
in given points and a variable tangent meets the giveu lines in P and 
Q respectively ; prove that the locus of the centre of the oiroumcircle 
of the triangle OPQ is a fixed straight line. 

10. The sides AB and AG of & triangle ABC are given in position 
and the harmonic mean between the lengths AB and AGis also given; 
prove that the locus of the focus of the parabola touching the sides at 
B and O is a circle whose centre lies on the line bisecting the uigle 
BAG, 

11, Parabolas are drawn to touch the axes, which are inclined at 
an angle oi, and their directrices all pass through a fixed point {h, k). 
Prove that all the parabolas touch the straight line 



h+KBeoia k + hseocj 



CHAPTER XII. 



THE ELLIPSE. 



247. The ellipse is a conic section in which the 
eccentricity e is less than unity. 

To find the eqiuUion to cm ellipse. 

Let ZK be the directrix, S the focus, and let SZ be 
perpendicular to the directrix. 




There will be a point A on SZ, such that 

SA=e,AZ. (1). 

Since e < 1, there will be another point A\ on ZS produced, 
such that 

SA' = e.A'Z , (2). 

L. 16 
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Let the length AA! be called 2a^ and let C be the middle 
point of AA\ Adding (1) and (2), we have 

'la^AA:^e(AZ^A'Z)^'l.t.CZ, 

le. CZ^^ (3). 

Subtracting (1) from (2), we have 

e{A'Z-^AZ) = SA'^SA = {SG+GA')^(CA-'CS), 

i,e, e.AA' = 2CS, 

and hence CS—a.e (4). 

Let C be the origin, CA* the axis of a?, and a line through 
C perpendicular to AA' the axis of y. 

Let P be any point on the curve, whose coordinates are 
X and y, and let PM be the perpendicular upon the directrix, 
and PN the perpendicular upon AA\ 

The focus S is the point (— a«, 0). 

The relation SF'^e', PM^ = ^ . ZN^ then gives 

{x + aef + y' = ^(x-^^\ (Art. 20), 

i^ a^(l-e*) + y» = a'(l-6"V 

a" a"(l-«') ^ ' 

If in this equation we put as == 0, we have 

shewing that the curve meets the axis of y in two points, 
B and ^, lying on opposite sides of C, such that 

Let the length CB be called 6, so that 

The equation (5) then becomes 
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248. The equation (6) of the previous article may bo 
-written 



I.e. 



b* a* a* a' 

PN^ AN.NA* 
b' " a» ' 
i.e. PN^ : AN.NA' :: BC : AC 

Def. The points A and A' are called the vertices of 
the curve, AA' is called the major axis, and BB* the minor 
axis. Also C is called the centre. 

249. Since S is the point {—ae, 0), the equation to 
the ellipse referred to S as origin is (Art. 128), 

{x^aey y* 

The equation referred to il as origin, and AX and a 
perpendicular line as axes, is 

~ir~^b'-^' 

or 6' a 
Similarly, the equation referred to ZX and ZK as axes is, 
since CZ= — , 



('-:)■ 



.g=>. 



The equation to the ellipee, whose foeas and directrix are any 
; given point and line, and whose eccentricity is known, is easily 

written down. 

For example, if the foeos be the point ( - 2, 8), the directrix be 
t the line 2x+dy+4=:0, and the eccentricity be f, the required eqaa- 

tionis 

(.+2,.+ (y-8).=(t)><^±5^. 

' i.e. 261a!»+181j/»-192a:y+1044x-2384y + 8969=0. 

!! 16—2 
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Generally, the equation to the ellipse, whose focus is tfie point 
{/, g)t whose directrix is Ax+By'\-C=0, and whose eccentrioity 

260. There exist a second focus and a second directrix 
for the curve. 

On the positive side of the origin take a point S\ which 
is such that SO =^ GS' - ae, and another point Z', such that 

ZC = CZ' = -. 
e 

Draw Z'K^ perpendicular to ZZ\ and PM' perpen- 
dicular to Z'K\ 

The equation (5) of Art. 247 may be written in the 
form 

a? - 2aex + aV + y^ = eW - 2aex + a^, 



{x-aey + y^ = e^( — xj , 



i.e, S'P^ = ^.PM\ 

Hence any point P of the curve is such that its distance 
from S' is e times its distance from Z'K\ so that we shoidd 
have obtained the same curve, if we had started with ^ as 
focus, Z'K' as directrix, and the same eccentricity. 

261 . The sum of the focal distances of any poirU on the 
curve is equal to the major axis. 

For (Fig. Art. 247) we have 

SP=e.PM, and S'P = e.PM'. 
Hence 

SP + S'P^e{PM^PM')r=e.MM' 

= e.ZZ' = 2e.CZ = 2a{Art. 247.) 
= the major axis. 
Also SP = e.PM= e.NZ=e. CZ+ e . CiTs a + ex', 
and S'P = e . PM' = e . iT^' = e . C^' - 6 . CiT = a - ex', 
where x' is the abscissa of P referred to the centre. 
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262. Mechanical construction for an ellipse. 

By the preceding article we can get a simple mechanical 
method of constructing an ellipse. 

Take a piece of thread, whose length is the major axis 
of the required ellipse, and fasten its ends at the points S 
and aS" which are to be the foci 

Let the point of a pencil move on the paper, the point 
being always in contact with the string and keeping the 
two portions of the string between it and the fixed ends 
always tight7 If the end of the pencil be moved about on 
the paper, so as to satisfy thescj^conditions, it will trace out 
the curve on the paper. FoiM^ne end of the pencil will be 
always in such a position that the sum of its distances from 
S and S' will be constant. 

In practice, it is easier to fasten two drawing pins at S 
and S\ and to have an endless piece of string whose total 
length is equal to the sum of SS' and AA\ This string 
must be passed round the two pins at aS and aS" and then be 
kept stretched by the pencil as before. By this second 
arrangement it wul be found that the portions of the curve 
near A and A' can be more easDy described than in the first 
method. 

253. Lattis-rectum qftlie ellipse. 

Let LSL^ be the double ordinate of the curve which 
passes through the focus S, By the definition of the curve, 
the semi-latus-rectum SL 

= e times the distance of L from the directrix 

= e.SZ=e(C^-CS) = e,CZ-e,CS 

= a — ae^ (by equations (3) and (4) of Art. 247) 

= -. (Art. 247.) 

254. To trace the curve 

tA-' (!)• 
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The equation may be written in either of the forms 

I — S»^ 
y^lV^-a'*'^ (2)' 

or ^ = ±«>vA-| (^)- 

From (2), it follows that if 05* > a', i.c. if oj > a or < — a, 
then y is impossible. There is therefore no part of the 
curve to the right of A* or to the left of A, 

From (3), it follows, similarly, that, if y>6 or <-5, 
X is impossible, and hence that there is no part of the curve 
above B or below B, 

If X lie between — a and + a, the equation (2) gives two 
equal and opposite values for y, so that the curve is sym- 
metrical with respect to the axis of x. 

If y lie between - h and + 6, the equation (3) gives two 
equal and opposite values for a;, so that the curve is sym- 
metrical with respect to the axis of y. 

If a number of values in succession be given to a?, and 
the corresponding values of y be determined, we shall 
obtain a series of points whi^ will all be found to lie on a 
curve of the shape given in the figure of Art. 247. 

266. The quantity -j + ^ — 1 is negative^ zero, or 

positive, according as the point {a^, y') lies within, upon, or 
without the ellipse. 

Let Q be the point {x, y'), and let the ordinate QHf 
through Q meet the curve in P, so that, by equation (6) of 
Art. 247, 

6* "" a^' 

If Q be within the curve^ then y', i,e, QN, is < PiT, so 
that 

y'« PN^ . , a^ 
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Hence, in this case, 

7;i+ AT-lw^^ga^ive. 



Similarly, if Q' be without the curve, y' > PilT, and then 
— + ^ - 1 is positive. 



a' 

266. To find the length of a radius vector from the 
centre drawn in a given direction. 

The equation (6) of Art. 247 when transferred to polar 
coordinates becomes 

r»cos»tf r«sin«tf - 
+ —,,- = 1, 



giving r* = 






ft»cos«^ + a«sin«^' 



"We thus have the value of the radius vector drawn at any 
inclination to the axis. 

Since f^=T^ — 7-^ — ,,. . ,; ;, we see that the greatest 
6' + {or — 6') sin' $ ° 

value of r is when ^ = 0, and then it is equal to a. 

Similarly, $ = 90* gives the least value of r, viz. 6. 

Also, for each value of $, we have two equal and opposite 
values of r, so that any line through the centre meets the 
curve in two points equidistant from it. 

267. Auxiliary circle. Def. The circle which is 
described on the major axis, AA\ of an ellipse as diameter, 
is called the auxiliary circle of the ellipse. 

Let ilTP be any ordinate of the ellipse, and let it be 
produced to meet the auxiliary circle in Q. 

Since the angle AQA' is a right angle, being the angle 
in a semicircle, we have, by Euc. vi. 8, QN^=^AN, NA'. 
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SO tliat 



Hence Art. 248 gives 

FN* : QN' :: BCP 
Plf BC b 



AC\ 




The point Q in which the ordinate NP meets the 
auxiliary circle is called the corresponding point to P. 

The ordinates of anj^ point on the ellipse and the 
corresponding point on the auxiliary circle are therefore to 
one another in the ratio h : a, i.e. in the ratio of the 
semi-minor to the semi-major axis of the ellipse. 

The ellipse might therefore have been defined as follows : 

Take a circle and from each point of it draw perpen- 
diculars upon a diameter ; the locus of the points dividing 
these perpendiculars in a given ratio is an ellipse, of which 
the given circle is the auxiliary circle. 

268. Eccentric Angle. Def. The eccentric angle 
of any point P on the ellipse is the angle NCQ made with 
the major axis by the straight line CQ joining the centre G 
to the point Q on the auxUiary circle which corresponds to 
the point P. 

This angle is generally called <^. 
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We have (7ir=(7Q.co8^ = aco8^, 
and I^Q = CQaia.<f>=^ a sin <li. 

Hence, by the last article, 

irp=-.ire=68in<^. 

a 

The coordinates of any point P on the ellipse are there- 
fore a cos <f> and h sin <^. 

Since F is known when ^ is given, it is often called 
" the point <^." 

269. To obtain the equation of the straight line joining 
ttoo points on the ellipse whose eccentric angles are given. 

Let the eccentric angles of the two points, P and jP, be 
^ and ^', so that the points have as coordinates 

(a cos <^, b sin ^) and (a cos ^', b sin <^'). 

The equation of the straight line joining them is 

' . , b sin di ~ b sin fh , , . 

y - 6 sin 6 = ^7 ^ (oj — a cos 6) 

^ ^acos^-acos^^ ^^ 

_b 2co8^(<^ + ^-)sin|(^--^) 

"a •2sini(^ + f)8ini(^-^')^^""'*'''*^^^ 

5 C08A(A+A'), ^. 

a sini(<^' + <^)^ ^^ 

a; <^ + <^' y . <^ + <^' ^ <A + <^' • ^ • <^ + <^' 

- cos ^ Q + J- sm ^ ^ = cos ff> cos ^ + sm ^ sin ^ 

= cos[^-*-^l'] = cosi^' (1). 

This is the required equation. 

Oor. The points on the auxiliary circle, corresponding to P and 
P', have as coordinates (a cos 0, a sin 0) and (a cos 0', a sin 0'). 

The equation to the line joining them is therefore (Art. 178) 
a 2 a 2 2 
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This straight line and (1) dearly make the same intercept on the 
major axis. 

Henoe the straight line joining any two points on an ellipse, and 
the straight line joining the corresponding points on the anziliary 
oirde, meet the major axis in the same pomt. 
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1. Find the equation to the ellipses, whose centres are the 
origin, whose axes are the axes of coordinates, and which pass 
through (a) the points (2, 2), and (8, 1), 

and (fi) the points (1, 4) and (-6, 1). 

Find the equation of the ellipse referred to its centre 

2. whose latus rectum is 5 and whose eccentricity is $, 

3. whose minor axis is equal to the distance between the foci and 
whose latus rectum is 10, 

4. whose foci are the points (4, 0) and (-4, 0) and whose 
eccentricity is ). 

5. Find the latus rectum, the eccentricity, and the coordinates 
of the foci, of the ellipses 

(1) a;»+%»=a«, (2) 6a^+4y«=l, and (3) 9a:« + 5y»-30y=0. 

6. Find the eccentricity of an ellipse, if its latus rectum be equal 
to one half its minor axis. 

7. Find the equation to the ellipse, whose focus is the point 
(-1, 1), whose directrix is the straight line x-y+S^O, and whose 
eccentricity is }. 

8. Is the point (4, - 3) within or without the ellipse 

6x2+7y»=ll? 

9. Find the lengths of, and the equations to, the focal radii drawn 
to the point (4 ^^3, 5) of the ellipse 

26««+16y«=1600. 

10. Prove that the sum of the squares of the reciprocals of two 
perpendicular diameters of an ellipse is constant. 

11. Find the inclination to the major axis of the diameter of the 
ellipse the square of whose length is (1) the arithmetical mean, 
(2) the geometrical mean, and (3) the harmonical mean, between the 
squares on the major and minor axes. 

12. find the locus of the middle points of chords of an ellipse 
which are drawn through the positive end of the minor axis. 

13. Prove that the locus of the intersection of AP with the 
straight line through A' perpendicular to A*P is a straight line which 
is perpendicular to the major axis. 
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14. Q 18 the point on the auxiliary oirde ooneqmnding to P on 
the ellipse; PLMia drawn parallel to CQ to meet the axes in JL and if ; 
prove ^t PL=b and PM=a, 

15. Prove that the area of the triangle formed by three points on 
an dlipse, whose eccentric angles are ^, 0, and f , is 

Joftsm^^sm^^sin-^. 

Prove also that its area is to the area of the triangle formed by the 
corresponding points on the auxiliary circle as 6 :a, and hence that 
its area is a maximnm when the latter triangle is equilateral, i,e. when 

16. Any point P of an ellipse is joined to the extremities of the 
major axis; prove that the portion of a directrix intercepted by them 
subtends a right angle at the corresponding focus. 

17. Shew that the perpendiculars from the centre upon aU chords, 
wMch join the ends of perpendicular diameters, are of constant 
length. 

18. If a, /9, 7, and 9 be the eccentric angles of the four points of 
intersection of the ellipse and any oirde, prove that 

a + /3+7 + 8 is an even multiple 
of IT radians. 

[See Trigonometry, Part II, Art. 31.] 

19. The tangent at any point P of a circle meets the tangent at a 
fixed point A in T, and T is joined to B, the other end of the 
diameter through A ; prove that the locus of the intersection of AP 

and BT is an ellipse whose eccentricity is -.^ . 

20. From any point P on the ellipse, PN is drawn perpendicular 
to the axis and produced to Q, so that NQ equals PS, where 8 ish 
focus; prove that the locus of Q is the two straight lines y ^ex + a=0. 

21. Given the base of a triangle and the sum of its sides, prove 
that the locus of the centre of its incirde is an ellipse. 

22. With a given point and line as focus and directrix, a series 
of ellipses are described; prove that the locus of the extremities of 
their minor axes is a parabola. 

23. A line of fixed length a+ & moves so that its ends are always 
on two fixed perpendicular straight lines; prove that the locus of a 
point, which divides this line into portions of length a and h, is an 
ellipse. 

24. Prove that the extremities of the latera recta of all ellipses, 
having a given major axis 2a, lie on the parabola a^^^aiy^a). 
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260. To find ike irUersecUans of any straight line with 
the ellipse 

^S- <')• 

Let the equation of the straight line be 

y=maj + c (2). 

The coordinates of the points of intersection of (1) and 
(2) satisfy both equations and are therefore obtained by 
solving them as simidtaneous equations. 

Substituting for y in (1) from (2), the abscissae of the 
points of intersection are given by the equation 



a^ (mx + «)*_- 



Le. x" {a^m" + b') + 2a^7ncx + a' (c" -b') = (3). 

This is a quadratic equation and hence has two roots, 
real, coincident^ or imaginary. 

Also corresponding to each value of x we have from (2) 
one value of y. 

The straight line therefore meets the curve in two points 
real, coincident, or imaginary. 

The roots of the equation (3) are real, coincident, or 
imaginary according as 

(2a'mc)"— 4 (6'+a'm') x a" (c^-h^) is positive, zero, or negative, 

i,e, according as h'^(b^+a^m^)—b*c^ is positive, zero, or negative, 

i.e. according as c* is < = or > a*w»' + 6*. 

261. To fi/nd tlie length of the chord intercepted by the 
ellipse on the straight line y = mx + c. 

As in Art. 204, we have • 

2ahnc J aHc'-b^) 

ajj + a^ = - ^—- — - and oc^x^ = — s— = — ^ , 

^, ^ ^ab^a^m^ + b^-cF 
so that «,-«:, = ^J?TF— • 
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The length of the required chord therefore 

262. To find the equcUion to the tangent €U any point 
(x\ y') of the eU,vpse, 

Let P and Q be two points on the elKpse, whose coordi- 
nates are («', y) and (x", y"). 

The equation to the straight line PQ is 

y-y'=ra<*-^') <i>- 

Since both P and Q lie on the ellipse, we have 

%-%-^ (2). 

and^+^ = l (3). 



Hence, by subtraction, 
a* 






On substituting in (1) the equation to any secant PQ 
becomes 

y-y=-S^(*--') w- 

To obtain the equation to the tangent we take Q 
indefinitely close to P, and hence, in the limit, we put 
aj" = x' and y" = y\ 
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The equation (4) then becomes 

The required equation is therefore 

Oor. The equation to the tangent is therefore ob- 
tained from the equation to the curve by the rule of 
Art. 152. 

263. To find the eqtuitian to a tangent in terms of the 
tangent o/its inclination to the major aads. 

As in Art. 260, the straight line 

y = mx + c (1) 

meets the ellipse in points whose abscissae are given by 

ic" (6« + a«»/»«) + 2tnca«aj + a« (c» - 6«) = 0, 

and, by the same article, the roots of this equation are 

coincident if 

c = slahn? + h\ 

In this case the straight line (1) is a tangent, and 
it becomes 

yasmx+VaHns+b^ (2). 

This is the required equation. 

Since the radical sign on the right-hand of (2) may 
have either + or — prefixed to it, we see that there are two 
tangents to the ellipse having the same m, i,e, there are 
two tangents parallel to any given direction. 

The above form of the equation to the tangent may be deduced 
from the equation of Art. 262, as in the ease of the parabola 
(Art. 206). It will be fonnd that the point of contact is the point 



/ ~a%n ft* \ 
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264. By a proof similar to that of the last article, it 
may be shewn that the straight line 

a; cos a + ^ sin fit =/> 

touches the ellipse, if 

pSssa>coiSa + bSiin>a. 

Similarly, it may be shewn that the straight line 
Ix + my = n 
touches the ellipse, if a*P + h*m^ = n^, 

266. ^qtuUion to tlie tangent at the paint wlioae 
eccentric angle is ^ 

The coordinates of the point are (a cos ^, b sin ^). 

Substituting a/ = a cos ^ and y' = b sin ^ in the equation 
of Art. 262, we have, as the required equation, 



loo»^+^tin^ = l (1). 



This equation may also be deduced from Art. 259. 

For the equation of the tangent at the point "^" is 
obtained by making ^' = <^ in the result of that article. 

Bz. Find the intersection of the tangentt at the points 4> and 4>\ 
The equations to the tangents are 

-COS0+? sm 0-1=0, 
a o 

and - cos 0'+? sin 0'- 1=0, 

a 

The required point is found by solving these equations. 

We obtain 

X y 

ah -1 1 



8in0- 
i.e. 


X 


COS0'- 


OOS0 


8in0'co80- 


-OOS0' 


sin0 


8in(0- 
1 


-fY 


2a cos 


+ 0' 

2 


sm^ 


2&8U 


.*^''.-n* 


2 


.^* 


i^ 


4,-4, 
2 
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Hence x=a — f- y' \' , and y = 6 — ttT— Tt? • 

266. Eqvxxtion to the normal <U the point {x\ y'). 

The required normal is the straight line which passes 
through the point (a^, y') and is perpendicular to the 
tangent, i,e, to the straight line 

Its equation is therefore 

y-%/ =m{x''X% 

where m ( — ^A = — 1, t.e. w = j~-, , (Art. 69). 

aV 
The equation to the normal is therefore y-y' = -j&j (x - a:'), 

267. EqtuUion to the normal at the point whose eccentric 
angle is ^ 

The coordinates of the point are a cos ^ and b sin ^ 

Hence, in the result of the last article putting 

x' =a cos <^ and y' = b sin <^, 

■ , as — a cos ^ y — baiDifh 

it becomes . ^ = i , , 

cos 9 sin 9 

a b 

cos 9 sin^ 

The required normal is therefore 

az sec ^ — by cosec ^ = a> — b>. 



SUBTANGENT AND SUBNORMAL. 

#268. Equation to the normal in the form yssmx + c. 
The equation to the normal at {x\ y') is, as in Art. 266, 
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Let rA = w, so that - = r5- • 

Hence, since (a/, y') satisfies the relation -j + ja = 1» ^^ obtain 
b% 

The equation to the normal is therefore 

{a^-b^m 

y^'^-'ja^Vb^m^' 

This is not as important an equation as the corresponding equa- 
tion in the case of the parabola. (Art. 208.) 

When it is desired to have the equation to the normal expressed 
in terms of one independent parameter it is generally better to use 
the equation of the previous article. 

269. To Jlnd the length of tJie mbtangent and avh- 
normal. 




Let the tangent and normal at P, the point (x\ y'), 
meet the axis in T and G respectively, and let FN be the 
ordinate of P. 



L. 



16 
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The equation to the tangent at P is (Art. 262) 

^'+2^:^!. (1). 

To find where the straight line meets the axis we put 
y = and have 

i,e. CT,CN=a^=CA^ (2). 

Hence the subtangent NT 

X X 

The equation to the normal is (Art, 266) 
x-x' y-y* 

5^ "* y' * 

To find where it meets the axis, we put y = 0, and have 
x^x' -y' . ^, 

le. CG = x = x'--^a/=^^^-^x'=eKx' = e\CN...{S). 
a* or ^ ^ 

Hence the subnormal NG 

= CN-CG = {l-e')CN, 

i.e. NG::NC::\-e':\ 

:: ¥ : a\ (Art. 247.) 

Cor. If the tangent meet the minor axis in t and Pn 
be perpendicular to it, we may, similarly, prove that 

Ct.Gn = h\ 

270. Some prop«rtiM of the olIipM. 

(a) 8G=:e,8Pf and the tangent and normal at P bisect the 
external and internal angles between the focal distances of P, 

By Art. 269, we have CG-eV* 
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Hence 8G=SG+CG=ae+e^x'=e,SP,hy Ait. 251. 

Also S'G=CS' - CG==e(a-exf)=e . S'P. 

Hence SG : S'G-i : SP : S'P. 

Therefore, by Euc. vi, 3, PG bisects the angle SP8\ 

It follows that the tangent bisects the exterior angle between 
SP and S'P. 

(p) If SY and S'Y' be the perpendiculars from the foci upon the 
tangent at any point P of the ellipse, then Y and T lie on the auxiliary 
circle, and SY. S'Y' = Iy^. AUo CY and S'P are parallel. 

The equation to any tangent is 

a; cos a +^ sin 0=21 (1), 



Sirhere p = ^a^ cos* a+b^ sin^ a (Art. 264) . 

The perpendicular SY to (1) passes through the point {-ae, 0) 
and its equation, by Art. 70, is therefore 

(a: + ae)sina-ycosa=0 (2). 

If r be the point {h, k) then, since Y lies on both (1) and (2), we 

have 

% cos a+ A;sin o= A^a^cos^ a+ft* sin^a, 

and /i sin a - A: cos a= - a« sin a= - jja^ - b^ sin a. 

Squaring and adding these equations, we have h^-\-k^=a% so that 
Y lies on the auxiliary circle x^+y^=a\ 

Similarly it may be proved that Y' lies on this circle. 

Again S is the point ( - ae, 0) and S' is {ae, 0). 

Hence, from (1), 

8Y=p + ae cos a, and S'T-p-ae cos o. (Art. 76.) 

Thus SY . S'r=p^ - aV cos^ a 

=a2cos2o+62sin2a-(a2-62)cos'*tt 

'CN* 



Also CT=^,, 



and therefore S'T^^-a^^ ^^^'f^ . 

CN CN 

CT _ a CY 

'' S'T" a-e.CN"^ S'P* 

Hence CY and S'P are parallel. Similarly CY* and SP are 
parallel. 
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(7) If the normal at any point P meet the major and minor aaees 
in G and g^ and if CF be the perpendicular upon this normal, then 
PF.PQ=b^ and PF.Pg=aK 

The tangent at any point P (the point ** 0'*) is 

-cos 0+1 sin ^=1. 
a ^ b ^ 



Henoe PF= perpendicular from C upon this tangent 
1 ab 



(1). 



The normal at P is 

ax 
cos sin 



/cos^ Bin«0 ^b^ooa^ip+a^Bi^^ip '" 

=a2-62 (2). 

If we put y=0, we have CG= cos <p, 

/ a^ — b^ \' 

.-. PG«=(acos0 COS0J +63sm20 

= -5COs20 + 63gin2 0, 

i.e. PG = - V^'^osV+'^wn^. 

From this and (1), we have PF.PG=zb^. 

If we put x=0 in (2), we see that g is the point 

(0, ^— Bin.^j. 

(a'^ — b* \' 

6sin0+ — .— sin^j , 

so that Pg=^ Jb^ cos* <p+a^ sin* 0. 

From this result and (1) we therefore have 
PF. Pg=a\ 

271 • To find the locus of the 'point of intersection of 
tangents which meet at right angles. 

Any tangent to the ellipse is 

y = mx + ^ahn^ + 6^ 
and a perpendicular tangent is 
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Hence, if (h, k) be their point of intersection, we have 

k-mh=s/^MTb^ (1), 

and mk + h=J^^T¥m\.... (2). 

If between (1) and (2) we eliminate wi, we shall have a 
relation between h and k. Squaring and adding these 
equations, we have 

(Ar^ + h^) (1 + m«) = (a» + 6«) (1 + m% 

i.e. h^ + k?=^a' + h\ 

Hence the locus of the point (A, k) is the circle 

i.e, a circle, whose centre is the centre of the ellipse, and 
whose radius is the length of the line joining the ends 
of the major and minor axis. This circle is called the 
Director Circle. 



EXAMPLES. XXXni. 

Find the equation to the tangent and normal 

1. at the point (1, |) of the ellipse 4a?2+9y2=20, 

2. at the point of the ellipse 5a;^+3^'=:137 whose ordinate is 2, 

3. at the ends of the latera recta of the ellipse 9a;»+ 16^2= 144, 

4. Prove that the straight line ^=^ + V/? touches the ellipse 

3a;2 4.4y2=l. 

5. Find the equations to the tangents to the ellipse 4x^+31/2=5 
which are parallel to the straight line i/=3a; + 7. 

Find also the coordinates of the points of contact of the tangents 
which are inclined at 60° to the axis of x, 

6. Find the equations to the tangents at the ends of the latera 
recta of the ellipse -§ + T2 = 1» ^^^ shew that they pass through the 
intersections of the axis and the directrices. 

7. Find the points on the ellipse such that the tangents there 
are equally inclined to the axes. Prove also that the length of the 
perpendicular from the centre on either of these tangents is 



V ^~- 



246 COORDINATE GEOMETRY. [EXS. 

8. In an ellipse, referred to its centre, the length of the snb- 
tangent corresponding to the point (3, ^) is Vi prove that the 
eccentricity is {. 

9, Prove that the sum of the squares of the perpendicnl ars on 
any tangent from two points on the minor axis, each distant Ja^-l^ 
from the centre, is 2a^. 

10. Find the equations to the normals at the ends of the latera 
recta, and prove that each passes through an end of the minor axis if 

11. If any ordinate MP meet the tangent at It in Q, prove that 
MQ and SP are equal. 

12. Two tangents to the ellipse intersect at right angles; prove 
that the sum of the squares of Uie chords which the auxHiary circle 
intercepts on them is constant, and equal to the square on &e line 
joining the foci. 

13. If P be a point on the ellipse, whose ordinate is y\ prove 
that the angle between the tangent at P and the focal distance of P 

IS tan * — ; . 
aey' 

14. Shew that the angle between the tangents to the ellipse 
-g + ^ = 1 and the circle x'^+y^=ah at their points of intersection is 

a-h 

15. A circle, of radius r, is concentric with the ellipse; prove 
that the common tangent is inclined to the major axis at an angle 

tan~^ A / -s — 5 and find its length. 

16. Prove that the common tangent of the ellipses 

a^ y^ 2x , JB* 1/' 2aj ^ 
a^ l^ c b^ or c 

subtends a right angle at the origin. 

17. Prove that PQ.Pg=SP. ST, and GG,CT= GS^. 

18. The tangent at P meets the axes in T and t, and CF is the 
perpendicular on it from the centre; prove that (1) Tt.PY=^a^-h\ 
and (2) the least value of Tt is a +6. 

19. Prove that the perpendicular from the focus upon any tangent 
and the line joining the centre to the point of contact meet on the 
corresponding directrix. 

20. Prove that the straight lines, joining each focus to the foot of 
the perpendicular from the other focus upon the tangent at any 
point P, meet on the normal at P and bisect it. 
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21. Prove that the circle on any focal distance as diameter touches 
the auxiliary circle. 

22. Find the tangent of the angle between CP and the normal at 
P, and prove that its greatest value is . 

23. Prove that the straight line lai-\'my=n is a normal to the 

24. Find the locus of the point of intersection of the two straight 

Unes - - | + t=0 and - + ^- 1=0. 
ah ah 

Prove also that they meet at the point whose eccentric angle is 
2tan-i«. 

25. Prove that the locus of the middle points of the portions of 
tangents included between the axes is the curve 

^si + ya-'*- 

26. Any ordinate NP of an ellipse meets the auxiliary circle in 
Q\ prove that the locus of the intersection of the normals at P and 
Q is the circle oj* + y* = (a + 6)2. 

27. The normal at P meets the axes in Q and g ; shew that the 
loci of the middle points of PQ and Gg are respectively the ellipses 

^^g^ + %^\, and a>^+6V=i («'-»»)'. 

28. Prove that the locus of the feet of the perpendicular drawn 
from the centre upon any tangent to the ellipse is 

i^^a^ cos2 ^ + 62 sinS ^. [jj^^ ^^^. 264.] 

29. If a number of ellipses be described, having the same major 
axis, but a variable minor axis, prove that the tangents at the ends of 
their latera recta pass through one or other of two fixed points. 

30. The normal GP is produced to Q, so that GQ=n. GP. 
Prove that the locus of Q is the elUpse ^^(^^^2,^2)2 + ^2 = 1- 

31. If the straight line y=smx+e meet the ellipse, prove that the 
equation to the circle, described on the line joining the points of 
intersection as diameter, is 

(ahn^+h^){x^+y*)-k-2ma^cx'-21)^cy+c^(a^+h^)-a^l^(l+m^)=0, 

32. PM and PN are perpendiculars upon the axes f^om any point 
P on the ellipse. Prove that MN is always normal to a fixed 
concentric ellipse. 
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33. Prove that the stun of the eocentrio angles of the extremities 
of a chord, which is drawn in a given direction, is constant, and 
equal to twice the eccentric angle of the point at which the tangent is 
parallel to the given direction. 

34. A tangent to the ellipse —3 + ^ = 1 meets the ellipse 

in the points P and Q\ prove that the tangents at P and Q are at 
right angles. 

272. To prove that through any given point (ajj, y^ 
there pass, in general^ two tangents to cm ellipse. 

The equation to any tangent is (by Art. 263) 

y = mx + »Ja^m^ + h^ (1). 

If this pass through the fixed point (a^, ^j), we have 

2/1 — mx^ = sja^m^ + h^, 

i, e. yi^ - 2mx^i + m*a\^ = a^m^ + b^, 

i.e. m^Xi''--a*)- 2mxjy, + (y^^^h^) = (2). 

For any given values of a^ and y^ this equation is in 
general a quadratic equation and gives two values of m 
(real or imaginary). 

Corresponding to each value of m we have, by sub- 
stituting in (1), a different tangent. 

The roots of (2) are real and different, if 

(- 2x^iy - 4 (xi^ ~ a^) (yi^ ~ b^) be positive, 

i.e, if b^oci^ + a^yi^ — a^b^ be positive, 

x^ V* 
i,eAi "^ + ^ •" 1 ^ positive, 

i,e, if the point (x^, y-^ be outside the curve. 
The roots are equal, if 

6 V + aS/i - o^b^ 
be zero, i.e. if the point (as^, y^ lie on the curve. 
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The roots are imaginary, if 






be negative, i,e, if the point (ajj, y^) lie within the curve 
(Art. 255). 

273. Equation to the chord of contact of tangents 
dravyn from a point (a^, y^). 

The equation to the tangent at any point Q^ whose 
coordinates are x' and y\ is 

Also the tangent at the point i?, whose coordinates are 
x" and y, is 

a» "*" h^ " 

If these tangents meet at the point T, whose coordi- 
nates are x{ and y^, we have 

d" ^ h^ " ^ ^' 

and ^' + ^^ = 1 (2). 

The equation to QR is then 

5+^-1 (3)- 

For, since (1) is true, the point (a;', y') lies on (3). 

Also, since (2) is true, the point (x'\ y") lies on (3). 

Hence (3) must be the equation to the straight line 
joining {x', y') and (a?", y"), i. e, it must be the equation to 
QR the required chord of contact of tangents from (aji, y^, 

274. To find the eqiuation of the polar of the point 
{^ij Vi) ^*^^* respect to tlie ellipse 



S^S=l- {^rt.l^%] 



a' V- 
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Let Q and H be the points in which any chord drawn 
through the point (ajj, y^) meets the ellipse [Fig. Art. 214]. 

Let the tangents at Q and B meet in the point whose 
coordinates are (h, k). 

We require the locus of (A, A;). 

Since QH is the chord of contact of tangents from 
(A, k), its equation (Art. 273) is 

o^,yk_. 

Since this straight line passes through the point {x^^ y^), 
we have 






(1). 



Since the relation (1) is true, it follows that the point 
{hy k) lies on the straight line 



5'+S^=l (2)- 



Hence (2) is the equation to the polar of the point 
(aJi, yi). 

Cor. The polar of the focus (oc, o) is 

a e 

i,e. the corresponding directrix. 

276. When the point (osi, y^ lies outside the ellipse, 
the equation to its polar is the same as the equation of the 
chord of contact of tangents from it. 

When (a?!, y^ is on the ellipse, its polar is the same as 
the tangent at it. 

As in Art. 215 the polar of (o^, y^ might have been 
defined as the chord of contact of the tangents, real or 
imaginary, drawn from it. 

276. By a proof similar to that of Art. 217 it can be 
shewn that If the pola/r of P pass th/rough Ty tlien the polar 
of T passes through P, 
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277. To find the coordinates of the pole of any given 
line 

Ax'hBy+C=^0 (1). 

Let (xi, yi) be its pole. Then (1) must be the same as 
the polar of {x^, y^), i,e, 

?-f-i=o (2)- 

Comparing (1) and (2), as in Art. 218, the required pole 
is easily seen to be 






278. To find the equation to the pair of tangents tJiat 
can he drawn to the eitipsefrom the point (ajj, y^. 

Let (A, h) be any point on either of the tangents that 
can be drawn to the ellipse. 

The equation of the straight line joining (A, k) to 
(aji, yi) is 

h — Xi h — oci 

If this straight line touch the ellipse, it must be of the 
form 

y-=-mx + Ja'm^ + b\ (Art. 263.) 
Hence 

r.J^, and ft-^ V^aW-ny. 
h-oci \ h — x^ J 

But this is the condition that the point (A, k) may lie 
on the locus 

{^i-x^y^a^{y-y^y + h^x-x,Y (1). 

This equation is therefore the equation to the required 
tangents. 
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It would be found that (1) is equivalent to 

279. To find the locus of tlve middle points of parallel 
chords of the ellipse. 

Let the chords make with the axis an angle whose 
tangent is m, so that the equation to any one of them, 
QR, is 

y = mx-\-c (1), 

where c is different for the different chords. 




This straight line meets the ellipse in points whose 
abscissae are given by the equation 

u? (nix + c)* _ - 

i.e, a^{aJ'm^'\-b') + 2a^mcx + a'(c'-b^)=^0 (2). 

Let the roots of this equation, i,e, the abscissae of Q 
and JR, be x^ and x^y and let F, the middle point of QJRy be 
the point (A, k). 

Then, by Arts. 22 and 1, we have 
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Also V lies on the straight line (1), so that 

k = mh + c (4). 

If between (3) and (4) we eliminate c, we have 
J _ a^m (k — mh) 
^'~ aW + b' ' 

i, e, hVi = — a^mk (5). 

Hence the point (h, k) always lies on the straight line 

y-^-n'^ <«>• 

The required locus is therefore the straight line 

y = m^x, where wii == — ,— , 
am 

ue. mm.- — -„ (7). 

or ^ ' 

280. Equation to the chord whose middle point is (h^ k). 

The required equation is (1) of the foregoing article, where m and 

c are given by equations (4) and (5), so that 

y^h . a^k^+b^h^ 

ni= — 57, ana c= 5^ , 

a^k a^k 

The required equation is therefore 

b^h ggftg+yftg 

It is therefore parallel to the polar of (h^ k). 

281. Diameter. Def. The locus of the middle 
points of parallel chords of an ellipse is called a diameter, 
and the chords are called its double ordinates. 

By equation (6) of Art. 279 we see that any diameter 
passes through the centre C, 

Also, by equation (7), we see that the diameter y == ^rijX 
bisects all chords parallel to the diameter y = mx, if 

mm,=^--^ (1). 
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But the symmetry of the result (1) shows that, in this 
case, the diameter y = mx hisects all chords parallel to the 
diameter y = rOiX, 

Such a pair of diameters are called Conjugate Diameters. 
Hence 

Coi^Ugate Diameters. Def. Two diameters are 
said to he conjugate when each hisects all chords parallel 
to the other. 

Two diameters y = mx and y = mjX are therefore con- 
jugate, if 

V 
mii4 = -p. 

282. The tcmgent ctt the extremity of any diameter is 
pa/rcUlel to the chords which it bisects. 

In the Figure of Art. 279 let {x', y') be the point P on 
the ellipse, the tangent at which is parallel to the chord 
QR^ whose equation is 

y = ma5 + c (1). 

The tangent at the point («', y') is 

~^^~^-^ (^>- 

Since (1) and (2) are parallel, we have 

ay 

i,e, the point (a?', y') lies on the straight line 

c^m 

But, by Art. 279, this is the diameter which bisects QR 
and all chords which are parallel to it. 

Cor. It follows that two conjugate diameters CT and 
CD are such that each is parallel to the tangent at the 
extremity of the other. Hence, given either of these, w© 
have a geometrical construction for the other. 
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283. The tcmg&rUs at the ends of any chord meet on the 
diameter which bisects the chord. 

Let the equation to the chord QR (Art. 279) be 

y = 'mx-\- c (1). 

Let T be the point of intersection of the tangents at Q 
and Ry and let its coordinates be h and k. 

Since QR is the chord of contact of tangents from jT, its 
equation is, by Art. 273, 

a»^6«"^ ^^^• 

The equations (1) and (2) therefore represent the same 
straight line, so that 

i. e, (hy k) lies on the straight line 

which, by Art. 279, is the equation to the diameter bisect- 
ing the chord QR, Hence T lies on the straight line CP, 

284. If the eccentric angles of the ends, P and Dyofa 
pair of conjugate diameters he ^ amd ^', then ^ and <f> differ 
by a rigid angle. 

Since P is the point (a cos ^, h sin ^), the equation to 
CPis 

y = x , - tan^ (1), 

a 

So the equation to CD is 

y-x, -tan </>' (2). 

a 

These diameters are (Art. 281) conjugate if 

h^ , W 

-^tan<^tan<^ =- -J, 

L e. if tan <^ = - cot «^' = tan {<f> ± 90";, 

i.e. if ^-^'= + 90% 



256 
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Cor. 1. The points on the auxiliary circle correspond- 
ing to P and D subtend a right angle at the centre. 

For if p and d be these points then, by Art. 258, we 
have 

LpCA' = <^ and l dCA' = <f>\ 
Hence 

LpCd^ LdCA' - LpCA' ^ <!>-<!>' = 90\ 

Cor. 2. In the figure of Art. 286 if P be the point <t>, 
then D is the point ^ + 90** and />' is the point ^ - 90". 

285. From the previous article it follows that if P be 
the point {a cos ^, b sin ^), then J) is the point 

{a cos (90** + <l>), h sin (90** + <f>)} L e, (— a sin <^, b cos <f>). 

Hence, if PN and DM be the ordinates of P and Z>, 
we have 

irp_ C^ nd— - — 



286. 7/* PCP' and DGD' be a pair of conjugate dia- 
meterSy then (1) CP^ + CD^ is' constant^ and (2) ths area of 
the parallelogram formed by the tangents at the ends of these 
diameters is constant. 
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Let P be the point ^, so that its coordinates are a cos ^ 
and h sin <^. Then D is the point 90° + <^, so that its co- 
ordinates are 

a cos (90** + <i>) and h sin (90" + <^), 
i,e, — a sin ^ and h cos <^ 

(1) We therefore have 

CP^ = a" cos« </) + 6^ sin* <^, 
and CD^ = a^ sin* <^ + 6* cos* </>, 

Hence (7P* + Ci>" = a*+ 6* 

= the sum of the squares of the semi-axes of the ellipse. 

(2) Let KLMN be the parallelogram formed by the 
tangents at P, i>, P', and D' , 

By Euc. I. 36, we have 

area KLMN = 4 . area CPKD 

= i,CU.PK=-iCU.CD, 

where CU ia the perpendicular from C upon the tangent 

at P. 

. Now the equation to the tangent at P is 

oc It 

- cos ^ + T sin ^ - 1 =^ 0, 

ah 

so that (Art. 75) we have 

1 ah ab 

CU= 



/cos* 



</> sin*<^ ^a* sin* </> + &* cos* </> CD' 



6* 

Hence CU.CD^ah. 

Thus the area of the parallelogram KLMN = iah, 

which is equal to the rectangle formed by the tangents 
at the ends of the major and minor axes. 

287. The product of the focal distances of a 'point P is 
equal to the square on the semtdiameter parallel to the tangeoit 
at P. 

If P be the point ^, then, by Art. 251, we have 

SP=a + aeooait>, and S' P = a — ae qos <f>. 

L. 17 
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Hence SP . S'F = o" - aV cos* <^ 

= a"-(a»-62)cos»«^ 
= a' sin' ^ + 6' cos" ^ 

288. Bx. If P and D be the ends of conjugate diameters, find 
the locus of 

(1) the middle point of PD, 

(2) the intersection of the tangents at P and D, 

and (3) the foot of the perpendicular from the centre upon PD, 
Pis the point (aoos^, bsia^) and D is (-asin^, booB^), 

(1) If {Xf y)he the middle point of PD, we have 

aoos0-a8in0 , bmixd>+booBd> 

'= — ^ — -' ">* y= — ^ — -■ 

If we eliminate <f> we shall get the required locos. We obtain 

^ + p=i[(cos0-sin0)2+(sin0+oos0)2]=J. 

The locus is therefore a concentric and similar ellipse. 
[N.B. Two ellipses are similar if the ratios of their axes are the 
same, so that they have the same eccentricity.] 

(2) The tangents are 

-cos0+|sin0=l, 

and --sin 0+1 cos 0=1. 

Both of these equations hold at the intersection of the tangents. 
If we eliminate </> we shall have the equation of the locus of their 
intersections. 

By squaring and adding, we have 

^' + y'-2 

so that the locus is another similar and concentric ellipse. 

(3) By Art. 269, on putting 0'=9O°+0, the equation to PD is 

^ cos (46°+0)+|sin (46°+0)=cos45°. 

Let the length of the perpendicular f^om the centre be p and let it 
make an angle a; with the axis. Then this line must be equiyalent to 
X COS (a +y an <a=p. 
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Comparing the equations, we have 

,^^^ , acosaioos45° . . ,._o . ,. 68inwcoi45*' 
cos(46®+0) = , and Bin(45'*+0) = . 

Hence, by squaring and adding, 2p*=a^oos'w + 6"sin^(a, i.e. the 
locus required is the curve 

2r»=a2oo8»^ + 6»sin2^, %,e, 2(a:«+y«)«=o«aj«+6»y«. 

289. EquiconjugcUe dicmieters. Let F and D be ex- 
tremities of equiconjugate diameters, so that CF^ -- CD\ 

If the eccentric angle of P be <^, we then have 
rt^ cos' <f> + h^ sin' ^ = a* sin' ^ + 6* cos' <^, 
giving tan' ^ = 1, 

i,e, <^ = 45^ or 135°. 

The equation to GF is then 

y = x ,- tan ^, 

*.«. y = ±-a' (l)i 

and that to (7Z> is y = - a; - cot <^, 

ie, ^^^a^ ^^^' 

If a rectangle be formed whose sides are the tangents 

at A, A', B, and B' the lines (1) and (2) are easily seen to 

be its diagonals. 

The directions of the equiconjugates are therefore along 

the diagonals of the circumscribing rectangle. 

The length of each equiconjugate is, by Art. 286, 



\/"2— 



290. Supplemental chords. Def. The chords 
joining any point F on an ellipse to the extremities, i? and 
Ji\ of any diameter of the ellipse are called supplemental 
chords. 

SwppilemenUd chords a/re parallel to conjugate diameters, 

17—2 
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Let P be the point whose eccentric angle is ^, and K 
and R' the points whose eccentric angles are ^ and 
180'' + ^. 

llie equations to PR and PR' are then (Art. 259) 

a^~^^^h 2 ~ 2 ^^^' 




and 

i.,. _-sint±^+|cos^=sint;^...(2). 

a 2 6 2 2 ^ ' 

The " m " of the straight line (1) = — cot "^^^ . 
The " m " of the line (2) = ^ tan ^^ . 

Ob Z 

The product of these " m's " = - -^ , so that, by Art. 281, 
the lines PR and PR' are parallel to conjugate diameters. 

This proposition may also be easily proved geometrically. 

For let V and F' be the middle points of TB. and PJ2'. 

Since V and C are respectively the middle points of B.F and J2J^, 
the line CV is parallel to PJR'. Similarly CF' is parallel to FIL 

Since CF bisects TB, it bisects all chords parallel to TB., i.e. all 
chords parallel to CF'. So CV bisects all chords parallel to CV. 

Hence CFand CF' are in the direction of conjugate diameters and 
therefore PR' and PR, being parallel to CV and CV respectively, are 
parallel to conjugate diameters. 
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291. To find the equcUion to an ellipse referred to a 
pair of conjugate diameters. 

Let the conjugate semi-diameters be CP and CD (Fig. 
Art. 286), whose lengths are a' and b' respectively. 

If we transform the equation to the ellipse, referred to 
its principal axes, to . CF and CD as axes of coordinates, 
then, since the origin is unaltered, it becomes, by Art. 134, 
of the form 

Aaf + 2Hxi/+By'=:^l (1). 

Now the point P, {a\ 0), lies on (1), so that 

Aa"=^l (2). 

So since Q, the point (0, h'), lies on {1), we have 

Bb" = h 

Hence ^ = -75 , and B=:t^. 

a o 

Also, since CP bisects aU chords parallel to CDy there- 
fore for each value of x we have two equal and opposite 
values of y. This cannot be unless H = 0, 

The equation then becomes 

Cor. If the axes be the equiconjugate diameters, the 
equation is a^ + 2/* = a". ' The equation is thus the same in 
form as the equation to a circle. In the case of the ellipse 
however the axes are oblique. 

292. It will be noted that the equation to the ellipse, 
when referred to a pair of conjugate diameters, is of the 
same form as it is when referred to its principal axes. 
The latter are merely a particular case of a pair of conjugate 
diameters. 

Just as in Art. 262, it may be shewn that the equation 
to the tangent at the- point (x\ y') is 
X7^ yy' 

Similarly for the equation to the polar. 
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Bz. If QVQ' be a double ordinate of the diameter CP, and if the 
tangent at Q meet CP in T, then CV, CT= CF^. 

If Q be the point {x\ y'), the tangent at it is 

a'* 
Patting y = 0, we have a; = — ^ , 

t.e. GT-^-~, 

t.«. GV.CT=CP». 

EXAMPLES. XZZIV. 

1. In the ellipse o^ + ^ — h find the equation to the chord which 
passes through the point (2, 1) and is bisected at that point. 

2. Find, with respect to the ellipse 4x^ + 7t^^= 8, 

(1) the polar of the point ( - i, 1), and 

(2) the pole of the straight line 12a; + 7^ + 16 = 0. 

3. Tangents are drawn from the point (3, 2) to the ellipse 
a^+iy^^^. Find the equation to their chord of contact and the 
equation of the straight line joining (3, 2) to the middle point of this 
chord of contact. 

4. Write down the equation of the pair of tangent^ drawn to the 
ellipse ^^+2y^=z5 from the point (1, 2), and prove tlkt the angle 

between them is tan"! — ^ . 
o 

x^ v^ ' 

5. In the ellipse -o + t5=1, write down the equations to the 

a* €r 

diameters which are conjugate to the diameters whose equations are 
a;-y=0, aj+y=0, y=r«, and y=-x, 

6. Shew that the diameters whose equations are y + 3a;=0 and 
iy-x=iOt are conjugate diameters of the ellipse 3;c^+4y^=5. 

7. If the product of the perpendiculars from the foci upon the 
polar of P be constant and equal to e', prove that the locus of P is the 
ellipse l^a^ (c^ + a^t?) + c'^a^'^=^ a*6*. 

8. Shew that the four lines which join the foci to two points P 
and Q on an ellipse all touch a circle whose centre is the pole of PQ. 
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9. If the pole of the normal at P lie on the normal at Q, then 
shew that the pole of the normal at Q lies on the normal at P. 

10. CK is the perpendicolar from the centre on the polar of any 
point P| and PM is the perpendicular from P on the same polar and 
is produced to meet the ma]or axis in L, Shew that (1) GK . PL — 6^, 
and (2) the product of the perpendiculars from the foci on the polar 

What do these theorems become when P is on the ellipse ? 

11. In the previous question, if PN be the ordinate of P and the 
polar meet the axis in T, shew that CL=:e'^. CN and CT , CN= a\ 

12. If tangents TP and TQ be drawn from a point T, whose 
coordinates are h and h, prove that the area of the triangle TPQ is 

and that the area of the quadrilateral CPTQ is 

13. Tangents are drawn to the ellipse from the point 

prove that they intercept on the ordinate through the nearer focus a 
distance equal to the major axis. 

14. Prove that the angle between the tangents that can be drawn 
from any point (x^, yi) to the ellipse is 

15. If T be the point (x^, yi)^ shew that the equation to the 
straight lines joining it to the foci, S and S% is 

{Xjy - xyi)^ - aV {y - 2/i)«=0. 
Prove that the bisector of the angle between these lines also 
bisects the angle between the tangents TP and TQ that can be drawn 
from T, and hence that 

lSTP=^l8'TQ. 

16. If two tangents to an ellipse and one of its foci be given, prove 
that the locus of its centre is a straight line. 

17. Prove that the straight lines joi ning the centre to the inter- 
sections of the straight line 2/ =wmj + a/ — 5 vdth the ellipse are 

conjugate diameters. 
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18. Any tangent to an ellipse meets the direot<^ drole in p and d ; 
proYe that Cp and Cd are in the directions of oonjogate diameters of 
the ellipse. 

19. If CP be conjugate to the normal at Q, prove that CQ is 
conjugate to the normal at P. 

20. If ft fiz^ straight line parallel to either axis meet a pair of 
conjiijgate diameters in the points K and L, shew that the circle 
described on KL as diameter passes through two fixed points on the 
other axis. 

21. Prove that a chord which joins the ends of a pair of conjugate 
diameters of an ellipse always touches a similar ellipse. 

22. The eccentric angles of two points P and Q on the ellipse are 
if>i and 4>2 ; prove that ti^e area of the parallelogram formed by the 
tangents at the ends of the diameters through P and Q is 

4a&cosec(^-02)> 
and hence that it is least when P and Q are at the end of conjugate 
diameters. 

23. A pair of conjugate diameters is produced to meet the 
directrix ; shew that the orthocentre of the triangle so formed is at 
the focus. 

24. If the tangent at any point P meet in the points L and V 
(1) two parallel tangents, or (2) two conjugate diameters, 

prove that in each case the rectangle LP . PL' is equal to the square 
on the semidiameter which is parallel to the tangent at P. 

25. A point is such that the perpendicular from the centre on its 
polar with respect to the ellipse is constant and equal to c ; shew that 
its locus is the ellipse 

26. Tangents are drawn from any point on the ellipse -3 + p =1 

to the circle x^+y^=:r^; prove that the chords of contact are tangents 
to the ellipse a^x^+ bhf*=r^. 

If -^ = -§ + p , prove that the lines joining the centre to the points 

of contact with the circle are conjugate diameters of the second 
ellipse. 

27. CP and GD are conjugate diameters of the ellipse ; prove that 
the locus of the orthocentre of the triangle CPD is the curve 

2 (62^2 + a%2)8= («« - 62)9 (jsj^a _ ^3a4»)2. 

28. If circles be described on two semi-conjugate diameters of the 
ellipse as diameters, prove that the locus of their second points of 
intersection is the curve 2((x?+yY=:a^+ll^^. 
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293. To prove thcU, in general, four normals ccm he 
drawn from any point to am, ellipse, and that the sum of the 
eccentric angles of their feet is equal to an odd multiple of 
two right angles. 

The normal at any point, whase eccentric angle is <f>, is 

COS <f> sin tp 

If this normal pass through the point (A, k), we have 

ah hk ,, 

T r—T^d^^ (1). 

cos^ sin<^ ^ ' 

For a given point (A, U) this equation gives the 
eccentric angles of the feet of the normals which pass 
through (A, k). 

Let tan ^ = ^, so that 

1 + tan^ ^ 1 + tan^ ^ 

Substituting these values in (1), we have 

i.e, hki^ + 2^{ah-\-a*e')'\'2t(ah-a*^)^hk = (),..{2). 

Let <i, <2, <3, and t^ be the roots of this equation, so that, 

by Art. 2, 

^ah + a^e^ ..^, 

^ + ^+<8 + «4 = -2— gjp- (3), 



« ^^ + ^^ + V4 + <A + <A + V4=0 (4), 

«A<4 + Wi + Wa + W3 = -2^5^^^ (5), 

and <iW4 = -l (6). 
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Hence {Trigoruymetry, Art. 125), we have 

.. 2 =^^+2' 

and hence <^i + <fe + ^s + ^4 = (2n + 1) ^ 

= an odd multiple of two right angle& 

294. We shaU conclude the chapter with some ex- 
amples of loci connected with the ellipse. 

Bz. 1. Find the locus of the intersection of tangents at the ends 
of chords of an eUipse^ which are of constant length 2c. 

Let QE be any such chord, and let the tangents at Q and R meet 
in a point P, whose coordinates are {h^ k). 

Since QR is the polar of P, its equation is 

a2+ 62--^ • l^)- 

The abscisssa of the pomts in which this straight line meets the 
ellipse are given by 



(■-5)'-S('-S). 

x^ /h' in 2xh , fc» „ 



If Xi and ^2 be the roots of this equation, i.e. the absdsssa of Q 
and 22, we have 

^i+^=W+^2;fe2» and ^i^a=W+^2;fe2-. 



.-. (a^-^J»=(x,+^,)»-4^,a;,= (62;,2^^2fe2)a • 

If pi and ^2 be the ordinates of Q and P, we have from (1) 

and ^4.3^9^-1 

so that, by subtraction, 

¥h, . 



.(2). 
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The condition of the question therefore gives 

_ 4:{a*k^+b*h^)(h^h^+a'^k^-a^l)!^) 
Hence the point (ft, k) always lies on the ourve 

which is therefore the locus of P. 

Bz. 2^ Find the locus (1) of the middle points^ and (2) of the poles, 
of normal chords of the ellipse. 

The chord, whose middle point is (ft, A;), is parallel to the polar of 
{hy h), and is therefore 

(^-^)J,+(y-*)J=o (1). 

If this he a normal, it must be the same as 

oa;seo^-6yoosec^=a2-6'* (2). 

We therefore have 

g sec ^ ~& oosec $ o^ - 6^ 

ft "■ & "~^TF' 

80 that cos#=^^-,-j-^(^_, + pj, 

Hence, by the elimination of 0, 

The equation to the required locus is therefore 

Again, if (xt , y{) be the pole of the normal chord (2), the latter 
equation must be equivalent to the equation 

"^■^■^-^ ^^^- 

Comparing (2) and (3), we have 

a'sec^ ft'cosec^ 



yi 



■=a2-62, 



sothat l=cos«. + sin2.= (| + ^,)^„ 
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and hence the required loons is 

Bz. 8. Chords of the ellipse -^ + rg = 1 always touch the concentric 

and coaxal ellipse -g + ^a^ ^ ' fi^ *** ^^'^^^ ^/ *^^^ poles. 
Any tangent to the second ellipse is 



y=mx+Jahn^+^ (1). 

Let the tangents at the points where it meets the first ellipse meet 
in (h, k). Then (1^ must be the same as the polar of (h, k) with 
respect to the first ellipse, i.e. it is the same as 



.(2). 



^2 + 52 ^-" 

Since (1) and (2) coincide, we have 

m -1 Jahii^ + el^ 

r=T=— Ti — 

Hence wi=--^t, and iJa^m^+^=-r, 

Ejliminating m, we have 

i,e, the point {h, k) lies on the ellipse 

a^ 6^ 
i^. on a concentric and coaxal ellipse whose semi-axes are — and — 

a p 

respectiyely. 

EXAMPLES. ZXXV. 

The tangents drawn from a point P to the ellipse make angles 0^ 
and 02 ^^ ^0 major axis ; find the locus of P when 

1. ^1+^2 is constant (=2a). [Compare Ex, 1, Art. 235.] 

2. tan ^1 + tan 02 is constant ( = c). 

3. tan ^1 - tan ^2 is constant (=d), 

4. tan^ 01 + tan^ ^2 is constant ( = X). 
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Find the locus of the intersection of tangents 

5. which meet at a given angle a. 

6. if the sum of the eccentric angles of their points of contact 
be equal to a constant angle 2a. 

7. if the difference of these eccentric angles be 120°. 

8. if the lines joining the points of contact to the centre be 
perpendicular. 

9. if the sum of the ordinates of the points of contact be equal to b. 
Find the locus of the middle points of chords of an ellipse 

10. whose distance from the centre is the constant length c. 

11. which subtend a right angle at the centre. 

12. which pass through the given point (A, Js), 

13. whose length is constant {=2c), 

14. whose poles are on the auxiliary circle. 

15. the tangents at the ends of which intersect at right angles. 

16. Prove that the locus of the intersection of normals at the 
ends of conjugate diameters is the curve 

2 (a^x^ + 62y2)S ^ (^2 _ 52)2 ^a^^i _ 52^2^2. 

17. Prove that the locus of the intersection of normals at the ends 
of chords, parallel to the tangent at the point whose eccentric angle is 
a, is the conic 

2 {ax Bm a + hy COB a) {ax cos a-b&y sin a)=:{a^-l^)^ sin 2a cos^ 2a. 
If the chords be parallel to an equiconjugate diameter, the locus 
is a diameter perpendicular to the other equiconjugate. 

18. A parallelogram circumscribes the ellipse and two of its 
opposite angular points lie on the straight lines a^s=h^; prove that 
the locus of the omer two is the conic 






19. Circles of constant radius c are drawn to pass through the 
ends of & variable diameter of the ellipse. Prove that the locus of 
their centres is the curve 

20. The polar of a point P with respect to an ellipse touches a 
fixed circle, whose centre is on the major axis and which passes 
through the centre of the ellipse. Shew that the locus of P is a 
parabola, whose latus rectum is a third proportional to the diameter 
of the circle and the latus rectum of the ellipse. 

21. Prove that the locus of the pole, with respect to the ellipse, of 

3^ v^ 1 
any tangent to the auxiliary circle is the curve -4 + n = i • 
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22. Shew that the locos of the pole, with respect to the atudliaiy 
circle, of a tangent to the ellipse is a similar concentric ellipse, 
whose major axis is at right angles to that of the original ellipse. 

23. Chords of the ellipse touch the parabola a^'= -26^ ; prove 
that the loons of their poles is the parabola ay^=2^x, 

24. Prove that the sum of the angles that the four normals 
drawn from any point to an ellipse make with the axis is equal to 
the sum of the angles that the two tangents from the same point 
make with the axis. 

[Use the equation of Art. 268.] 

25. Triangles are formed by pairs of tangents drawn from any 
point on the dlipse 

a2a^+ 6ay«= (a2+ 52)2 to the eUipse ^ + ^= 1, 

and their chord of contact. Prove that the orthocentre of each such 
triangle lies on the ellipse. 

26. An ellipse is rotated through a right angle in its own plane 
about its centre, which is fixed ; prove that the locus of the point of 
intersection of a tangent to the ellipse in its original position with 
the tangent at the same point of the curve in its new position is 

27. If Y ftnd Z be the feet of the perpendiculars from the foci 
upon the tangent at any point P of an eUipse, prove that the tangents 
at Y and Z to the auxiliaiy circle meet on the ordinate of P and that 
the locus of tiieir point of intersection is another ellipse. 

28. Prove that the directrices of the two parabolas that can be 
drawn to have their foci at any given point P of the ellipse and to 
pass through its foci meet at an angle which is equal to twice the 
eccentric angle of P. 

29. Chords at right angles are drawn through any point P of the 
ellipse, and the line joining their extremities meets the normal in the 
point Q. Prove that Q is the same for all such chords, its 

coordmates bemg ^.^^ and ^a+^a • 

Prove also that the major axis is the bisector of the angle PCQy 
and that the locus of Q for different positions of P is the ellipse 



^2+ t2""\^a2+6V * 



CHAPTER XIII. 

THE HYPERBOLA. 

295. The hyperbola is a Conic Section in which the 
eccentricity e is greater than unity. 

To find the eqtuition to a hyperbola. 

Let ZK be the directrix, S the focus, and let SZ be 
perpendicular to the directrix. 

There will be a point A on AZ, such that 

SA=e.AZ (1). 
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Since e>l, there will be another point A\ on /S!^ pro- 
duced, such that 

SA' = e.A'Z. (2). 

Let the length AA' be called 2a, and let C be the middle 
point of A A', 

Subtracting (1) from (2), we have 
2a = AA' = e.A'Z'-e.AZ 

= e[CA' + CZ]--e[CA^CZ] = e.2CZ, 

le, CZ=- (3). 

Adding (1) and (2), we have 

e{AZ-^A'Z) = SA' + SA = 2CS, 
i.e. e.AA' = 2.CS, 
and hence CS = ae (4). 

Let C be the origin, CSX the axis of x, and a straight 
line CY, through C perpendicular to CX, the axis of y. 

Let P be any point on the curve, whose coordinates are 
X and y, and let PM be the perpendicular upon the directrix, 
and PJi the perpendicular on AA\ 

• The focus S is the point (oe, 0). 

The relation SP^ = ^, PM^ = ^ . ZJ!P then gives 

{x-aey-¥y^ = ^\ x , ♦ 

Le. a^ — 2a,ex-{-a^e^-{-y^ = €^Qi^—2aex + a\ 

Hence a:=(c«-l)-.3/« = a«(6»-l), 

i.e. ^- »/f iv = l (5)- 

Since, in the case of the hyperbola, o 1, the quantity 
a* (e'— 1) is positive. Let it be called 6*, so that the equa- 
tion (5) becomes 

r2-S=^ <^)' 

where 6« = aV-a» = C/S^-.C^» (7), 

and therefore C/S^'sa' + i* (8). 
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296. The equation (6) may be written 

PN^ AN.NA 

so that PN^ : AN , NA' :: h^ : a\ 

If we put x = in equation (6), we have y^ = — h^^ 
shewing that the curve meets the axis CJT in imaginary 
points. 

Def. The points A and A' are called the vertices of the 
hyperbola, C is the centre, A A' is the transverse axis of the 
curve, whilst the line BB' is called the conjugate axis, 
where B and B' are two points on the axis of y equidistant 
from (7, as in the figure of Art. 315, and such that 
B^G=CB = h. 

207. Since 8 is the point {ae, 0), the equation referred to the 
focus as origin is, by Art. 128, 

(x+ae)^ y^_^ 

Similarly, the equations, referred to the vertex ^ and foot of the 
directrix Z respectively as origins, will be found to be 

^ -2-I2 + — =0, 

, a;2 2/2 2a; , 1 

and -5-f2+ — =1~"2- 

a^ 0^ ae e^ 

The equation to the hyperbola, whose focus, directrix, and eccen- 
tricity are any given quantities, may be written down as in the case 
of the eUipse (Art. 249). 

298. There eodst a second focus and a second directrix 
to the cv/rve. 

On BO produced take a point aS", such that 
SC=^CS'^ae, 
and another point Z\ such that 



ZG=CZ'=-, 



18 
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Draw Z'M' perpendicular to AA\ and let PM be pro- 
duced to meet it iu M' . 

The equation (5) of Art. 295 may be written in the 
form 

a? + laex + aV + y^ — e^a? + 2aex + a\ 

i.e, (x + asf -^y^ = ^\- ^■x\ , 

ix, S'P" = e" {Z'G + CNf = e" . PM'\ 

Hence any point P of the curve is such that its distance 
from aS" is e times its distance from Z'K\ so that we should 
have obtained the same curve if we had started with S' as 
focus, Z'K' as directrix, and the same eccentricity e. 

299. The difference of the focal distances of any point 
on the hyperbola is equal to the transverse axis. 

For (Fig., Art 295) we have 

SP = e,PM, and S'P = e.PM\ 
Hence S'P- SP = e{PM' - PM) = e, MM' 

= e,ZZ' = 'le,GZ=2a 
= the transverse axis A A'. 
Also SP = e.PM=e.ZA^=e,CN-e.CZ=ex'^Q,, 

and S'P = e. PM' = e . Z'l^ = e ,CI^+ e .ZV = ex^ +^, 

where x' is the abscissa of the point P referred to the centre 
as origin. 

300. Latus-rectum of the Hyperbola. 

Let LSU be the latus-rectum, i.e. the double ordinate 
of the curve drawn through aS'. 

By the definition of the curve, the semi-latus-rectum SL 

= e times the distance of L from the directrix 

= e.SZ=e{CS-CZ) 

b^ 

= e.QS-eCZ=ae^-a^-, 
a 

by equations (3), (4), and (7) of Art. 295. 



THE HYPERBOLA. 275 

301. To trace the curve 

%'i'' <» 

The equation may be written in either of the fonns 

y^^^J^^ ^^>' 

or a; = ±a^|J+l (3). 

From (2), it follows that, if a? < a\ i.e. if x lie between a 
and — a, then y is impossible. There is therefore no part 
of the curve between A and A\ 

For all values of x^ > a^ the equation (2) shews that 
there are two equal and opposite values of y, so that the 
curve is symmetrical with respect to the axis of x. Also, 
as the value of x increases, the corresponding values of y 
increase, until, corresponding to an infinite value of aj, we 
have an infinite value of y. 

For all values of y, the equation (3) gives two equal 
and opposite values to aj, so that the curve is symmetrical 
with respect to the axis of y. 

If a number of values in succession be given to x, and 
the corresponding values of y be determined, we shall 
obtain a series of points, which will all be found to lie on a 
curve of the shape given in the figure of Art. 295. 

The curve consists of two portions, one of which extends 
in .an infinite direction towards the positive direction of 
the axis of x, and the other in an infinite direction towards 
the negative end of this axis. 

X'^ «/'2 

302. The quantity — 2 — T2 — 1 *^ positive^ zero, or 

, negative, according as the point {x\ y') lies within, upon, 

or without, the curve. 

Let Q be the point (a/, 't/), and let the ordinate QN 

18—2 
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through Q meet the curve in P, so that, by equation (6) of 
Art. 295, 

and hence —,„- = -tt — 1. 

(r €? 

If C be within the curve then y\ i,e, QNy is less than 
PN, so that ^ < — ^ , Le, < -j - 1. 

Hence, in this case, — r — t? > ^i *'^* ^^ positive. 
Similarly, if $ be without the curve, then y > PN^ and 
we have — j — ^ — 1 negative. 

303. To find the length of any cenf>ral radius drawn in 
a given direction. 

The equation (6) of Art 295, when transferred to polar 
coordinates, becomes 

\a^ ~F"j~ ' 



r" 
1 cos^^ sin^^ co&^O/h^ 



(^-t*"'<') (!)• 



This is the equation giving the value of any central 
radius of the curve drawn at an inclination to the trans- 
verse axis. 

So long as tan^ ^ < -j , the equation (1) gives two equal 
a 

and opposite values of r corresponding to any value of 0. 

For values of tan* ^ > -5 , the corresponding values of 
a 

3 are negative, and the corresponding values of r imaginary. 
Any radius drawn at a greater inclination than tan"^- 
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does not therefore meet the curve in any real points, 'so 
that all the curve is included within two straight lines 

drawn through C and inclined at an angle ± tan~* - to CX, 
Writing (1) in the form 



cos?0 



Jf^y 



we see that r is least when the denominator is greatest, i.e. 
when ^ = 0. The radius vector CA is therefore the least. 

Also, when tan ^ = ± - , the value of r is infinite. 
a 

For values of between and tan"^ - the corresponding 

positive values of r give the portion AR oi the curve (Fig., 
Art. 295) and the corresponding negative values give the 
portion A'Bf, 

For values of $ between and - tan"^ - , the positive 

values of R give the portion AR^y and the negative values 
give the portion A^R^. 

The ellipse and the hyperbola since they both have a 
centre (7, such that all chords of the conic passing through 
it are bisected at it, are together called Central Conics. 

304. In the hyperbola any ordinate of the curve does 
not meet the circle on A A' as diameter in real points. 
There is therefore no real eccentric angle as in the case of 
the ellipse. 

When it is desirable to express the coordinates of any 
point of the curve in terms of one variable, the substitutions 

X = a sec ^ and y = b tan ^ 

may be used; for these substitutions clearly satisfy the 
equation (6) of Art. 295. 

The angle <j> can be easily defined geometrically. 

On A A' describe the auxiliary circle, (Fig., Art. 306) 



278 COORDINATE GEOMETRY. 

aAd from the foot iT of any ordinate NP of the curve draw 
a tangent NU to this circle, and join CU, Then 

CU^CNcosNGU, 

i,e. X = ON = a sec NCU, 

The angle NCU is therefore the angle </>. 

Also NU= (7Z7 tan «^ = a tan </>, 

so that NP : NU :: b : a. 

The ordinate of the hyperbola is therefore in a constant 
ratio to the length of the tangent drawn from its foot to 
the auxiliary circle. 

This angle (f> is not so important an angle for the 
hyperbola as the eccentric angle is for the ellipse. 

305. Since the fundamental equation to the hyper- 
bola only differs from that to the ellipse in having — b^ 
instead of b\ it will be found that many propositions for 
the hyperbola are derived from those for the ellipse by 
changing the sign of b\ 

Thus, as in Art. 260, the straight line y = mx + c meets 
the hyperbola in points which are real, coincident, or 
imaginary, according as 

<^> = <a^m^-'b\ 

As in Art. 262, the equation to the tangent at (x\ j/) is 

As in Art. 263, the straight line 

y = mx + sld^w? — b^ 
is always a tangent. 
The straight line 

X cos a + 2/ sin a —jp 
is a tangent, if ^* = a* cos'* a - 6* sin^ a. 

The straight line Ix + ray = n 
is a tangent, if n^ = a^^ - b^m\ [Art. 264.] 



PROPERTIES OP THE HYPERBOLA. 
The normal at the point {x\ y) is, as in Art. 266, 
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x—x 

X 



y-y 



306. With some modifications the properties of* Arts. 
269 and 270 are true for the hyperbola also, if the 
corresponding figure be drawn. 

In the case of the hyperbola the tangent bisects the 
interior, and the normal the exterior, angle between the 
focal distances SF and 8'P, 



\ ^ 


mi 


\ 


^^-Xk .^''( 


:' Am ^f 


SI G 



It follows that, if an ellipse and a hyperbola have the 
same foci B and aS", they cut at right angles at any common 
point F, For the tangents in the two cases are respec- 
tively the internal and external bisectors of the angle SFS'y 
and are therefore at right angles. 

307. The equation to the straight lines joining the 
points (a sec <^, h tan <^) and (a sec <^', h tan ^') can be 
shewn to be 



-cos-?-— T- 
a 2 






> + <^' 
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Hence, by putting if> = ^, it follows that the tangent at 
the point (a sec <^, 5 tan <^) is 

X y . 

Y- sin <f> = cos fh' 

It could c y be shewn that the equation to the 
normal is 

ax sin ^ + 6y = (a^ + b^) tan <^. 

308. The proposition of Art. 272 is true also for the 
hyperbola. 

As in Art. 273, the chord of contact of tangents 
from (aji, y^) is 

^ _ ?^i - 1 
a" b^ ~ 

As in Art. 274, the polar of any point (a^, y^) is 

As in Arts. 279 and 281, the locus of the middle 
points of chords, which are parallel to the diameter y = mx, 
is the diameter y = m^x^ where 

b^ 

The proposition of Art. 278 is true for the hyperbola 
also, if we replace h^ by — b\ 

309. Director circle. The locus of the intersection 
of tangents which are at right angles is, as in Art. 271, 
found to be the circle aj^ + y^ = a'* — 6^, i.e. a circle whose 
centre is the origin and whose radius is Ja^ - 5*. 

If b^ < a\ this circle is real. 

If b^ = a\ the radius of the circle is zero, and it reduces 
to a point circle at the origin. In this case the centre is 
the only point from which tangents at right angles can be 
drawn to the curve. 

If b^ > a% the radius of the circle is imaginary, so that 
there is no such circle, and so no tangents at right angles 
can be drawn to the curve. 
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310. Equilateral^ or Rectangular^ Hyperbola. 

The particular kind of hyperbola in which the lengths 
of the transverse and conjugate axes are equal is called an 
equilateral, or rectangular, hyperbola. The reason for the 
name "rectangular" will be seen in Art. 31.8. 

Since, in this case, 5 = a, the equation tc Jhe equilateral 
hyperbola, referred to its centre and axes, is a^ -j/^ = a\ 

The eccentricity of the rectcmgvla/r hypelrbola is J2. 

For, by Art. 295, we have, in this case, 

a^ or 

so that e — J% 

811. Bz. The perpendiculars from the centre upon the tangent 
and normal at any point of the hyperbola -5 ~ ?2 = 1 meet them in Q 
and R, Find the loci of Q and R. 
As in Art. 308, the straight line 

X OOB a+y^na=p 
is a tangent, if p^=a^ cos^ a - 6^ gin* a. 

But p and a are the polar coordinates of Q, the foot of the perpen- 
dicular on this straight line from C. 

The polar equation to the locus of Q is therefore 
t^=a^oos'^0-h^Bin^0, 
i.e,, in Cartesian coordinates, 

{x^+y^^=a^x^-1yhf^ 
If the hyperhola he rectangular, we have a=&, and the polar 
equation is 

r2 = o2 (cos2 e - sin2 $) = a^ cos 20. 
Again, by Art. 307, any normal is 

ax Bin ^-\- by ={a^+b^) tan <f> (1). 

The equation to the perpendicular on it from the origin is 

6a: -ay sin 0=0 (2). 

If we eliminate 0, we shall have the locus of R. 

bx 
Prom (2), we have sin0= — , 

ay' 

sin <p bx 

and then tan d>= 1 ==' = t == 

Substituting in (1) the locus is 

(x^ + y2)8 (a2y« - 6%«) = (a2 + b^)* xhf\ 
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EXAMPLES. XXX VI, 

Find the equation to the hyperbola, referred to its axes as axes of 
coordinates, 

1. whose transverse and conjugate axes are respectively 3 and 4, 

2. whose conjugate axis is 5 and the distance between whose foci 
is 13, 

3. whose conjugate axis is 7 and which passes through the point 
(3. -2), 

4. the distance between whose foci is 16 and whose eccentricity 

5. In the hyperbola 4a:^- 9|^^=36, find the axes, the coordinates 
of the foci, the eccentricity, and the latus rectum. 

6. Find the equation to the hyperbola of given transverse axis 
whose vertex bisects the distance between the centre and the focus. 

7. Find the equation to the hyperbola, whose eccentricity is |, 
whose focus is (a, 0), and whose directrix is 4x - 3y =a. 

Find also the coordinates of the centre and the equation to the 
other directrix. 

8. Find the points common to the hyperbola 25^^-9^^=225 
and the straight line 25a; + 12^-45=0. 

9. Find the equation of the tangent to the hyperbola ix^ - 9y^= 1 
which is pandlel to the line 4^ = 5a; + 7. 

10. Prove that a circle can be drawn through the foci of a 
hyperbola and the points in which any tangent meets the tangents at 
the vertices. 

11. An ellipse and a hyperbola have the same principal axes. 
Shew that the polar of any point on either curve with respect to the 
other touches the first curve. 

12. In both an ellipse and a hyperbola, prove that the focal 
distance of any point and the perpendicular from the centre upon the 
tangent at it meet on a circle whose centre is the focus and whose 
radius is the semi-transverse axis. 

XV a; 1/ 1 

13. Prove that the straight lines — f-=m and - + 1 = - always 

a b a h m 

meet on the hyperbola. 

14. Find the equation to, and the length of, the common tangent 

x^ v^ v^ x^ 

to the two hyperbolas -5 - ?t, = 1 and —^- to=1. 

15. In the hyperbola 16x2 -9^2= 144, find the equation to the 
diameter which is conjugate to the diameter whose equation ib x=2y. 
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16. Find the equation to the chord of the hyperbola 

25a;3-16y«=400 
which is bisected at the point (5, 8). 

17. In a rectangular hyperbola, prove that 

18. the distance of any point from the centre varies inversely as 
the perpendicular from the centre npon its polar. 

19. if the normal at P meet the axes in O and g, then PO =Pg= PC, 

20. the angle subtended by any chord at the centre is the 
supplement of the angle between the tangents at the ends of the 
chord. 

21. the angles subtended at its vertices by any chord which is 
parallel to its conjugate axis are supplementary. 

22. The normal to the hyperbola -2-^ = 1 meets the axes in M 

and N, and lines MP and NP are drawn at right angles to the axes ; 
prove that the locus of P is the hyperbola 

23. If one axis of a varying central conic be fixed in magnitude 
and position, prove that the locus of the point of contact of a tangent 
drawn to it from a fixed point on the other axis is a parabola. 

24. If the ordinate MP of a h3rperbola be produced to Q, bo that 
MQ is equal to either of the focal distances of P, prove that the locus 
of Q is one or other of a pair of parallel straight lines. 

25. Shew that the locus of the centre of a circle which touches 
externally two given circles is a hyperbola. 

26. On a level plain the crack of the rifle and the thud of the ball 
striking the target are heard at the same instant; prove that the 
locus of the hearer is a hyperbola. 

27. Given the base of a triangle and the ratio of the tangents of 
half the base angles, prove that the vertex moves on a hyperbola 
whose foci are the extremities of the base. 

28. Prove that the locus of the poles of normal chords with 
respect to the hyperbola — , - ^ = 1 is the curve 

y 2a« - x2&« = (a2 + 62)2 ^hf^ 

29. Find the locus of the pole of a chord of the hyperbola which 
subtends a right angle at (1) the centre, (2) the vertex, and (3) the 
focus of the curve. ' 

30. Shew that the locus of poles with respect to the parabola 
y^=iax of tangents to the hyperbola x^-y^=a^ is the ellipse 
4a~* + y2=4a2. 
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' 31. Prove that the loooa of the pole with respect to the hyperbola 

-^ - f^ = l of any tangent to the circle, whose diameter is the line 
a* cr 

x^ V* 1 
joining the foci, is the ellipse -4 + = "aZw* 

32. Prove that the locns of the intersection of tangents to a 
hyperbola, which meet at a constant angle /3, is the carve 

(aa+y»+ft»- a«)«=4 cot^/J (aV- &*a;«+a2i«). 

33. From points on the cirde a^-^y*=a* tangents are drawn to 
the hyperbola x*-y^=:a^; prove that the loons of the middle points of 
the chords of contact is the curve 

34. Chords of a hyperbola are drawn, all passing through the 

fixed point {h, k) ; prove that the locus of their middle points is a 

/h k\ 
hyperbola whose centre is the point f ^ , ^ j , and which is similar to 

either the hyperbola or its conjugate. 

312. Afsrmptote. Def. An asymptote is a straight 
line, which meets the conic in two points both of which are 
situated at an infinite distance, but which is itself not alto- 
gether at infinity. 

313. Tojind the asympix^tes of the hyperbola 

As in Art. 260, the straight line 

y=zmx + c (1) 

meets the hyperbola in points, whose abscissae are given by 
the equation 

a?{h^-ahri^)-2d'mcx-a'{(^ + h') = (2). 

If the straight line (1) be an asymptote, both roots of (2) 
must be infinite. 

Hence (C. Smith's Algebra, Art. 123), the coefficients of 
a? and a; in it must both be zero. 

We therefore have 

l^ — a^m^ = 0, and a^mc = 0. 
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Hence m = ±-, and c = 0. 

a 

Substituting these values in (1), we have, as the re- 
quired equation, 

h 
a 

There are therefore two asymptotes both passing 
through the centre and equally inclined to the axis of x, 
the inclination being 

tan-'*, 
a' 

The equation to the asymptotes, written as one equa- 
tion, is 

a' y 

Cor. For all values of c one root of equation (2) is 

infinite if m = ±-. Hence any straight line, which is 

parallel to an asymptote, meets the curve in one point at 
infinity and in one finite point. 

814. That the asymptote passes through two coincident points 
at infinity, i.e. touches the curve at infinity, may be seen by finding 
the equations to the tangents to the curve which pass through any 

point ( a?!, — rcj ) on the asymptote y=-x. 

As in Art. 305 the equation to either tangent through this point is 
y = mx-\- Ja^m^ - b\ 

where - a?! = mxi + Ja^m^ - b^, 

i,e. on clearing of surds. 

One root of this equation is m=-, so that one tangent through 

a 

the given point iByzs-Xf ue. the asymptote itself. 
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315. Geometrical construction for the asymptotes. 
Let A' A be the transverse axis, and along the conju- 
gate axis measure off CB and CB"^ each equal to h. 
Through B and B^ draw parallels to the transverse axis 
and through A and A' parallels to the conjugate axis, and 
let these meet respectively in iTJ, K^, K^^ and ^4, as in the 
figure. 




Clearly the equations of K^CK^ and KjOK^ are 

^ J ^ 

y — -x, and v = — ^^ 

and these are therefore the equations of the asymptotes. 

316. Let any double ordinate PNF of the hyperbola 
be produced both ways to meet the asymptotes in Q and Qf^ 
and let the abscissa CN be x'. 

Since P lies on the curve, we have, by Art. 302, 



a 
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Since Q is on the asymptote whose equation is y = - a;, 

we have NQ — -x\ 

a 

Hence PQ = NQ-NP = ^- (x' - J^^~^^% 
and P<2 = - Ix' + n/»'« - a% 

Therefore PQ.FQ^^ ix'^ - (x'^ - a")} = h\ 

Hence, if from any point on an asymptote a straight 
line be drawn pei'pendicular to the transverse axis, the 
product of the segments of this line, intercepted between 
the point and the curve, is always equal to the square on 
the semi-conjugate axis. 

Again, 

» c^x' + s/x'^-a^ 

ah 
~ x' + s/o^^^^' 

PQ is therefore always positive, and therefore the 
part of the curve, for which the coordinates are positive, 
is altogether between the asymptote and the transverse 
axis. 

Also as x' increases, i. e, as the point P is taken further 
and further from the centre C, it is clear that PQ con- 
tinually decreases ; finally, when x' is infinitely great, PQ 
is infinitely small. 

The curve therefore continually approaches the asymp- 
tote but never actually reaches it, although, at a very great 
distance, the curve would not be distinguishable from the 
asymptote. 

This property is sometimes taken as the definition of an 
asymptote. 

317- If SF be the perpendicular from 3 upon an 
asymptote, the point F lies on the auxiliary circle. This 
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follows from the fact that the asymptote is a tangent, 
whose point of contact happens to lie at infinity, or it may 
be proved directly. 
For 

C^= CScos FCS=CS. Si= n/«^T^. -,-^— =«• 
CK Va' + b^ 

Also £ being the foot of the directrix, we have 

CA^=CS,CZ, (Art. 295) 

andhence CF^ = CS . CZ, i,e, CS : OF :: CF : GZ. 

By Euc. VI. 6, it follows that z CZF= i CFS = 9. right 
angle, and hence that F lies on the directrix. 

Hence the perpendiculars from the foci on either asymptote 
meet it. in the same points as the corresponding directrix, 
and the common points of intersection lie on the auxiliary 
circle, 

318. Equilateral or Rectangular Hjrperbola. 

In this curve (Art. 310) the quantities a and b are equal. 
The equations to the asymptotes are therefore y = ^x, i.e. 
they are inclined at angles ± 45** to the axis of x, and hence 
they are at right angles. Hence the hyperbola is generally 
called a rectangular hyperbola. 

319. Conjugate Hjrperbola. The hyperbola which 
has BB' as its transverse axis, and A A' as its conjugate 
axis, is said to be the conjugate hyperbola of the hyperbola 
whose transverse and conjugate axes are respectively AA' 
and BB\ 

Thus the hyperbola 

is conjugate to the hyperbola 

5-S-' » 

Just as in Art. 313, the equation to the asymptotes of 

(1)- ^-5=0. 
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which, by the same article, is the equation to the asymp- 
totes of (2). 

Thus a hyperbola and its conjugate have the same 
asymptotes. 

The conjugate hyperbola is the dotted curve in the 
figure of Art. 323. 

320. Intersections of a hyperbola with a pai/r of con- 
jugoLte diameters. 

The straight line y = m^x intersects the hyperbola 

a^ b'~ 
in points whose abscissae are given by 

Le. by the equation a? = p-^— 5 — 5 • 

The points are therefore real or imaginary, according as 
a^m^ is < or > b\ 
i.e. according as 

mi is numerically < or > - (1), 

a 

i.e, according as the inclination of the straight hne to the 
axis of a; is less or greater than the inclination of the 
asymptotes. 

Now, by Art. 308, the straight lines y — rrtiX and y = m^ 
are. conjugate diameters if 

^^ = -2 (2). 

Hence one of the quantities m^ and m^ must be less 

than - and the other ereater than - . 
a ° a 

Let mj be <-, «0 that, by (1), the straight line y==miX 
a 

meets the hyperbola in real points. 

L. 19 
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Then, by (2), m^ must be > - , so that, by (1), the straight 

line y = m^ will meet the hyperbola in imaginary points. 

It follows therefore that only one of a pair of conjugate 
diameters meets a hyperbola in real points. 

321. If a pair of diameters be conjrigate vnth respect 
to a hyperbola, they tvUl be conjugal with respect to its con- 
jitgate hyperbola. 

For the straight lines y = miX and y = m^ are conjugate 
with respect to the hyperbola 

S-p=i (^)' 

b' 
if rnjm^ = -^ (2). 

Now the equation to the conjugate hyperbola only 
differs from (1) in having — a^ instead of a' and - b^ instead 
of 6*, so that the above pair of straight lines will be con- 
jugate with respect to it, if 

'»i^=r^» = «. (3). 

But the relation (3) is the same as (2). 
Hence the proposition. 

322. If a pair of diameters be conjugal toith respect 
to a hyperbola, one of them meets the hyperbola in real points 
and ihe other m^ets the conjugate hyperbola in real points. 

Let the diameters be y = m^x and y = m^, so that 

As in Art. 320 let thj < - , and hence m^>-y so that the 
a a 

straight line y = mr^x meets the hyperbola in real points. 
Also the straight line y — m^ meets the conjugate 

hyperbola ^ — 2 = 1 in points whose abscissae are given by 
the equation a=»(^'- ^,) = 1, i.«. by :^ = -0-^. 
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Since TWg > - , these abscisssB are real. 
a 

Hence the proposition. 

32 3. If a pair of conjugate diameters meet tlie hyperbola 
and its conpigate in P and i>, tlien (1) CP^ - GD^ = a" - h\ 
and (2) tfks tangents at P, D and the other ends of the 
diameters passing through them form a pa/raMelogram whose 
vertices lie on the asymptotes ami whose area is constant. 

Let P be any point on the hyperbola -g — tj = 1 whose 
coordinates are (a sec <^, b tan <^). 

The equation to the diameter CP is therefore 
b tan <t> b . , 

^ a sec <^ a 




'^ By Art. 308, the equation to the straight line, which 

is conjugate to CP, is 



y = x 



asin<^' 



19—2 
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This straight line meets the conjugate hyperbola 

in the points (a tan <t>, b sec <^), and (- a tan <^, — 6 sec <f>) so 
that D is the point (a tan <^, 6 sec <^). 

We therefore have 

CP^ = a^ sec« <^ + 6* tan2<^, 

and CD^^a" tan'* <^ + 5* sec' <^. 

Hence 

CP» - Ci)« = (a« - 6^) (sec« <^ - tan« <^) = a^ - 6». 

Again, the tangents at F and i> to the hyperbola and 
the conjugate hyperbola are easily seen to be 

^-|sin<^ = cos<^, (1), 

and I sin <^ = cos <^ (2). 

These meet at the point 

aj _ y _ cos <t> 



a 6 ~~ 1 — sin <^ " 

This point lies on the asymptote CL, 

Similarly, the intersection of the tangents at P and i>' 
lies on CLi\ that of tangents at i>' and P' on GL\ and 
those at J) and P' on CLi. 

If tangents be therefore drawn at the points where a 
pair of conjugate diameters meet a hyperbola and its 
conjugate, they form a parallelogram whose angular points 
are on the as3anptotes. 

Again, the perpendicular from C on the straight line (1) 
cos <f> ah cos <^ 



y. 



1 1 . ., Jh'+a'an'd, 
ah ah ah 



N/6«sec«^ + a»tan«<^ CD PK' 
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SO that PK X perpendicular from C on PK = aft, 

i.e. area of the parallelogram CPKD — ah. 

Also the areas of the parallelograms CPKD^ CDK^P\ 
CP'K'D\ and GD'K^P are all equal 

The area KKJL'K; therefore = 4a6. 

Ck>r. PK=^ CD = D'C = K^P, so that the portion of a 
tangent to a hyperbola intercepted between the asymptotes 
is bisected at the point of contact. 

324. Relation bettoeen tlie eqication to the hyperbola, 
the equation to its asymptotes, and the equation to the conjur 
gate hyperbola. 

The equations to the hyperbola, the asymptotes, and the 
conjugate hyperbola are respectively 

5-^=1 W' 

S-S=« <2), 

^^t-^-' (3)- 

We notice that the equation (2) diflTers from equation (1) 
by a constant, and that the equation (3) differs from (2) by 
exactly the same quantity that (2) differs from (1). 

If now we transform the equations in any way we 
please — by changing the origin and directions of the axes — 
by the most general substitutions of Art. 132 and by 
multiplying the equations by any — the same — constant, 
we shall alter the left-hand members of (1), (2), and (3) in 
exactly the same way, and the right-hand constants in the 
equations will still be constants, and differ in the same way 
as before. " 

Hence, whatever be the form of the equation to a 
hyperbola, the equation to the asymptotes only differs from 
it by a constant, and the equation to the conjugate 
hyperbola differs from that to the asymptotes by the same 
constant. 



Oi 
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835. As an example of ihe foregoing article, let it be required 
to find the asymptotes of the hyperbola 

3a:«-6a^-2y«+6aj+lly-8=0 (1). 

Since the equation to the asymptotes only difFers from it by a 
constant, it must be of the form 

3a?-6a^-2y»+6«+lly + c=:0 (2). 

Since (2) represents the asymptotes it must represent two straight 
lines. The condition for this is (Art. 116) 

3(-2)c+2.|.V(-f)-3(V)«-(-2)tt)»-c(-f)2=0. 

i.e. c=-12. 

The equation to the asymptotes is therefore 

and the equation to the conjugate hyperbola is 

3a^-6xy-.2y2+6x+lly-16=0. 

836. As another example we see that the equation to any 
hyperbola whose asymptotes are the straight lines 

^a?+By + C7=0 and A^x-^Biy+C^=0, 

is {Ax-{-By + C){A^x+Biy + Ci)=\^ (1), 

where X is any constant. 

For (1) only differs by a constant from the equation to the 
asymptotes, which is 

(Ax+By + C){AiX+B^y + C^=0 (2). 

If in (1) we substitute - X^ for X' we shall have the equation to its 
conjugate hyperbola. 

It follows that any equation of the form 

(Ax+By + C) (AjX-^B^y+Gi)=\^ 
represents a hyperbola whose asymptotes are 

Ax + By + C=0, and A^x+B^-^-Ci^O. 

Thus the equation x{x+y)=a^ represents a hyperbola whose 
asymptotes are x=0 and x+y=0. 

Again, the equation x^+2xy cot 2a - y^=a\ 

i.e, (xcottt-y)(a?tana+y)=a*, 

represents a hyperbola whose asymptotes are 

xooia-y=0, and xt&na+y=0. 

837. It would follow from the preceding articles that the 
equation to any hyperbola whose asymptotes are x=0 and y=0 is 
xy=oonBi. 
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The constant oould be easily determined in terms of the semi- 
transyerse and semi-conjogate axes. 

In Art. 328 we shall obtain this equation by direct transformation 
from the equation xeferxed to the principal axes. 
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1. Through the positive vertex of the hyperbola a tangent is 
drawn; where does it meet the conjugate hyperbola? 

2. If 6 and t' be the eccentricities of a hyperbola and its conjugate, 
prove that _ + _=l. 

3. Prove that chords of a hyperbola, which touch the conjugate 
hyperbola, are bisected at the point of contact. 

4. Shew that the chord, which joins the points in which a pair of 
conjugate diameters meets the hyperbola and its conjugate, is parallel 
to one asymptote and is bisected by the other. 

5. Tangents are drawn to a hyperbola from any point on one of 
the branches of the conjugate hyperbola ; shew that their chord of 
contact will touch the other branch of the conjugate hyperbola. 

6. A straight line is drawn parallel to the conjugate axis of a 
hyperbola to meet it and the conjugate hyperbola in the points P and 
Q; shew that the tangents at P and Q meet on the curve 






and that the normals meet on the axis of x, 

7. From a point Q on the transverse axis GL is drawn perpen- 
dicular to the asymptote, and (?P a normal to the curve at P. Prove 
that XiP is parallel to the conjugate axis. 

8. Find the asymptotes of the curve 2a?2 + ^xy + 2^^ + 4a; + 6y = 0, 
and find the general equation of all hyperbolas having the same 
asymptotes. 

9. Find the equation to the hyperbola, whose asymptotes are the 
straight lines a? + 2y+3=0, and 3a?+4y + 6=0, and which passes 
through the point (1, - 1). 

Write down also the equation to the conjugate hyperbola. 

10. In a rectangular hyperbola, prove that OP and CD are equal, 
and are inclined to the axis at angles whidi are complementary. 
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11. C is the centre of the hyperbola -3-^=1 and the tangent at 

any point P meets the asymptotes in the points Q and 12. Prove that 
the equation to the locos of the centre of the circle dioomscribing 
the triangle CQR is 4(a»a:«-e^«)=(a«+6«)«. 

12. A series of hyperbolas is drawn having a common transverse 
axis of length 2a. Prove that the locus of a point P on each hyx>6r- 
bola, such that its distance from the transverse axis is equal to its 
distance from an asymptote, is the curve (a:* -yV=^*(^ -«'*)• 

328. To find the equation to a hyperbola referred to its 
asymptotes. 




Let P be any point on the hyperbola, whose equation 
referred to its axes is 






.(1). 



a' b^ 

Draw FH parallel to one asymptote CL to meet the 
other OK* in H, and let CIl and HP be h and k respec- 
tively. Then h and k are the coordinates of P referred to 
the asymptotes. 

Let a be the semi-angle between the asymptotes, so that, 
by Art. 313, tana--. 



and hence 



a 
sin a 



1 



ft « *^a^ + b*' 

'Dt&wHN perpendicular to the transverse axis, and HR 
parallel to the transverse axis, to meet the ordinate PM of 
the point P in E, 
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Then, since FH and HR are parallel respectively to GL 
and CM, we have L PHR = l LCM= a. 

Hence GM= CJ!^+ HR = Cffcos a + HP cos a 
and JfP = i?P - iLV= HP sin a- Off sin a 

Therefore, since CM and MP satisfy the equation (1), 
we have 

{h + ky Jc-hf . ,,_^ + 62 

"^T6^ ~ a« + 6^"~ ^' *'^* '^^— 4" • . 

Hence, since (A, A;) is any point on the hyperbola, the 
required equation is 

^ 5— 

This is often written in the form xy = c\ where 4c? 
equals the sum of the squares of the semiaxes of the 
hyperbola. 

Similarly, the equation to the conjugate hyperbola is, 
when referred to the asymptotes, 

a^ + b^ 
xy = 4—. 

329. To find the equation to the tangent at arvy point 
of the hyperbola xy - c^. 

Let (a/, y') be any point P on the hyperbola, and 
(as", y) a point Q on it, so that we have 

^'y'=c^ (1), 

and x"y" = c^ (2). 

The equation to the line PQ is then 

y-y' = fcj (*-«'') (3)- 
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But, by (1) and (2), we have 




y-'-j/ «" x' c' x'-x" 
«"-«!' x"-x' x'x"x"-x' 


x'x"' 


Hence the equation (3) becomes 




y-y'= a,v'(* "')■ 





(4)- 

Let now the point Q be taken indefinitely near to P, so 
that x" = x ultimately, and therefore, by Art. 149, PQ 
becomes the tangent at P. 

Then (4) becomes 

y-y' = -J(*-«^') =-^(x-x'),by(i). 

The required equation is therefore 

x^ + x'y = 2x'y' = 2c' (5). 

The equation (5) may also be written in the form 

^+^,= 2 (6). 

880. The tangent at any point of a hyperbola cuts off a triangle 
of constant area from the asymptotes, and the portion of it intercepted 
between the asymptotes is bisected at the point of contact. 

Take the asymptotes as axes and let the equation to the hyperbola 
hexy=c^. 

The tangent at any point P is — , + -,=2. 

This meets the axes in the points {2x', 0) and (0, 2yQ. 
If these points be L and L\ and the centre be C, we have 

C7L = 2a?', and CL'=2y', 
If 2a be the angle between the asymptotes, the area of the triangle 
LCL'=\GL . CV sin 2a=2x'y'sin 2a= ^ "t . 2 sin aoos a = a6. 

(Art. 328.) 

Also, since L is the point (2x', 0) and L' is (0, 2y% the middle 
point of LV is (x', y'), i.e. the point of contact P. 
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331. As in Art. 274, the polar of any point (ajj, y^ 
with respect to the curve can be shewn to be 

Since, in general, the point (aji, y^ does not lie on the 
curve the equation to the polar cannot be put into the form 
(6) of Art. 329. 

332. The equation to the normal at the point {x\ y') 
is y — i/ = ra(x— x'\ where m is chosen so that this line is 
perpendicular to the tangent 

y 2c» 

^ X X 

If <o be the angle between the asymptotes we then 
obtain, by Art. 93, 

a/ — -i/ cos 01 

'^ = -7-^, , 

y —X cos iii 

so that the required equation to the normal is 

y (y' — x' cos (o) — 03 (03' - y' cos 01) = y'^ - aj'*. 

I Also cos <o = cos 2a = cos' a — sin' a = —5 — .-^ . 

K the hyperbola be rectangular, then 01 = 90**, and the 
equation to the normal becomes xx' — yt/ = x'^ — y" . 

333. Equation referred to the asymptotes. 
One Variable. 

The equation xy = c^ is clearly satisfied by the substitu- 

c 
tion x^ct and y = -. 

Hence, for all values of /, the point whose coordinates 
are f c/, - j lies on the curve, and it may be called the point 

The tangent at the point "<" is by Art. 329, 
| + 3^^ = 2c. 
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Also the normal is, by the last article, 



y (1 — ^ cos io)—x (t' — cos a») = - (1 - <*), 

t 

or, when the hyperbola is rectangular, 

The equations to the tangents at the points ^'t" and " <," 
are 

X X 

-+yti = 2c, and --^yt^ = 2c, 
h h 

and hence the tangents meet at the point 
/2c^2 2c \ 

The line joining " ^" and " <j," which is the polar of this 
point, is therefore, by Art. 331, 

X + ytit^ =zc(ti + Q- 
This form also follows by writing down the equation 
to the straight line joining the points 



(c^.,0and (cf„0. 



884. Bx. 1. If a rectangular hyperbola circumscribe a triangle^ 
it also passes through the orthocentre of the triangle. 

Let the equation to the curve referred to its asymptotes be 

anf=^c^ (1). 

Let the angular points of the triangle be P, Q, and 12, and let their 
coordinates be 

(''••«:)• ("'»'$)' ""^ {"^'0 

respectively. 

As in the last article, the equation to QR is 

x+yt^t^=c(t^ + t^). 
The equation to the straight line, through P perpendicular to QR^ 
is therefore 

c 



h 
y+cht^h=i2h\f + j~^ (2). 
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Similarly, the equation to the straight line through Q perpendicular 
ioRPiB 

y+ct^yz=hh[f-^~^ (3)- 

The common point of (2) and (3) is clearly 

(-4'-'"''^) <*'• 

and this is therefore the orthocentre. 

Bnt the coordinates (4) satisfy (1). Hence the proposition. 

Also if (ct^, r ) ^ *^® orthocentre of the points " «i," " t^" and 
*• «„" we have «iVs^4= - 1. 

Bz. 2. If a circle and the rectangular hyperbola xy=ic^ meet in 
the four points "tj," "t,," "«,,'* and ''t^,'* prove that 

(1) ti«jt,t4=l, 

(2) the centre of mean potition of the four points bisects the 
distance between the centres of the two curves, 

and (3) the centre of the circle through the paints " t^ ," " «j," " «, " is 

Let the equation to the circle he 

x^+y^-2gx-2fy + k=0, 
so that its centre is the point {g^ /). 

Any point on the hyperbola is f ct, - j . If this lie on the drde, 

c^ c 

we have c«t«+p~2^ct-2/- + fc=0, 

so that t*-2?ts+^t2-^«+l=0 (1). 

If tj , «2> *8» ^"^^ U ^ *^® ^^^0*8 °^ *^^s equation, we have, by Art. 2, 
<i¥8«4=l (2), 

<i + «2+«8+«4=y (3). 

and W4+V4ti + «4tit3+fit3t,=^ (4). 

Dividing (4) by (2), we have 

i 1 1 i-^-^ 

t^ t<) <3 t^ C 
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The centre of the mean position of the four points, 

i.«. the point {|(«i+^+<i+*4).|(^^ + ^ + ^+^)}-. 
is therefore the point ( f > ^ ) > <uicl this is the middle point of the line 



joining (0, 0) and (^,/j. 

Also, sinoe t^=-: — r , we have 



^=|(ti + ',+ ',+^J. and /=|g + l + l + t.V,). 

Again, since tit^t^t^^lt we have product of the abscissae of the 
foor points— product of their ordinate8=<^. 



EXAMPLES. TTy yiTT , 

1. Prove that the foci of the hyperbola xy=s —j — are given by 

2. Shew that two concentric rectangular hyperbolas, whose axes 
meet at an angle of 45°, cut orthogonally. 

3. A straight line always passes through a fixed point; prove 
that the locus of the middle point of the portion of it, which is 
intercepted between two given straight lines, is a hyperbola whose 
asymptotes are parallel to the given lines. 

4. If the ordinate NP at any point P of an ellipse be produced to 
Q, so that NQ is equal to the subtangent at P, prove that the locus of 
Q is a hyperbola. 

5. From a point P perpendiculars PM and PiV are drawn to two 
straight lines OM and ON, If the area OMPN be constant, prove 
that the locus of P is a hyperbola. 

6. A variable line has its ends on two lines given in position and 
passes through a given point ; prove that the locus of a point which 
divides it in any given ratio is a hyperbola. 

7. The coordinates of a point are a tan (^ + a) and &tan(^+/3), 
where is variable; prove that the locus of the point is a hyperbola. 

8. A series of circles touch a given straight line at a given point. 
Prove that the locus of the pole of a given straight line with regard to 
these circles is a hyperbola whose asymptotes are respectively a 
pandlel to the first given straight line and a perpendicular to the 
second. 



[EZS. XXXVIII.] THE HYPEKBOLA. EXAMPLES. 303 

9. If a right-angled triangle be inscribed in a rectangular hyper- 
bola, prove that the tangent at the right angle is the perpendicular 
upon the hy}>othenase. 

10. In a rectangular hyperbola, prove that all straight Unes, which 
subtend a right angle at a point P on the curve, are parallel to the 
normal at P. 

11. Chords of a rectangular hyperbola are at right angles, and 
they subtend a right angle at a fixed point ; prove that they inter- 
sect on the polar of 0. 

12. Prove that any chord of a rectangular hyperbola subtends 
angles which are equal or supplementary (1) at the ends of a perpen- 
dicular chord, and (2) at the ends of any diameter. 

13. In a rectangular hyperbola, shew that the angle between a 
chord PQ and the tangent at P is equal to the angle which PQ 
subtends at the other end of the diameter through P. 

14. Show that the normal to the rectangular hyperbola xy=c^ at 
the point **t" meets the curve again at a point '*£'" such that 

15. If Pj, Pj, and P3 be three points on the rectangular hyperbola 
xy=c\ whose abscisssa are x^, a;,, and org, prove that the area of the 
triangle PiP^Pa is 

2 x^x^x^ 

and that the tangents at these points form a triangle whose area is 

(ga+ojg) (ga + gi) (aJi + Xa)' 

16. Find the coordinates of the points of contact of common, 
tangents to the two hyperbolas 

x^-y^-^a^ and xy=2a\ 

17. The transverse axis of a rectangular hyperbola is 2c and the 
asymptotes are the axes of coordinates ; shew that the equation of the 
chord which is bisected at the point (2c, 3c) is 3^+2^ = 12c. 

18. Prove that the portions of any line which are intercepted 
between the asymptotes and the curve are equal. 

19. Shew that the straight lines drawn from a variable point on 
the curve to any two fixed points on it intercept a constant distance on 
either asymptote. 

20. Shew that the equation to the director circle of the conic 
xy=c^ is a^-\-2xy cos w+y2=4c* cos w. 

21. Prove that the asymptotes of the hyperbola xy — hx-\-ky are 
xs^kBJidy=h, 
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22. Shew that the straight line y=mx+2c J -m always touches the 
hyperbola xy=zc^^ and that its point of contact is ( /— — , c^ -m \ , 

23. Prove that the locns of the foot of the perpendicular let fall 
from the centre upon chords of the rectangular hyperbola xy^c^ 
whidi subtend half a right angle at the origin is the^ oorve 

r*-2cV»sin2^=c*. 

24. A tangent to the parabola x^=^4ay meets the hyperbola xy — k^ 
in two points P and Q. Prove that the middle point of PQ lies on a 
parabola. 

25. If & hyperbola be rectangular, and its equation be a:y=c^, 
prove that the locus of the middle points of chords of constant length 
2dis {x^-^y'^(xy-c^=d?xy, 

26. Bhew that the pole of any tangent to the rectangular hyper- 
bola xy=c', with respect to the circle d^+y^=:a^, lies on a concentric 

. and similarly placed rectangular hyperbola. 

27. Prove that the locus of the poles of all normal chords of the 
rectangular hyperbola xy=i<:^\A the curve 

28. Any tangent to the rectangular hyperbola Axy=ah meets the 
ellipse -X + T<i= I ^ ^^6 points P and Q ; prove that the normals at P 
and Q to the ellipse meet on a fixed diameter of the ellipse. 

29. Prove that triangles can be inscribed in the hyperbola xy=c\ 
whose sides touch the parabola y^=^ax, 

30. A point moves on the given straight line y=mx; prove that 
the locus of the foot of the perpendicular let fall from the centre upon 

X^ 9/3 

its polar with respect to the ellipse ^ + E = I ^ * rectangular 

hyperbola, one of whose asymptotes is the diameter of the ellipse 
wluch is conjugate to the given straight line. 

31. A quadrilateral circumscribes a hyperbola; prove that the 
straight line joining the middle points of its diagonals passes through 
the centre of the curve. 

32. AiB, C, and D are the points of intersection of a circle and a 
rectangular hyperbola. If AB pass through the centre of tiie hyper- 
bola, prove that CD passes through the centre of the circle. 

33. If ft circle and a rectangular hyperbola meet in four points P, 
Q, Rf and 8^ shew that the or&ocentres of the triangles QRS^ R8P, 
SPQt and PQR also lie on a circle. 

Prove also that the tangents to the hyperbola at R and S meet 
in a point which lies on the diameter of the hyperbola which is at 
right angles to PQ» 
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34. A series of hyperbolas is drawn, having for asymptotes the 
principal axes of an ellipse; shew that the common chords of the 
hypei^bolas and the ellipse are all parallel to one of the conjugate 
dimeters of the ellipse. 

35. A circle, passing through the centre of a rectangular hyperbola, 
outs the curve in the points A, B, <7, and D ; prove that the circum- 
oircle of the triangle formed by the tangents a.t A, B, and <7,goes 
through the centre of the hyperbola, and has its centre at the point 
of the hyperbola which is diametrically opposite to D. 

36. Given five points on a circle of radius a; prove that the 
centres of the rectangular hyperbolas, each passing through four of 

these points, all lie on a circle of radius ^r . 

37. I^ a rectangular hyperbola circumscribe a triangle, shew that 
it meets the circle circumscribing the triangle in a fourth point, which 
is at the other end of the diameter of the hyperbola which passes 
iJurough the orthooentre of the triangle. 

Hence prove that the locus of the centre of a rectangular hyper- 
bola which circumscribes a triangle is the nine-point circle of the 
triangle. 

38. Two rectangular hyperbolas are such that the asymptotes of 
one are parallel to &e axes of the other and the centre of each lies on 
the other. If any circle through the centre of one cut the other again 
in the points P, Q, and R, prove that PQR is a triangle such that each 
side is the polar of the opposite vertex with respect to the first 
hyperbola. 



L. 20 



CHAPTER XIV. 

POLAR EQUATION OF A CONIC SECTION, ITS FOCUS 
BEING THE POLE, 



335. Let S be the focus, A the vertex, and ZM the 
directrix ; draw SZ perpendicular to ZM, 

Let ZS be chosen as the positive direction of the 
initial line, and produce it to X, 

Take any point P on the 
curve, and let its polar co- 
ordinates be r and $, so that 
we have 

SP=:r, and lXSP^B: 

Draw PN perpendicular 
to the initial line, and PM 
perpendicular to the directrix. 

Let SL be the semi-latus- 
rectum, and let SL = I, 

Since SL^e. SZ^ we have 

szJ. 

e 
Hence 
r=^SP=-e.PM=e.ZN 

^e{ZS-\-SN) 

a 




= « f - + /SP. cos (9 j = ^ + 6 . r . cos (9. 



Therefore 



rs= 



l-eco8(^' 



.(1> 
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This, being the relation holding between the polar 
coordinates of any point on the curve, is, by Art. 42, the 
required polar equation. 

Cor. If SZ be taken as the positive direction of the initial line and 
the veotorial angle measured dockwise, the equation to the curve is 

I 
1 + ecos^ 

386. If the conic be a parabola, we have 6=1, and the equation 
I I I ^e 

28m«2 

If the initial Une, instead of being the axis, be such that the axis 
is inclined at an angle y to it, then, in the previous article, instead of 
$ we must substitute d-y. 

The equation in this case is then 

-=l-«cos(^-7)./ 

887- To trace the cv/rve - == 1 — e co« ^. 
r 

Case I. e = Ij so that the equation is - = 1 - cos $. 

When $ is zero, we have - = 0, so that r is infinite. As 

r 

$ increases from 0** to 90**, cos^ decreases from 1 to 0, 

and hence - increases from to 1, i.e. r decreases from 
r 

infinity to I, 

As $ increases from 90° to 180**, cos^ decreases from 

to - 1, and hence - increases from 1 to 2, i.e, r decreases 

from I to ^L 

Similarly, as $ changes from ISO** to 270°, r increases 

from ^ to Z, and, as changes from 270° to 360°, r increases 

from Z to 00 . 

The curve is thus the parabola oo FFZArP'F' ao of 
Art. 197. 

20—2 
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I 
Oase n. e < 1. When $ is zero, we have - = 1 — e, 

r 

i,e. r = = . This gives the point A' in the figure of Art. 

X •" fi 

247. 

As increases from 0"* to 90**, cos $ decreases from 1 to 

I 
0, and therefore l—e cos $ increases from l-e to 1, i.c - 

increases from 1 — « to L i,e, r decreases from ^i to I. 

1— e 

We thus obtain the portion A'FBL. 

As increases from 90* to 180*, cos^ decreases from 

to - 1, and therefore 1 — e cos ^ increases from 1 to 1 + «, 

i.e, - increases from 1 to 1 + e, i,e, r decreases from I to = . 

r , 1 + 6 

We thus obtain the portion ZA of the curve, where 

SA = ^, 
l+e 

Similarly, as $ increases from 180** to 270* and then to 
360*, we have the portions AL' and L'BFA\ 

Since cos ^ = cos (— ^) = cos (360* — ^), the curve is sym- 
metrical about the line SA\ 

Case III. e > 1. When B is zero, 1 - 6 cos ^ is equal 
to 1 -c, 1.6. — (e — 1), and is therefore a negative quantity, 
since 6 > 1. liis zero value of B gives r = -^-r(6-l). 

We thus have the point A' in the figure of Art. 295. 

-©■ 

increases algebraically from - (c — 1) to — 0, 

t.e. - increases algebraically from — (e — 1) to — 0, 

T 

i.e. r decreases algebraically from ^ to — oo . 

For these values of $ the radius vector is therefore 
negative and increases in numerical length from — r to oo . 

6 — X 



Let $ increase from 0* to cos"* ( - ) . Thus 1 — 6 cos ^ 
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"W"e thus have the portion A'P^Rkiq of the curve. For 
this portion r is negative. 

If ^ be very slightly greater than cos"^ - , then cos is 

slightly less than - , so that 1 - e cos ^ is small and positive, 
and therefore r is very great and is positive. Hence, as 
increases through the angle cos~^ - , the value of r changes 

6 

from — 00 to + 00 . 

Ab B increases from cos"^ - to tt, 1 — e cos $ increases 

e 

from to 1 + e and hence r decreases from oo to 



1 + 6* 

Now r is < — - . Hence the point -4, which corresponds 

to ^ = -JT, is such that SA < SA\ 

For values of $ between cos~^- and tt we therefore 

e 

have the portion, oo RPA^ of the curve. For this portion 

r is positive. 

As increases from tt to 27r — cos~^ - , e cos $ increases 

e 

from — e to 1, so that 1 — e cos $ decreases from 1 + e to 0, 

and therefore r increases from ^ to oo . Corresponding 

to these values of $ we have the portion AL'R^ oo of the 
curve, for which r is positive. 

Finally, as B increases from 27r-cos-^- to 2ir, ecos^ 
increases from 1 to e, so that 1 — e cos ^ decreases algebraic- 
ally from to 1 — e, *.e. - is negative and increases 
numerically from to e — 1, and therefore r is negative and 
decreases from oo to = . Corresponding to these values 

of ^ we have the portion, oo i?/-4', of the curve. For this 
portion r is negative. 
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r is therefore always positive for the right-hand branch 
of the curve and negative for the left-hand branch. 

It will be noted that the curve is described in the order 

XFiR 00 00 RPAVR^ 00 oo R;A\ 

888. In Case IIL of the last artide, let any straight line be 
drawn throogh S to meet the nearer branch in p^ and the farther 
branching. 

The vectorial angle otpha XSp, and we have 



l-ecosJ 

The vectorial angle of g is not X8q bnt the angle that qS prodnoed 
makes with SX, i.«. it is XSq^v, Also for the point q the radius 
vector is negative so that the relation (1) of Art. 835 gives, for the 
pointy, 

_«-_ I —____? 

* l-eooB{XSq^w) 1+eoos X8q' 

*'•*• ^^=~l+«coBZfifg- 

This is the relation connecting the distance, Sq, of any point on 
the further branch of the hyperbola with the angle XSq that it makes 
with the initial line. 

339. Equation to the directrices. 

Considering the figure of Art. 295, the numerical values 

of the distances SZ and SZ' are - and - + 2GZ. 

e e 

^ and -+2 ^ 



e e ^ e{^^\y 

since GZ= - = j , [Art. 300.] 

6 e ( c -— Lj 

The equations to the two directrices are therefore 

rcos^= — , 
e 

and .«,«<?=-[- + ^-^^-j-J = --^-j. 

The same equations would be found to hold in the case 
of the ellipse. 
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340. EqtuUion to the asymptotes. 

The perpendicular distance from S upon an asymptote 
(Fig., Art. 315) 

Also the asymptote CQ makes an angle cos~^ - with the 

e 

axis. The perpendicular on it from S therefore makes an 

1 ^ .1 

angle j: + cos*^ - . 
J e 

Hence, by Art. 88, the polar equation to the asymptote 
CQ is 

b = r cos ^ — 9 — cos"^ - - r sin ^ ~ cos"^ - . 
The polar equation to the other asymptote is similarly 
6 = rcos ^— ("s — cos-^-j =-r8inf ^ + cos~*-j. 

841. Bz. 1. In any conic, prove that 

(1) the sum of the reciprocals of the segments of any focal chord 
is constant, and 

(2) the sum of the reciprocals of two perpendicular focal chords is 
constant. 

Let PSP* be any fooal chord, and let the veotorial angle of P be a, 
so that the Teotorial angle of P' is t + a. 



(1) By equation (1) of Art 335, we have 






^=l-<icosa. 


and 


,:■'■ 


-ccos(ir + a) = l+«c 


Henoe 




^ + ^=2. 


80 that 




sp^sF* r 



The semi-latus-rectnm is therefore the harmonio mean between 
the segments of any fooal chord. 
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(2) Let QSQ' be the focal chord peip^dicular to PSF, so that the 

w Sir 

vectorial angles of Q and Q' are ^ + « wid -^ + cl. We then have 



SQ 



(I")- 



= l-<cos( - + al = l + «8ma, 



and -^=l-ccosf -^ + aj = l + eoos(| + aj = l-«i 

Hence 



"1-ecosa 1 + ccoso l-e^cos^a' 

I I 21 

l+esina l-csina l-c^ain'a 
Therefore 

1 1 l-ggcoa^tt l-egsin^a _2-e» 
PP''^W~ 2Z "^ 21 21 * 

and is therefore the same for all sach pairs of chords. 

Bz. 2. Prove that the locus of the middle points of focal chords of 
a conic section is a conic section. 

Let PSQ be any chord, the angle P8X being 0^ so that 

I 



SP=: 

and SQ- 

Let 
rand 0, 



1 - « cos ^ * 

I I 

1 - ccos (ir+^) "~ 1 +«cos ^ * 
Let R be the middle point of PQt and let its polar coordinates be 



Then r^SP-RP=SP-?^^ = '-^ 

«COS^ 



^ Ll-«COB^ 1 + CCOS^J 1- 



-e^cos'^' 
i.e. r2-eVcos2^=fe.rcos^. 

Transforming to Cartesian coordinates this equation becomes 

gfi+y^-^3^=^lex (1). 

If the original conic be a parabola, we have «=1, and equation (1) 
becomes y^=lxt so that the locus is a parabola whose vertex is 8 and 
latus-rectum I. 

If e be not equal to unity, equation (1) may be written in the form 



(i-^)[-iry'^^^=4(K^^ 



and therefore represents an ellipse or a hyperbola according as the 
original conic is an ellipse or a hyperbola. 
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342. To find tite polar eqvMion of the Umgent at any 
point P of the conic section -=\—e cos $, 

Let P be the point {r^ , a), and let Q be another point 
on the curve, whose coordinates are (rg, )8), so that we have 

— = 1 — ecosa (1), 

and -^1 -eco^p (2). 

By Art. 89, the polar equation of the line PQ is 
sin()8-a) _ sin(^-a) sin(ff-^ ) 

By means of equations (1) and (2) this equation becomes 
- sin ()8 - a) = sin (^ — a) {1 — e cos P} + BUi{fi~-B){\—e cos a} 

= {sin(d -a) + sin {^-0)) —e {sin (^ -a) cosyS + sin (/3-^) cos a} 

^ . P-a 2e-a-P 
= 2 sin ^— ^ cos — - 

— e{(sin^ cosa - cos ^sina)cos)8 + (sinjScos d— coS)8sin^)cosa} 

= 2 sin ^-^ — cos iO ^ j — 6 cos 9 sin {p - a), 

.— 2 ™"(^-";^)— 03^ (3). 

This is the equation to the straight line joining two 
points, P and Q, on the curve whose vectorial angles, a and 
P^ are given. 

To obtain the equation of the tangent at P we take Q 
indefinitely close to P, ix. we put )8 = a, and the equation 
(3) then becomes 

- =cos(0 — a)— ecos0 (4). 

This is the required equation to the tangent at the 
point a. 



I P-a /a OL + P 

%,e. - = sec "^" ' " 
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848. If we assome a snitable fonn for the equation to the 
joining chord we can more easily obtain the required equation. 

Let the required equation be 

-=:Lco8(^-7)-«coa^ (1). 

fOn transformation to Cartesian coordinates this equation is 
easily seen to represent a straight line ; also since it contains two 
arbitraiy constants, L and 7, it can be made to pass through any two 
points.] 

If it pass through the point (r^, a), we have 

1 - « cos a=— =L cos (tt - 7) - e cos a, 

i.e, L cos (a -7)=! (2). 

Similarly, if it pass through the point (r,, /3) on the curve, we have 

Lco8 03-7) = 1 (3). 

Solving these, we have, [since a and p are not equal] 

a + B 
a- 7= -(^-7), %,e. 7=-2^- 

Substituting this value in (3), we obtain L=sec^-^. 
The equation (1) is then 

-=5:sec — ^" cos ( rr- ) - « cos ^. 

r 2 V 2 / 

As in the last article, the equation to the tangent at the point a is 
then 

- = cos (^ - a)*- « cos ^. 

^344. To find the pola/r equation of the polar of any 
'point (ri, ^1) wvbh respect to the conic section - = l—ecosO, 

Let the tangents at the points whose vectorial angles 
are a and fi meet in the point (ri, ^1). 

The coordinates r^ and ^1 must therefore satisfy equation 
(4) of Art. 342, so that 

— = cos (^1 - a) - e cos ^1 (1). 

Similarly, 

- = cos(^i-)8)-ecos^i (2). 
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Subtracting (2) from (1), we have 

cos (tfi — a) = cos {$1 - 13), 
and therefore 

flj - a = - (^1 - )8), [since a and fi are not equal], 
i.e. -;-^=<>x (3). 



Substituting this value in (1), we have 



— = cos -* 



fi — a ^ . A /i\ 

t.e. cos^--Tr— = - +ecos^i (4). 

Also, by equation (3) of Art. 342, the equation of the 
line joining the points a and P is 



r 
i,e, 

i.€. 



- + 6 cos ^ = sec *— ^ cos f ^ ^ j , 

( - + 6 cos ^ j cos '—^ — = cos ( ^ ^ j , 

f - 4- e COS ^ J { - + e COS ^1 j = COS (^ - ^i) (5 ). 



This therefore is the required polar equation to the polar 
of the point (r^, 0^, 

^345. To find the eqtuUion to- the normal at the point 
whose vectorial angle is a. 

The equation to the tangent at the point a is 

- = cos {0-a)-e cos 0y 

i.e., in Cartesian coordinates, 

05 (cos a — e) 4-ysina = ^ (1). 

Let the equation to the normal be 

^cos^ + 5sin^ = ~ (2), 

i.6. Ax + By = l (3). 
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Since (1) and (3) are perpendicular, we have 

^(coso-e) + 5sino = .^....(4). 

Since (2) goes through the point f = , a j we have 

A co8a + 5sina= 1 — ecosa (5). 

Solving (4) and (5), we have 

- 1— ccosa , „ (1— ecosa)(e — cosa) 

A = , and B = ^ /— . 

e 6Sina 

The equation (2) then becomes 

A / \ • /i fesina 

sin a cos ^ + (e - cos a) sin ^ = — rr . , 

^ ' r(l— ecosa) 

• //I \ 'A csina I 

t.e. sin (U — ai-e sin 6 = — -z . - . 

^ '' 1— ecosa r 

846. If the axis of the oonic be inclined at an angle y to the 
initial line, so that the equation to the oonio is 

- = l"€C08{d-7), 

the equation to the tangent at the point a is obtained by substituting 
a-y and ^ - 7 for a and $ in the equation of Art. 342. 

The tangent is therefore 

- = cos (^ ~ o) - € cos (^ -7). 



cos(^-^^j-ecos(^-7). 



The equation of the line joining the two points a and j3 is, by the 
same article, 

I B-a 

-=sec^- — *" 

T 

The equation to the polar of the point (r^ , 9J is, by Art. 344, 
\- + e cos (0 - y)\ -j- + « cos (0^ - 7)!- = cos (^ - ^J. 

Also the equation to the normal at the point a 

» . //. X • / ^o «Z sin (0-7) 

r{esm(^-7) + sm(a-^)} = = \ '\ , 

i \ '/ \ n l-eoos(a-7) 

847. Bx. 1. If the tangents at any two points P and Q of a 
conic meet in a point T, and if the straight line PQ meet the directrix 
corresponding to S in a point K, then the angle KST is a right angle. 
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If the vectorial angles of P and Q be a and /3 respeotively, the 
equation to PQ is, by equation (8) of Art. 842, 



I B-a 

-=sec --S— cos 
r 2 



{f-^)-eeoBe (1). 



Also the equation to the directrix is, by Art. 389, 

I 

-= -eooBd (2). 

If we solve the equations (1) and (2), we shall obtain the polar 
coordinates of K. 

But, by subtracting (2) from (1), we have 

O=sec^-^cos(^--/j, x,e,e- /-=-. 

so that SK bisects the exterior angle between SF and SQ, 

Also, by equation (3) of Art. 844, we have the vectorial angle of T 
equalto "-±5. f.^. ^T5X=^. 

Hence iKST^ LK8X- lTSX^\, 

a 

Bx. 2. SU the focus arid P and Q two points on a conic such that 
the angle PSQ is constant and equal to 28; prove that 

(1) tJie locus of the intersection of tangents at P and Qis a conic 
section whose focus is S, 

and (2) the line PQ always touches a conic whose focus is 8, 

(1) Let the vectorial angles of P and Q be respectively y+d and 
y-8, where y is variable. 

By equation (4) of Art. 342, the tangents at P and Q are therefore 

I 

-=coB{0 -y- d) ' eooBd (1), 

and -=oob{B -y+d) - eooB e (2). 

I^ between these two equations, we eliminate the variable quantity 
7, we shall have the locus of the point of intersection of the two 
tangents. 

Subtracting (2) from (1), we have 

cos(d-7-J)=cos(d-7+J). 

Hence, (since S is not zero) we have 7=^. 
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flo twUioiiB g for Y in (1), w« hsfe 

r 
i.e. =l-eiee«oo«#. 

HcBfOe tlie leq nir ad loeu u & eonie whose fbem is S, vbose latu 
veetnmiBStMea, and whose aewntridty is eaeol- 

It is thsrefove an ellipse, psnboU, or hjperiiola^ aMonfing is 
€see< is < = >!« {.«• seeording as eoe<> = <e. 

(2) TheeqiiaiioDtoPQis,1)7eqiiaftian(3)of Art-MS, 

-ssec 3oos (tf - 7) - eeos tf, 

i.e. =oos(#-7)-eooeaoos# (3). 

CkMnparing this with equation (4) of Art. 342, we see that it ahtays 
touches a eonic whose Utos rectum is 2Zeosa and whose eooentrieity 
is eeos3. 

Also the directrix is in each case the same as that of the origiiial 

__ ... lBec3 - leos3 ,* ^ 

dtoie. For both r and z are eqoal to - . 

Bz.8. A circle poises through ths focus 8 of a eotde and wueU it 
in four points whose distances from 8 are ritr^^r^t and r^. Prove that 

(1) rir^^4 = -p-, where 21 and e are the lotus rectum and 

eccentricity of the conic, and d is the diameter of the circle, 

^ ,„, 1 1 1 12 

and (2) - + - + - + - = 7. 

Take the focas as pole, and the axis of the conic as initial line^ so 
that its equation is 

^=1-«C0B^ (1). 

If the diameter of the circle, which passes through 8, be inclined 
at an angle y to the axis, its equation is, by Art. 172, 

r=dco6(d-7) (2). 

I^ between {1} and (2), we eliminate $, we shall have an equation 
in f, whose roots are r^, r,, r,, and r^. 

From (1) we have cos tf =^^ , and hence sin 6= ./l - ( — ) , 

and then (2) giyes 

f=dcoS7C08^+d8in7sin^, 
U. {ef^-dooBy{r'l)}*=£pam^y[eh^-{r-1)*l, 

ix. eV*-2«doos7.r»+r»(d»+2eWcos7-««<i>Bina7)-2WV+<PP=:0. 
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Hence, by Art. 2, we have 

»*iV«^4=-^ (8). 

and rarjr4+r^4ri+r4rirj+rirar,=-^ (4). 

Diyiding (4) by (3), we have 

11112 
ri fj fs u ^ 

EXAMPLES. XTCXTX. 

1. In a parabola, prove that the length of a focal chord which is 
inolined at 80° to the axis is four times the length of the latns-rectam. 

The tangents at two points, P and Q, of a conic meet in T, and 8 
is the focns; prove that 

2. if the conic be a parabola, then 8T^=i8P. SQ, 

3. if the conic be central, then ^py^Q - ^a " P '*"^* ~2^ ' 
where 6. is the semi-minor axis. 

4. The vectorial angle of T is the semi-smn of the vectorial 
angles of P and Q. 

Hence, by reference to Art. 838, prove that, if P and Q be on 
different branches of a hyperbola, then 8T bisects the supplement of 
the angle P5Q, and that m other cases, whatever be the conic, ST 
bisects the angle PSQ. 

5. A straight line drawn throngh the common focus £f of a 
number of conies meets them in the points P^, P», ... ; on it is taken 
a point Q such that the reciprocal of 8Q is equal to the sum of the 
reciprocals of SP^ /SfP„ .... Prove that the locus of Q is a conic 
Bectioir whose focus is St and shew that the reciprocal of its latus- 
reotum is equal to the sum of the reciprocals of the latera recta of the 
given conies, 

6. Prove that perpendicular focal chords of a rectangular hyper. 
bola are equal. 

7. PSP* and QSQ' are two perpendicular focal chords of a conic ; 

P'^^^ **^* P8^' + QS^ " ^''"**°*- 

8. Shew that the length of any focal chord of a conic is a third 
proportional to the transverse axis and the diameter parallel to the 
chord. 

9. If a straight line drawn through the focus ^f of a hyperbola^ 
parallel to an asyn^stote, meet the curve in P, prove that SP is one 
quarter of the Ifiius rectum. 
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10. Prove that the equatlona -=l-«co8^ and -=-eooa6-l 
represent the same conic. 

11. Two conies have a common focus; prove that two of their 
common chords pass through the intersection of their directrices. 

12. P is any point on a oonic, whose focus is 8, and a straight 
line is drawn through 5 at a given angle with SP to meet the tangent 
at P in T; prove that the locns of T is a conic whose focus and 
directrix are tiie same as those of the original conic. 

13. If a chord of a conic section subtend a constant angle 2a at the 
focus, prove that the locus of the point where it meets the internal 
bisector of the angle 2a is the conic section 

I cos a « ^ 
=l-ecosaco8^. 

r 

14. Two conic sections have a common focus about which one of 
them is turned; prove that the common chord is always a tangent to 
another conic, having the same focus, and whose eccentricity is the 
ratio of the eccentrioitieB of the given conies. 

15. Two ellipses have a common focus ; two radii vectores, one to 
each ellipse, are drawn from the focus at right angles to one another 
and tangents are drawn at their extremities ; prove that these tangents 
meet on a fixed conic, and find when it is a parabola. 

16. Prove that the sum of the distances from the focus of the 
points in which a conic is intersected by any circle, whose centre is at 
a fixed point on the transverse axis, is constant 

17. Shew that the equation to the circle circumscribing the triangle 
formed by the three tangents to the parabola r=z drawn at 

J ir 1-COS^ 

the points whose vectorial angles are a, /3, and 7, is 

and hence that it always passes through the focus. 

18. If tangents be drawn to the same parabola at points whose 
vectorial angles are a, p, 7, and 5, shew that the centres of the circles 
circumscribing the four tnangles formed by these four lines all lie on 
the cirde whose equation is 



a B y . 

r =a cosec ^ cosec | cosec ^ sm ( 



r= -a cosec ^ cosec ~ cosec - cosec ^ cos | '^ — ^- — 



.[.-•^ItoL*]. 



19. The circle circumscribing the triangle formed by three tangents 
to a parabola is drawn; prove that the tangent to it at the focus 
makes with the axis an angle equal to the sum of the angles made 
with the axis by the three tangents. 
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20. Shew that the equation to the circle, which passes through 
lihe focus and touches the curve - = 1 - eooB at the point d=a, is 

r(l-e coaa)2=icos (^ - o) - elcoB {0 - 2a). 

21. A given circle, whose centre is on the axis of a parabola, 
passes through the focus iSf and is cut in four points J, B, (7, and D by 
any conic, of given latus-rectum, having S as focus and a tangent to 
the parabola for directrix ; prove that the sum of the distances of the 
points A, B, G, and D from S is constant. 

22. Prove that the locus of the vertices of all parabolas that can be 
drawn touching a given circle of radius a and having a fixed point on 

the circumference as focus is r=2aco8^-, the fixed point being the 

pole and the diameter through it the initial line. 

23. Two conic sections have the same focus and directrix. Shew 
that any tangent from the outer curve to the inner one subtends a 
constant angle at the focus. 

24. Two equal ellipses, of eccentricity e, are placed with their 
axes at right angles and they have one focus S in common ; if PQ be 

g 
a common tangent, shew that the angle PSQ is equal to 2 si n-* — . 

25. Prove that the two conies ^ = 1 - e, cos and -^ = 1 - ^., cos 10 - a) 

r r " 

will touch one another, if 

l^ (1 - e^ + /a- (1 - ^1^) + S^j/g^i^a cos « = 0- 

26. An ellipse and a hyperbola have the same focus S and 
intersect in four real points, two on each branch of the hyperbola ; if 
r, and r^ be the distances from S of the two points of intersection on 
the nearer branch, and r^ and r^ be those of the two points on the 
further branch, and if I and V be the semi-latera-recta of the two 
conies, prove that 

[Make use of Art. 338.] 

a 

27. If the normals at three points of the parabola r=acosec2 -, 

whose vectorial angles are a, /3, and 7, meet in a point whose vectorial 
angle is 5, prove that 25=a + /3 + 7-ir. 
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CHAPTER XV. 

GENERAL EQUATION OF THE SECOND DEGREE. 
TRACING OP CURVES. 



348. Particular cases of Conic Sections. The 

general definition of a Conic Section in Art. 196 was that 
it is the locus of a point F which moves so that its distance 
from a given point /S" is in a constant ratio to its perpen- 
dicular distance FM from a given straight line ZK, 

When S does not lie on the straight line ZK^ we have 
found that the locus is an ellipse, a parabola, or a hyperbola 
according as the eccentricity e is < = or > 1. 

The Circle is a sub-case of the Ellipse. For the 
equation of Art, 139 is the same as the equation (6) of 
Art. 247 when ft^ = a*, i.e. when 6 = 0. In this case 

CS=0, and SZ= — ae = Qo, The Circle is therefore a 
e 

Conic Section, whose eccentricity is zero, and whose direc- 
trix is at an infinite distance. 

Next, let S lie on the straight line ZK, so that S and Z 
coincide. 

In this case, since 

SF = e.PM, 
we have 

PMl 
' SP ~ e' 
If e>l, then P lies on one or 
other of the two straight lines SU 
and SU' inclined to KK' at an angle 



s\nPSM-- 




-©• 
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If e = l, then FSM is a right angle, and the locus 
becomes two coincident straight lines coinciding with SX, 

li e<.l, the i FSM is imaginary, and the locus consists 
of two imaginary straight lines. 

If, again, both KK' and aS^ be at infinity and S be on 
KK\ the lines SU and SU' of the previous figure will be 
two straight lines meeting at infinity, i.e. will be two 
parallel straight lines. 

Finally, it may happen that the axes of an ellipse may 
both be zero, so that it reduces to a point. 

Under the head of a conic section we must therefore 
include : 

(1) An Ellipse (including a circle and a point). 

(2) A Parabola. 

(3) A Hyperbola. 

(4) Two straight lines, real or imaginary, inter- 
secting, coincident, or parallel. 

349. To sliew that the general eqication of the second 
degree 

ao^ ^Ihxy ^hy" ^1gx-^%fy \ c=^^ (1) 

alwa/ys represents a conic section. 

Let the axes of coordinates be turned through an angle 
$y so that, as in Art. 129, we substitute for x and y the 
quantities x cos — y sin d and x sin + y cos respec- 
tively. 

The equation (1) then becomes 

a {x cos ^ - y sin Oy + 2A (x cos ^ — y sin 0) {x &in.6 + y cos 0) 

+ b{x sin $ + y cos Oy + 2g (x cos ^ — y sin 0) 

+ 2/(03 sind + y cos ^) + c = 0, 

i.e. 7? {a cos^ ^ + 2A cos ^ sin ^ + 6 sin^ 0) 

+ layy {h (cos^ 6 - sin^ 0)-{a- b) cos sin 0} 

+ 2/" (a sin^ e-2h cos OsinO + b cos^ 0) + 2x {g cos 6 +/sin 0) 

+ 2y{fcos0-gsin0)+c = (2). 

21—2' 
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Now choose the angle $ so that the coefficient of asy in 
this equation may vanish, 

i,e, so that h (cos* — sin' 0)=z(a — h) sin B cos 6, 

%,e. 2A cos 2^ = (a - h) sin 20, 

i. e. so that tan 20 - — — , . 

a — b 

Whatever be the values of a, 6, and A, there is always 
a value of satisfying this equation and such that it lies 
between — 45° and + 46°. The values of sin and cos are 
therefore known. 

On substituting their values in (2), let it become 

^a:* + j5y« + 26?a; + 2% + c = (3). 

First^ let neither A nor B be zero. 

The equation (3) may then be written in the form 

Transform the origin to the point {— ;t , — d) • 

The equation becomes 

Aa? + By'- = ^ + ^-c = K{^y) (4), 

a? 1^ 

i-e- k'^T^^ ^^^• 

A £ 

K K 
If — and -r= be both positive, the equation represents an 

ellipse. (Art. 247.) 

K K 

If — and -^ be one positive and the other negative, it 

represents a hyperbola (Art. 295). If they be both 
negative, the locus is an imaginary ellipse. 

If JT be zero, then (4) represents two straight lines, 
which are real or imaginary according as A and B have 
opposite or the same signs. 
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Secondly^ let either ^ or ^ be zero, and let it be i4. 
Then (3) can be written in the form 

Transform the origin to the point whose coordinates 







f 




This 


equation 


then becomes 








By^ + 2Gx = 0, 


i.e. 









-V 



which represents a parabola. (Art. 197.) 

If, in addition to A being zero, we also have G zero, the 
equation (3) becomes 

Bf-\-2Fy + c = 0, 



"^VB^ B' 



and this represents two parallel straight lines, real or 
imaginary. . 

Thus in every case the general equation represents one 
of the conic sections enumerated in Art. 348. 

350. Centre of a Conic Section. Def. The 

centre of a conic section is a point such that all chords of 
the conic which pass through it are bisected there. 

"When the equation to the conic is in the form 

aoG^ + 2hxy ^ hj/^ -^ c = (1), 

the origin is the centre. 

For let (x\ y) be any point on (1), so that we have 

aa;'2 + 2/w;y + 6y' + c = (2). 

This equation may be written in the form 

a{-x'f + 2h{-x'){-y') + h{-yy + c = 0, 

and hence shews that the point {—x\ —y) also lies on (1). 
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But the points («', y) and {—x\ —y) lie on the same 
straight line through the origin, and are at equal distances 
from the origin. 

The chord of the conic which passes through the origin 
and any point {x\ y) of the curve is therefore bisected at 
the origin. 

The origin is therefore the centre. 

351. When the equation to the conic is given in the 
form 

ax^ + 2kxy + hy^ + 2gx + ^fy + c = (1), 

the origin is the centre only when both/ and g are zero. 

For, if the origin be the centre, then corresponding 
to each point (a;', y') on (1), there must be also a point 
(—05', —}/) lying on the curve. 

Hence we must have 

ax'^ + 2hxy' + hy'^ + ^gx' + %fy'-\-c=^0 (2), 

and ax'^ + 2kxy' + by"" - "Igx' - 2/y' + c = (3). 

Subtracting (3) from (2), we have 

gx' +fy = 0. 

This relation is to be true for cUl the points (x', y') 
which lie on the curve (I). But this can only be the case 
when ^ - and / = 0. 

352. To obtain the coordinates of the centre of the 
conic given by the general egv^ition^ and to obtain the 
equation to the curve referred to axes through the centre 
parallel to tJie original axes. 

Transform the origin to the point (^, y), so that for x 
and y we have to substitute x-^x and y-\-y. The equation 
then becomes 

a(a; + sbf + 2A(a; + id) (y + y) + 6 (y + ^)'+ 2^ (x + ^) 

i,e, aa? + 2hocy + by^ + 2x (ax^ hy + g) + 2y (hx + by +/) 
+ ax''¥2hxy+bf + 2gx-¥2/y + c=^0 (2). 
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If the point (x, g) be the centre of the conic section, the 
coefficients of x and y in the equation (2) must ranish, so 
that we have 

ax + hy + g = (3), 

and h£ + bff +/=0 (4). 

Solving (3) and (4), we have, in general, 

-^^■"^^-SH^ <»)■ 

With these values the constant term in (2) 

= 00^ + 2h£y + hf + 2gx + 2/g + c 

= X (ax + hy + g)-\-y (hx + by +/) -^ gx+/y + c 

= gX + fy + C (6), 

by equations (3) and (4), 

abc + 2/gh-aP^bg''-ch^ , ,. ,^. 

^ ah-h' ' ^^ equations (5), 

A 

where A is the discriminant of the given general equation 
(Art. 118). 

The equation (2) can therefore be written in the form 

A 

oaf + 2hxy + by'^ + -7 — ^ = 0. 

This is the required equation referred to the new axes 
through the centre. 

Bx. Find the centre of the conic section 

2x2-5xy-3v2~a;-% + 6=0, 
and its equation when transformed to the centre. 

The centre is given by the equations 2x - f^ - }=0, and 
-1^-3^-2=0, so that x=-^, and y=-|. 
The equation referred to the centre is then 
2a;2-6a:y-32/2 + c'=0, 
where c'= -i.S-2.^ + 6=^+f +6=7. (Art. 362.) 
The required equation is thus 

2a:2-5«y-3y2+7=0. 



328 COORDINATE GBOMETRY. 

353. Sometimes the equations (3) and (4) of the last 
article do not give suitable values for x and y. 

For, if ab — h? be zero, the values of rg and y in (5) are 
both infinite. When ah — h*\B zero, the conic section is a 
parabola. [Art. 239.] 

The centre of a parabola is therefore at infinity. 

Again, if t= 7 = >> the result (5) of the last article is 

of the form ^ and the equations (3) and (4) reduce to the ' 
same equation, viz., 

ax -{■ hy + g - 0. 

We then have only one equation to determine the 
centre, and there is therefore an infinite number of centres 
all lying on the straight line 

ax + hy -^g=^Q. 

In this case the conic section consists of a pair of 
parallel straight lines, both parallel to the line of centres. 

354. The student who is acquainted with the Dif- 
ferential Calculus will observe, from equations (3) and (4) 
of Art. 352, that the coordinates of the centre satisfy the 
equations that are obtained by differentiating, with regard 
to X and y, the original equation of the conic section. 

It will also be observed that the coefficients of x, ^, and 
unity in the equations (3), (4), and (6) of Art. 352 are the 
quantities (in the order in which they occur) which make 
up the determinant of Art. 118. 

This determinant being easy to write down, the student 
may thence recollect the equations for the centre and the 
value of c. 

The reason why this relation holds will appear from the 
next article. 

855. Bx. Find the condition that the general equation of the 
second degree may represent two straight lines. 

The centre (IS, y) of the conic is given by 

d3i^hyjrg=0 (1), 

and ;i«+6^+/=0 (2). 
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Also, if it be transfonned to the centre as origin, the equation 
becomes 

a«2+2/ury + 6y3+c'=0 (3), 

where c^=gx-\'fy-\-c. 

Now the equation (3) represents two straight lines if c' be zero, 

i.e. if g^+fg+c=0 (4). 

The equation therefore represents two straight lines if the relations 
(1), (2), and (4) be simultaneously true. 

Eliminating the quantities Z and ^ from these equations, we have, 
by Art. 12, 

a, h, g 

K b, f =0. 

g>f* c 

This is the condition found in Art. 118. 

356. To find tJie eqtiation to the asyinptotes of the conic 
section given by the general eqtiation of the second degree. 
Let the equation be 

aa^ + 2hxy + by'' + 2gx + 2fg + c = (1). 

Since the equation to the asymptotes has been shewn to 
differ from the equation to the curve only in its constant 
term, the required equation must be 

aa^ + 2hxy + hy'^+2gx + 2/y + c + X = (2). 

Also (2) is to be a pair of straight lines. 
Hence 
ab{c + X) + 2/gh-a/^-bf-{c + X)h^ = 0. (Art. 116.) 

_ . . abc + 2M-a/'-b g'-ch^ A 

Therefore X ^ — t — rb ^ — i — lo • 

ao — h^ ab — k' 

The required equation to the asymptotes is therefore 

aa? + 2hxy + by^+ 2gx + 2/y 4- c - -^ — j^ = 0. . . ( 2) . 

Cor. Since the equation to the hyperbola, which is 
conjugate to a given hyperbola, differs as much from the 
equation to the common asymptotes as the original equation 
does, it follows that the equation to the hyperbola, which is 
conjugate to the hyperbola (1), is 

ojc* + 2^a;2/ + 6y2 + 2gX'\-2fy + c- 2 -^ — u = ^' 
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357 • To determine by an examination of the generaX 
eqtiation what kind of conic section it represents. 

[On applying the method of Art. 313 to the ellipse and 
parabola, it would be found that the asymptotes of the 
ellipse are imaginary, and that a parabola only has one 
asymptote, which is at an infinite distance and perpen- 
dicular to its axis.] 

The straight lines aa^ -h 2hxy + by^ = (1) 

are parallel to the lines (2) of the last article, and hence 
represent straight lines parallel to the asymptotes. 

Now the equation (1) represents real, coincident, or 
imaginary straight lines according as A^ is >= or <aft, 
i.e. the asymptotes are real, coincident, or imaginary, 
according as A^ > = or <a6, i.e. the conic section is a hyper- 
bola, parabola, or ellipse, according as A-* > = or < ab. 

Again, the lines (1) are at right angles, i.e. the curve is 
a rectangular hyperbola, if a + b = 0. 

Also, by Art. 143, the general equation represents a 
circle if a = b, and h = 0. 

Finally, by Art. 116, the equation represents a pair of 
straight lines if A = ; also these straight lines are parallel 
if the terms of the second degree form a perfect square, i.e. 
if h^ = ab. 

358. The results for the general equation 

aa^ + 2hxy Arbif -^t 2gx + 2ft/ + c = 

are collected in the following table, the axes of coordinates 
being rectangular. 



Curve. 


Condition. 


Ellipse. 
Parabola. 


h^<ab. 
h^=^ah. 


Hyperbola. 
Circle. 


h^^ah. 
a = b, and h=0. 


Rectangular hyperbola. 
Two straight lines, real or 


a + 6 = 0. 
A = 0, 


imaginary. 
Two parallel straight lines. 


i.e. 

abc+2fgh-af^-bg^-ch^=0. 
A = 0, and h^'^a^. 
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If the axes of coordinates be oblique, the lines (1) of Art. 856 are 
at light angles if a+b-2heoBia=0 (Art. 93); so that the oonic 
seotioii is a reotangular hyperbola if a + 6 - 2^ cos w=0. 

Also, by Art. 175, the conic section is a drole if &= a and 

h=aooB(o. 

The conditions for the other cases in the previous article are the 
same for both oblique and rectangular axes. 
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What conies do the following equations represent? When 
possible, find their centres, and also their equations referred to the 
centre. 

1. 12x2 - 23xy + 10y2 _ 26a; + 26y = 14. 

2. lSx^-lQanf + S7y^+2x + Uy-2=0, 

3. y^-2jjSxy + dx^+6x-4y + 6=0, 

4. 2x2-72xy+23y3-4a;-28y-48 = 0. 

5. 6x*-5ajy-6y' + 14x+5y + 4=0. 

6. 3x2-8xy-3y3+10x-13y + 8=0. 

Find the asymptotes of the following hyperbolas and also the 
equations to their conjugate hyperbolas. 

7. 8a;*+10xy-3y2-2x + 4y=2. 8. y^-a?y -2x^-&y + x-6=0. 
9. 56x2 -120xy + 20^2 + 64x-48y=0. 

10. 19x* + 24xy+y*-22x-6y=0. 

11. If (£, y) be the centre of the conic section 

/(x, y) = ax^ + 2?ixy + by^ + 2gx + 2fy + c = 0y 
prove that the equation to the asymptotes is/(x, y)=/(J, ^). 

If t be a variable quantity, find the locos of the point (x, y) when 

12. x=a(t + jj and y=za(t--\. 

13. x=at + bt^ and y=:bt+atK 

14. x=l + t + t^ taid y=:l-t+t^ 

If ^ be a variable angle, find the locus of the point (x, y) when 

15. x=atan(d + a) and ^=&tan (^+/3). 

16. x=acos(d + a) and y=boo8($+p). 
What are represented by the equations 

17. (x-y)2+(x-a)a=0. 18. xy + a^=a{x+y). 
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[Exs. XL.] 



19. x3-y»=(y-a)(x«-y^. 

20. ni^+y^-xy(x+y) + aHy-x) = 0, 
22. a^ + y^ + (x+y){xy-ax-ay)=:0. 
24. {reose-a)(r-aeoB0)=O. 

26. r + -=Soose + ane, 

T 

28. r(4-3 8in2^) = 8acosd. 



21. {x^-a?f-y*=0. 
23. x'^-\-xy + y^=0. 
25. rBin'^=2acos^. 

27, -=l + cosd+/^3sin^. 



359. jTo <rac6 <A^ parabola given hy the general eq^uh- 
tion of the second degree 

aar^+ 2Aa;y + 6y^+2ya; + 2/2/ + c = (I), 

and to find its lotus rectum. 

First Method. Since the curve is a parabola we 
have h^ = a6, so that the terms of the second degree form 
a perfect square. 

Put then a = (j? and 6 = ^, so that h = aP, and the 
equation (1) becomes 

{ax-\-PyY+2,gx+2fy + c=^0 (2). 

Let the direction of the axes be changed so that the 

straight line ax-\' py = 0^ i.e, y--^*' ^*y ^ *^® ^®^ 
axis of X. 




We have therefore to turn the axes through an angle 



such that tan ^ = - - , and therefore 
P 



p 



sin = r and cos = —. . 
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For X we have to substitute . 

Xcos^— Fsin^, i.e. ^ , ** , 

Ja^ + fi' 
and for y the quantity 

X sin ^ + Fcos 0, i. e. ~°^+^ , / Art. 1 29.) 

Ja^ + P" ^ ^ 

For ax + Py we therefore substitute Y \/(a' + )3^). 
The equation (2) then becomes 

Va + p 

i.e. (T-Xy^2-P^-^^.[X-II] (3), 



(4). 



where J5r=- "^-t^f 

and _2-°-t^x^=Jir'-_l_, 

The equation (3) represents a parabola whose latus 
rectum is 2 s , whose axis is parallel to the new axis 

of X, and whose vertex referred to the new axes is the 
point (ff, K). 

360. Equation of the aods, and coordinates of the 
vertex, referred to the original axes. 

Since the axis of the curve is parallel to the new axis of 
X, it makes an angle with the old axis of aj, and hence 
the perpendicular on it from the origin makes an angle 
90>ft 

Also the length of this perpendicular is K. 



334 COORDINATE GEOMETRY. 

The equation to the axis of the parabola is therefore 
fl;coB(90' + ^) +y sin(90* + ^) = a; 
i.e, —X sin + y cos = K, 

i.e. ax + fy = X^a-V^^-'^±^ (6). 

Again, the vertex is the point in which the axis (6) 
meets the curve (2). 

We have therefore to solve (6) and (2), i, e. (6) and 

^gJ^+2^x+2/y + c = (7). 

The solution of (6) and (7) therefore gives the required 
coordinates of the vertex. 

361. It was proved in Art. 224 that if PF be a 
diameter of the parabola and Q V the ordinate to it drawn 
through any point Q of the curve, so that ^ F is parallel to 
the tangent at P, and if ^ be the angle between the diameter 
FV and the tangent at P, then 

eP = 4acosec*^.Pr (1). 

If QL be perpendicular to PF and QL' be perpendicular 
to the tangent at P, we have 

QL = QVsme, and Qr = FVsinO, 
so that (1) is QL^ = ia cosec . QU. 

Hence the square of the perpendicular distance of any 
point Q on the parabola from any diameter varies as the 
perpendicular distance of Q from the tangent at the end of 
the diameter. 

Hence, if Ax + By + C — be the equation of any 
diameter and A'x + By + C" = be the equation of the 
tangent at its end, the equation to the parabola is 

(Ax^By^G)^^\{A:x^By^C'). (2), 

where X is some constant. 

Conversely, if the equation to a parabola can be reduced 
to the form (2), then 

Ax^ By -^0 = ^... ..:,.. (3) 
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is a diameter of the parabola and the axis of the parabola is 
parallel to (3). 

"We shall apply this property in the following article. 

362. To trace the parabola given by the general eqtia- 
tion of the second degree 

ax^+2hxy + bi/' + 2gx + 2/y + c = (1). 

Second Method. Since the curve is a parabola, the 
terms of the second degree must form a perfect square 
and A* = a6. 

Put then a = a^ and b = ^, so that A = a^, and the 
equation (1) becomes 

{ax + PyY=-{2gx + 2/y + c) (2). 

As in the last article the straight line aa; + /8y = is a 
diameter, and the axis of the parabola is therefore parallel 
to it, and so its equation is of the form 

ax + Py + \ = (3). 

The equation (2) may therefore be written 

(ax + py -{- Xy = -{2gip+ 2/y + c) + k"" + 2\{ax -\- fy) 

= 2x{Xa-g)+2y(fi\-/) + X^-c (4). 

Choose X so that the straight lines 

aa; + ^y + X = (5) 

and 2x{Xa-g) + 2y{pX-/) + X^-^c:=0 (6) 

are at right angles, i.e. so that 

t.e. sothat X = S^~^ (7). 

The lines (5) and (6) are now, by the last article, a 
diameter and a tangent at its extremity ; also, since they 
are at right angles, they must be the axis and the tangent 
at the vertex. 
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The equation (4) may now, by (7), be written 

ie f a«+/3y+X l'^ 2(a/-;8g) j 3x-ay + /i. 

where PiV is the perpendicular from any point F of the 
curve on the axis, and A is the vertex. 

Hence the axis and tangent at the vertex are the b'nes 
(5) and (6), where X has the value (7), and the latus rectum 

a/- fig 



= 2 



i' 



363. Bx. Trace the parabola 

The equation is 

(3a?-42/)2-18x-101y + 19=0 (1). 

First Ketbod. Take Sx-4y=0 as the new axis of x, i,e. turn 

the axes through an angle d^ where tan^=f, and therefore Bin^=f 

and cos d=^. 

4X — 3F 
For X we therefore substitute Xcos^-Fsin^, i.e. — ^— ; for 

5 

y we put Zsin^+Fcos^, i.e. — — , and hence for Zx-4y the 

5 

quantity -6F. 

The equation (1) therefore becomes 

25F2-i[72X-54F]-i[303Z+404r| + 19=0, 
i.e. 25F2-75X-70F+19=0 (2). 

This is the equation to the curve referred to the axes OX and OY. 

But (2) can be written in the form 

14F 

r2-:^-=3X-i|. 

i.e. (F-i)«=3X-U + M = 3(X+i). 
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Take a point A whose coordinates referred to OX and OF are -| 
and I, and draw AL and AM parallel to OX and OY respectively. 




Referred to AL and AM the equation to the parabola is Y^=z 3X. 
It is therefore a parabola, whose vertex is A, whose latus rectum is 8, 
and whose axis is AL. 

S eco n d BKotbod. The equation (1) can be written 

(3ar-4y + X)2=(6\+18)a; + 2/(101-8X) + X2_l9 (3). 

Choose X so that the straight lines 

8a;-4y + X=0 
and (6X + 18) a; + y (101 - 8X) + X*- 19=0 

may be at right angles. 
Hence X is given by 

3 (6X+ 18) - 4 (101 - 8X) =0 (Art. 69), 
and therefore X=7. 

The equation (3) then becomes 

(3a: - 4y + 7)2= 15 (4a; + 3y + 2), 

Let AL be the straight line 

3a?-42^ + 7=0 (5), 

and ^M the straight line 4a; + 3y + 2=0 (6). 

These are at right angles. 

If P be any point on the parabola and PN be perpendicular to 
AL, the equation (4) gives P2^=3 . AN. 

Hence, as in the first method, we have the parabola. 

The vertex is found by solving (5) and (6) and is therefore the 
pomt(-M,«). 

L. 22 
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In cbrnwing corfes it is often adTisaUe, as a ipoofieaftion, to find 
wbettier tbej cot the origiiial axes ol eooidhiales. 

Thus tbe pcmtts in which the giren parabola cots the axis of x 
are foand hy patting y =0 in the original eqoatioo. The resottiiig 
eqoation is 9ar - l&r + 19=0, which has imaginary roots. 

The parabola does not therefore meet Ox. 

Simflariy it meets Oy in points given by 16y*- 101y + 19=0, the 
roots of whieh are nearly S| amd ^. 

The Tallies of OQ and OQ^ should therefore be nearly ^ and 6|. 

364. To find the directum and maffnitvde of the cuces 
of tlie central conic section 

aix? + 2hxy-^-by'=\ (1). 

First Uethod. We know that, when the equation to 
a central conic section has no term containing xy and the 
axes are rectangular, the axes of coordinates are the axes of 
the curve. 

Now in Art. 349 we shewed that, to get rid of the term 
involving ojy, we must turn the axes through an angle 6 
given by 

tan 2^ = -^ (2). 

The axes of the curve are therefore inclined to the axes 
of coordinates at an angle given by (2). 
Now (2) can be written 

2tan^ ^ _lf 
T^tan^^ ■a-6~X^^^^' 

.*. tan^^ + 2A.tan^-l=0 (3). 

This, being a quadratic equation, gives two values for 9, 
which differ by a right angle, since the product of the two 
values of tan ^ is — 1. Let these values be 0^ and O^t which 
are therefore the inclinations of the required axes of the 
curve to the axis of a;. 

Again, in polar coordinates, equation (1) may be written 
r»(acos»^ + 2Acos^sin ^ + 6 sin* ^)= 1 = cos^^ + sin'^, 
Le. 

cos«^ + 8in«^ 1+tan'^ 



r«^ 



acos'^ + 2/rcos^sin^ + 6sin'^^ a+ 2Atan^ + 6taii«^ 

W 
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If in (4) we substitute either value of tan derived 
from (3) we obtain the length of the corresponding 
semi-axis. 

The directions and magnitudes of the axes are therefore 
both found. 

Second Method. The directions of the axes of the 
conic are, as in the first method, given by 

tan 20 =-?*,. 

When referred to the axes of the conic section as the 
axes of coordinates, let the equation become 

^-^=1 (^)- 

Since the equation (1) has become equation (5) by a 
change of axes without a change of origin, we have, by 
Art. 135, 

a» + ;^ = « + ^ W' 

and a«^ = '^-^' <^>- 

These two equations easily determine the semi-axes a 
and j8. [For if from the square of (6) we subtract four 

times equation (7) we have (-2 "- ^3 ) > ^^^ hence —^—^l 

hence by (6) we get 3 and ^ . 

The difficulty of this method lies in the fact that we 
cannot always easily determine to which direction for an 
axis the value a belongs and to which the value )8. 

If the original axes be inclined at an angle w, the equa- 
tions (6) and (7) are, by Art. 137, 

1 1 a + b — 2h cos w 

^■^^" siK^o ' 

1 ah-h' 
and "2^ = — .-^ — . 

a''^ sin^ Q) 

22—2 
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Cor. 1. The reciprocals of the squares of the semi- 
axes are, by (6) and (7), the roots of the equation 

Cor. 2. From equation (4) we have 

Area of an ellipse = wa^ = —^ . 

86 A. Bz. 1. Trace the curve 

14x2 - 4x2/ + lly2- 44a; -58y + 71 = (!)• 

Since ( - 2)^ - 14 . 11 is negative, the curve is an ellipse. [Art. 368.] 

Bj Art. 352 the centre (x, y) of the curve is given by the equations 

14x-2^-22=0, and -2x+lly-29=0. 

Hence 7=2, and |/=3. 

The equation referred to parallel axes through the centre is 

therefore 14x2 - 4xy + lly* + c' = 0, 

where c'= -22x-29y + 71= -60, 

so that the equation is 

14x2- 4xy + 11^2=60 (2). 

The directions of the axes are given by 

*u * 2tan^ . 

«>**^* l-tan2r-^' 

and hence 2 tan2 ^-3 tan ^-2=0. 

Therefore tan ^i = 2, and tan ^g = - J. 

Referred to polar coordinates the equation (2) is 

r2(14oos2^-4cos^sin^ + llshi2^) = 60(cos2d + sin2^), 

l + tan2^ 



r2=60 



14-4tan^ + lltan2d* 



When tan ^1=2, n'=60x ^^A+i_=6. 
When tand,= -4, r,2=60x j^^i±i^=4. 
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The lengths of the semi-axes are therefore ^6 and 2. 

Henoe, to draw the curve, 
take the point C, whose coordi- 
nates are (2, 3). 

Through it draw A*CA in- 
clined at an angle tan~^ 2 to the 
axis of X and mark off 

Draw BCB' at right angles 
to AC A' and take B'C=^CB=^2, 

The required ellipse has AA' 
and BB' as its axes. 

It would be found, as a yeri- 
fication, that the curve does not meet the original axis of Xt and 
that it meets the axis of y at distances from the origin equal to 
about 2 and 3^ respectively. 




, 2. Trance the curve 

a^-Sxy+y^ + lOx-lOy + 21^:0. 

/_Q\2 

Since { 



(1). 



'(t7- 



1 . 1 is positive, the curve is a hyperbola. 



[Art. 358.] 



The centre (J, |7) is given by 



3 



and 
so that 






J=-2, and y=2. 

The equation to the curve, referred to parallel axes through the 
centre, is then 

a;2-3«y+y2 + 6( -2) -6x2 + 21=0, 

i.e. x^^Sxy+y^=-l (2). 

The direction of the axes is given by 

^ „^ 2h -3 

so that 2^=90° or 270°, 

and hence ^i=45° and ^3=136°. 

The equation (2) in polar coordinates is 

r2(cos»^ - 3cos dsin d+sin2^)= - (sin^^+cos^^), 
l+tan«d 



r«=. 



l-3tan^+tan2^ 
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When ^1=45^ r^^^ -^1—^=2, so that ^=^2. 

1 — 3 + 1 

men #,= 136°, r,«= - j -g^^ = ^, so that r,=^^ . 

To oonstmot the ciurve take the point C whose coordinates are — 2 
and 2. Through C draw a straight line AC A' indined at 45° to the 
axis of X and mark off A'G—CA—J2, 

Also through A draw a straight line KAK' perpendicular to CA 
and take AK=K*A=^\, By Art. 315, CK and CK' are then the 
asymptotes. 

The ourve is therefore a hyperhola whose centre is C, whose 
transverse axis is ^'^4, and whose asymptotes are OK and CK'. 




On putting x=0 it ^;nll he found that the curve meets the axis of 
y where y =3 or 7, and, on putting ^=0, that it meets the axis of x 
where a;= - 3 or - 7. 

Hence 0Q=3, 0Q'=7, 0E=3, and 012'=7. 

366. To find the eccentricity of the central conic section 

aa?+2hxy-^by^=:^l (1). 

Flrstj let h^ — ab he negative, so that the curve is 
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an ellipse, and let the equation to the ellipse, referred to 
its axes, be 

By the theory of Invariants (Art. 135) we have 

-9+^ = '* + * (2). 

and „^^ = "*-*' <^)- 

Also, if e be the eccentricity, we have, if a be > )3, / 



But, from (2) and (3), we have 
Hence 

•• 2-e«~ a + b ^ ^* 

This equation at once gives e\ 

Secondly, let A- — a6 be positive, so that the curve is 
a hyperbola, and let the equation referred to its principal 
axes be 

a" p~ ' 
SO that in this case 



11 J. A ^ 



,9 - fl» = « + ^ and -^^^ = a6-A=' = -(A»-a6). 



Hence a«-^ = -^-^ and a'^== y3^. 
so that a' + j8° = + ^l{a^ - jSy + 4a';8' = + ^^" ~ ^^' ?" ^^' ■ 



h^-ab 
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In this case, if 6 be the eccentricity, we have 

6» = ^ 



a» + j8' 






This equation gives c^. 

In each case we see that 6 is a root of the equation 

\2-e') ~ (a + bf ' 
i.e, of the equation 

^(ah-h') + {{a-bY + 4h'}{e^-l) = 0. 

367. To obtain the /oci of the central conic 
aa^ + 2hxy + by'= 1. 

Let the direction of the axes of the conic be obtained as 
in Art. 364, and let 0^ be the inclination of the major axis 
in the case of the ellipse, and the transverse axis in the case 
of the hyperbola, to the axis of x. 

Let rj^ be the square of the radius corresponding to 0^, 
and let r^ be the square of the radius corresponding to the 
perpendicular direction. [In the case of the hyperbola r^^ 
will be a negative quantity.] 

The distance of the focus from the centre is Jr{^ — r^^ 
(Arts. 247 and 295). One focus will therefore be the point 

(V^i^ — ^2^ cos Oi , \/r,^ — r^^ sin 0^), 

and the other will be 

(-Vn^'^^cos^,, -VrT^sin^j. 

Bx. Find the foci of the ellipse traced in Art. 365. 

2 1 

Here tan d, = 2, so that sin ^i = -t^ and cos $. = -j-. 

Also ri2=6, and r^^^^, so that ^r^^l^=^2. 

The coordinates of the foci referred to axes through G are therefore 



($.^)^{-j!.-m. 



V6' V6/' 
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Their coordinates referred to the original axes OX and OF are 

368. The method of obtaining the coordinates of the 
focus of a parabola given by the general equation may be 
exemplified by taking the example of Art. 363. 

Here it was shewn that the latus rectum is equal to 3, 
so that, if aS' be the focus, ^aS' is f . 

It was also shewn that the coordinates of A referred to 
OX and OY are - | and |. 

The coordinates of S referred to the same axes are 
- 1 + 1 and I, i,e, /^ ^^ t- 
Its coordinates referred to the original axes are therefore 
-^ cos ^ — ^ sin ^ and /^ sin + \ cos ^, 

Le, -U and \^, 

In Art. 393 equations will be found to give the foci of 
any conic section directly, so that the conic need not first 
be traced 

869. Bx. 1*. Trace the curve 

3(3ar-22/*+4)2+2(2a; + 3y -5)2=39 (1). 

The equation may be written 

'('^^y-K^^^T- «• 

Now the strai^t lines 3a;- 2^+4=0 and 2a; + 3^-6=0 are at 
right angles. Let them be CM and 
CNi intersecting in C which is the 
point (-A.H). 

If P be any point on the curve 
and PM and PN the perpendiculars 
upon these lines, the lengths of PM 
and PN are 

3a;-2y+4 , 2a; + 3w-5 
* -ZJW "^^ -^13- • 
Hence equation (2) states that 
3PJkf« + 2Pi^2^3, 

PM^ PN^ , 
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The looas of P is therefore an ellipse whose semi-axes measured 
along CM and CN are ^^f and 1 respectively. 

Bz. S. What it represented by the equation 

The equation may be written in the form 

i.e, (x^ + y«)« - 2a2 (x^ + y^) + a* = 2xhf\ 

i,e. {x^+y^ - a«)s - (^22^)^=0, 

i.e, (x^+^2xy+y^-a^){x^-J2xy + y^-a^)^0. 

The locus therefore consists of the two ellipses 

a63+V2a?y+y2-a»=0, and x^-^2xy+y^-a^=0. 

These ellipses are equal and their semi-axes would be found to be 

a^2-\-^2 and aj2-^2. 

The major axis of the first is inclined at an angle of 135° to the 
axis of X, and that of the second at an angle of 45°. 

EXAMPLES. XLI. 

Trace the parabolas 

1. (x-4:yf=61y. 2. {x-y)^=x+y + l. 

3. (5a; - 12y )» = 2ax + 29oy + a^. 

4. (4x + 3y + 15)2=5(3x-4y). 

5. 16x2+24a;y + 9y2_5a._ 10^ + 1=0. 

6. 9x^+2ixy-\-l&y*-4y-x-\-7=0, 

7. Iiia^-120xy+25y^+ei9x-272y-^ms=0, and find its focus. 

8. 16a;2-24a:y + 9y2+32x+86y-39=0. 

9. 4a^-4xy+y^-l2x+&y-\-9=0, 

Find the position and magnitude of the axes of the conies 
10. 12x^-12xy-\-7y^=^S, U. 3x2+2a:y + 3y*=8. 

12. a^-xy-^^=^. 

Trace the following central conies. 

13. a;»-2xycos2a + y^=2a2. 14. a;2-2a:ycosec2a-|-j/2=a*. 

15. xy=a(x+y), 16. xy'-y^=a^. 

17. y^-2xy + 2x^ + 2x-2y=0. 18. x^-\-xy+y^+x+y=zl. 
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19. 2aj»+3ay-2y>-7a;+y-2=0. 

20. 40a^+S6ay+25y«-196a?-122y+206=0. 

21. 9a^-3ary+9ya+60x+10y=64i. 

22. ic*-a!y+2y«-2aar-6ay + 7a*=0. 

23. 10«^-48a:y-10ya+3ar+44y-5J=0. 

24. 4«>+27ajy+36y«-14a!-31y-6=0. 

25. (3ar-4|/+a)(4a!+3y + o)=a». 

26. 3(2a;-3y+4)a+2(8aj+2y-6)2=78. 

27. 2(3a;-4y + 5)2-3(4a? + 3y-10)2=160. 
Find the products of the semi-axes of the conies 

28. y2-4a7 + 5a?=2. 29. 4(3a:+4y-7)H3(4ar-3y + 9)2=3. 

30. llx^ + 16xy-y^-70x-4(yy + 92=0. 
Find the foci and the eccentricity of the conies 

31. si^-Sxy+Aax=2a^, 32. Axy - Sx^ - 2ay =0. 

33. 5«3+6xy+6y*+12a; + 4y + 6=0. 

34. x^+4sey+y^'2x + 2y-6=0, 

35. Shew that the latus rectum of the parabola 

{a^+V^){x^ + y^ = (bx + ay-abf 
is 2ab^Ja^Tb^. 

36. Prove that the lengths of the semi-axes of the conic 

ax^+2hxy + ay^=d 

are \/ — -r and a/ ; 

V a + h V a-h 

respectively, and that their equation is aB^-^^=0. 

37. Prove that the squares of the semi-axes of the conic 

aa?-{-2hxy-{-by^-\-2gx-{-2fy + c=0 
are 2A^{{ab-h^) {a-^h^i^ J{a-b)^+4h^)}, 

where A is the discriminant. 

38. If X be a variable parameter, prove that the locus of the 
vertices of the hyperbolas given by the equation x^-y^+\xy=a^ is 
the curve {x^+y^)^=a*(x^^y^). 

39. M the point {at^\ 2ati) on the parabola y^—Aax be called the 
point ti, prove that the axis of the second parabola through the four 
points ^, tg, £3, and ^4 makes with the axis of the first an angle 



cot-i(^*i±h+b±hy 



Prove also that if two parabolas meet in four points the distances 
of the centroid of the four points from the axes are proportional to the 
latera recta. 
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40. If the product of the semi-axes of the conie x^ + 2xy + VJy^ = 8 
be unity, shew that the axes of coordinates are inclined at an angle 
sin-ij. 

41. Sketch the cnrve Ox* - Ixy - 6y^ -4x + lly = 2, the axes being 
inclined at an angle of 30**. 

42. Prove that the eccentricity of the conic given by the general 
equation satisfies the relation 

e* {a + b-2hoo6ta)^ 

l-e*"*" ~ iab-h^)Bin^<a * 
where u> is the angle between the axes. 

43. The axes being changed in any way, without any change of 
origin, prove that in the general equation of the second degree the 

quantities c, "^ — ^—r-^— , ;-„ — ^^^- ♦ and . „ are 

^ sin*a» srn^w sin^w 

invariants, in addition to the quantities in Art. 137. 

[On making the most general substitutions of Art. 132 it is clear 
that c is unaltered; proceed as in Art. 137, but introduce the condition 
that the resulting expressions are equal to the product of two linear 
quantities (Art. 116); the results will then follow.] 



CHAPTER XVL 

THE GENERAL CONIC. 

370. I» the present chapter we shall consider proper- 
ties of conic sections which are given by the general equation 
of the second degree, viz. 

aa^^-2hayy + hf-\-2gx-{-2fy + c = (1). 

For brevity, the left-hand side of this equation is often 
called <^ (a;, y), so that the general equation to a conic is 

Similarly, <^(a;', y) denotes the value of the left-hand 
side of (1) when x' and y are substituted for x and y. 

The equation (1) is often also written in the form ;S^=0. 

371. On dividing by c, the equation (1) contains ^vq 

.^ li , , a h h a ,/ 

independent constants - , - , - , - , and - . 
c c c c c 

To determine these five constants, we shall therefore 
require ^\e conditions. Conversely, if five independent 
conditions be given, the constants can be determined. 
Only one conic, or, at any rate, only a finite number of 
conies, can be drawn to satisfy five independent conditions. 

372. To find tlie eqiuUian to the tangent at any point 
{x\ y') of the conic section 

<l>{x, y) = ao^ + 2hxy+by'-{-2gx+2/y + c = 0...{l). 

Let (x'\ y") be any other point on the conic. 
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The equation to the straight line joining this point to 
(x\ y') is 

y-y-i^li^-^') (2). 

Since both {x\ y) and (x'\ y") lie on (1), we have 

ax'^ + 2hx'y + hy'* + 2gx' + "Ify -^ c = (3), 

and ax"^ + ^hx"y" + hy"^ + 2gx" + 2/y" + c = (4). 

Hence, by subtraction, we have 

a (a:'» - O + 2A {x^ - x"y") + b (y" - y'") 

+ 2g{x'-x") + 2/(y'-y") = (5). 

But 

2 (xy - x"y") = {x' + X") (y' - y") + {x' - x") (y' + y"), 
so that (5) can be written in the form 
(x' -x")[a{x' + x") + h(y' -^y") + 2g] 

+ {y'''t/")[h(x^x") + b{y' + y'') + 2/] = 0, 
y"-y' _ a{x' + x") + h{y' + y") + 2g 
*'^* x"-x' h{x' + x")-^h{y'-^y") + 2f' 

The equation to any secant is therefore 
a(x'^x") + h(3/ + f) + 2 g 
^ y- h{x' + x")->-b{y'+y") + 2/^'' *^ •^''>- 
To obtain the equation to the tangent at (x\ y'), we put 
x" = X and y" = y in this equation, and it becomes 

ax' + hy'-^g 
2'-y=-WT6y'T7<*-^>' 
i.e, {ax' + hy +g)x + {lix' + by +/) y 

= aac^+ 2Jixy' -^hy^ + gx' -k- fy 
= — gx* —fy' — c, by equation (3). 
The required equation is therefore 
aja:' + h(]cy' + x'y)+b3ry' + g(x + x') + f(y+y') 

+ c = (7). 

Cor. 1. The equation (7) may be written down, from 
the general equation of the second degree, by substituting 
Qcx' for ic*, yy' for y^, xy' + xy for. 2ccy, x-¥x' for 2a;, and 
y + y'ior2y. (Cf. Art. 152.) 
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Cor. 2. If the conic pass through the origin we have 
c = 0, and then the tangent at the origin (where x =0 and 
y' = 0) is gx ^fy = 0, 

i. e, the equation to the tangent at the origin is obtained by 
equating to zero the terms of the lowest degree in the 
equation to the conic. 

878. The equation of the previous article may also be obtained 
as follows ; If {x\ y') and {xf\ y") be two points on the oonio section, 
the equation to the une joining them is 

a{ar-aO(a;-a;") + ft[(«-x')(y-y") + (a?-a:")(y-y')] + 6(y-y')(y-y") 
=ax^+2hxy + by'^-{-'igx+2fy + c (1). 

For the terms of the second degree on the two sides of (1) cancel, 
and the equation reduces to one of the first degree, thus representing 
a straight line. 

Also, since {xf^ y*) lies on the curve, the equation is satisfied by 
putting x^xf and y = y\ 

Hence («', y') is a point lying on (1). 

So (x'\ y") lies on (1). 

It therefore is the straight line joining them. 

Putting x"^x^ and y"^y' we have, as the equation to the tangent 
at (x', y% 

a{X'X^^-\-2h(x-x'){y-y') + b{y-yr 
=ax^ + 2hxy -^by^ + 2gx + 2fy + c, 
i.e. 2axx' + 2h{x'y + xy')-\-2byy' + 2gx + 2fy + c 

= - 2gaf - 2Jy' - c, since (x', y') lies on the oonio. 
Hence the equation (7) of the last article. 

874. To find the condition that any straight line 

lx-^my+n=0 (1), 

vfiay touch the conic 

asi^+2hxy + by^ + 2gx + 2fy + c=0 (2). 

Substituting for y in (2) from (1), we have for the equation giving 
the abscissas of the points of intersection of (1) and (2), 

x^ (arn^ - 2hlm + 6P) - 2a; (hmn ^bln- gm? +flm) 

+ bn^-2fmn+cm^=0 (3). 

If (1) be a tangent, the values of x given by (3) must be equal. 
The condition for this is, (Art. 1,) 
{hmn-bln-gm^+flm)^=(am^-'2hlm+bP) (bn^-2fmn+cm^). 
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On simplifying, we have, after division by m^, 
P{bc-P) + m^(ca-g^+n^{ab-h'^)^2mn{gh'-af)-\-2rd{h/-bg) 
+2lm{fg-ch)=0. 

ax. Find the equations to the tangents to the conic 

jB3+4a:y + 3y2-5a:-6y + 3=0 (1), 

which are parallel to the straight line x + 4y = 0. 
The equation to any sach tangent is 

x+4y+c=0 (2), 

where c is to be determined. 

This straight line meets (1) in points given by 

3jb2_2x(6c + 28) + 3c« + 24c + 48=0. 
The roots of this equation are equal, i.e, the line (2) is a tangent, 
if {2(6c + 28)}2=4. 3. (3c2 + 24ct48), i.e. if c= -5 or -8. 
The required tangents are therefore 

x+4y-5=0, and x + 4y-8=0. 

375. As in Arts. 214 and 274 it may be proved that 
the polar of (a/, y) with respect to <^ (a;, y) = is 

(ax' + hy' + g)x + {hx + by' +/) y + god +fy' + c = 0. 

The form of the equation to a polar is therefore the 
same as that of a tangent. 

Just as in Art. 217 it may now be shewn that, if the 
polar of P passes through T, the polar of T passes through 
P. 

The chord of the conic which is bisected at {x\ y), 
being parallel to the polar of (x, y') [Arts. 221 and 280], 
has as equation 

{ax' + hy' ■\-g){x- x) + {kx' + by' +/) {y - y') = 0. 

376. To find the equation to the diameter bisecting all 
chords parallel to the straight line y=mx. (See fig. Art. 279.) 

Any such chord is y = mx + K (1). 

This meets the conic section 

aaf + 2fi>xy + 6y* + 2^05 + 2/y + c = 
in points whose abscissae are given by 
oaf + 2?ix (mx + JT) + 6 (mx + Kf + 2gx + 2/{7nx + K)-\-c = 0, 
i.e. by a^ (a + 2hm -h bm^) ■{' 2x {hK + bmK + g + Jm) 

+ bK^ + 2fK + c=^0. 
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If 051 *"id ^ t)e the roots of this equation, we therefore 
have 

«, + a: = - 2 (^ + M -^ + ^+> 
. a + 2Am + ftwi* 

Let (JT, F) be the middle point of the required chord, 
so that 

2 a-{-2hm + bm^ ^^' 

Also, since (X, Y) lies on (1) we have 

Y^mX+K (3). 

If between (2) and (3) we eliminate K we have a 
relation between X and Y, • 

This relation is 

- (a + 2hm + 6m»)X= (h + bm) (Y-mX) + ^ +/m, 
t. e. -Z'(a + Am) + Y{h + 6w») + g +/m = 0. 

The locus of the required middle point is therefore the 
straight line whose equation is 

05 (a + hm) + y (A + bm) + g +fm = 0. 

If this be parallel to the straight line y = m'x^ we 
have 

, a + hm • 

"^^-hTbH. <*)' 

i.e. a+li(m + in') + binnar=:0 (5). 

This is therefore the condition that the two straight 
lines y = 7nx and y = mfx may be parallel to conjugate 
diameters of the conic given by the general equation. 

877. To find the condition that the pair of straight lines, whose 
equation is 

Aal^-¥2Hxy+By^=0 (1), 

' may be parallel to conjugate diameters of the general conic 

aafi+2hxy-{-by^+2gx + 2fy + c = (2). 

Let the equations of the straight lines represented by (1) be ^=ma; 
and y=m'x, so that (1) is equivalent to 

B(y- mx) (y - m'a;) =0, 

and hence w+m'= - -^ , and wm'=^ . 

L. 23 
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By the condition of the last article it therefore follows that the 
lines (1) are parallel to conjugate diameters if 






i.«. if Ah-^2Hh+Ba=0, 

878. To prove that two concentric conic BecOom always have a 
pair, and only one pair^ of common corrugate diameters an4 to find 
their equation. 

Let the two concentric conic sections he 

aa^ + 2hxy + by*^l (1), 

and a'x^+2h'xy+bY=l (2). 

The straight lines 

A!i^+2Hxy+By^=0 (S), 

are conjugate diameters of both (1) and (2) if 
Ab-2Hh+Ba=0, 
and 46'-2flV+Ba'=0. 

Solving these two equations we have 

A _ ~2g _ B 

ha' -h'a^ db' -a'h" hh' ^h'h' 

Substituting these valuefl in (8), we see that the straight lines 

ar3(W-Va)-a:y(a6'-a'6)+y«(6V-6'ft)=0 (4) 

are always conjugate diameters of both (1) and (2). 

Hence there is always a pair of conjugate diameters, real, coinci- 
dent, or imaginary, which are common to any two concentric oouic 
sections. 
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1, How many other conditions can a conic section satisfy when 
we are given (1) its centre, (2) its focus, (3) its eccentricity, (4) its 
axes, (5) a tangent, (6) a tangent and its point of contact, (7) the 
position of one of its asymptotes? 

2» Find the condition that the straight line lx-^my=l may 
touch the parabola (aa;-6t()8-2(a»+62)(ax+6y)+{a2+6»)«=0, and 
shew that if this straight line meet the axes in P and Q, then PQ 
will, when it is a tangent, subtend a right angle at the point (a, 6). 

3. Two parabolas have a common focus ; prove that the perpen- 
dicular from it upon the common tangent passes through the 
intersection of the directrices. 



[EzS.XLn.] INTERSECTIONS OF TWO OONICS. 355 

4. Shew that the conic -s + -^ coso + r5=Bin'a is inaoribed in 

a^ ab b^ 

the rectangle, the equations to whose sides are ^=a^ and y^=b'^, and 
that the quadrilateral f ormed by joining the points of contact is of 
constant perimeter 4 /Ja^+b\ whatever be the value of a. 

5. A variable tangent to a oonio meets two fixed tangents in two 
points, P and Q; prove that the locus of the middle point of PQ is a 
oonic which becomes a straight line when ^e given conic is a parabola. 

6. Prove that the chord of contact of tangents, drawn from an 
external point to the oonic aa? + 2hxy + by^=lf subtends a right angle 
at the centre if the point lie on the conic 

it^(a^+h^ + 2h{a+b)xy+y^{h^+b^) = a+b. 

7. Given the focus and directrix of a conic, prove that the polar 
of a given point with respect to it passes through another fixed point. 

8. Prove that the locus of the centres of conies which touch the 
axes at distances a and b from the origin is the straight line ay = bx, 

9. Prove that the locus of the poles of tangents to the conic 
.oa;2+2^ + &y*=l with respect to the conic a'x^-^-IWxy-^-b'y^^l is 
the conic 

a{Wx+b'yY'-2h(a'x + hfy){h'x-\-b'y) + b(a'x + h'yY=iah-h\ 

10. Find the equations to the straight lines which are conjugate 
to the coordinate axes with respect to the conic Ax^-^IHxy-^-By'^szl, 

Find th^ condition that they may coincide, and interpret the 
result. 

11. Find the equation to the common conjugate diameters of the 
conies (1) a;2+4ary + 6y2=l and 2x2+ Gary + 9y2=l, 

and (2) 2a;2-5xy + 3y2=l and 2a;«+3a?y-9y2=l. 

12. Prove that the points of intersection of the conies 

aa;3 + 2Zury + 6y«=l and a'x^+2h'xy-\-bY='^ 
are at the ends of conjugate diameters of the first conic, if 
ab'-\-a'b-2hh!=2{ab-'h^). 

13. Prove that the equation to the equi-conjugate diameters of 

the conic ax^+2hxy + by^=l is =— 4o — —=-^ r-^ . 

ao — h* a + b 

379. Two conies, in general, intersect in four points, 
real or imaginary. 

For the general equation to two conies can be written 
in the form 

aar* + 2aj {Jiy + ^) + hy^ + %fy + c = 0, 
and aV + 2x {Ky + g') + 6y + 2f'y + c' = 0. 

23—2 
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Eliminating x from these equations, we find that the 
result is an equation of the fourth degree in y, giving 
therefore four values, real or imaginary, for y. Also, by 
eliminating a^ from these two equations, we see that there 
is only one value of x for each value of y. There are there- 
fore only four points of intersection. 

380. EqtuUion to any conic passing through the inter- 
section of tvjo given conies. 

Let S^aa^-h 2hscy + 6y* + 2^a; + 2^ + c = (1), 

and aS" = aV + ^Kxy + 6y + 2/a; + 2/'y + c' = . . . (2) 
be the equations to the two given conies. 

Then ;Sr-^S" = (3) 

is the equation to any conic passing through the inter- 
sections of (1) and (2). 

For, since aS' and aS" are both of the second degree in x 
and y, the equation (3) is of the second degree, and hence 
represents a conic section. 

Also, since (3) is satisfied when both S and S' are zero, 
it is satisfied by the points (real or imaginary) which are 
common to (1) and (2). 

Hence (3) is a conic which passes through the intersec- 
tions of (1) and (2). 

381. To find the eqtuUions to the straight lines passing 
through the intersections of ttoo conies given by tJie general 
equations. 

As in the last article, the equation 

{a-\a')ci? + 2{h- \h') xy + {b-\b')a^ + 2{g- \g')x 

+ 2(/-X/')y + (c-Xc') = 0.. ..:.(!), 

represents some conic through the intersections of the given 
conies. 

Now, by Art. 116, (1) represents straight lines if 
(a - Xa') {b - Xb') (c - Xc') + 2 (/ - X/') (g - Xf,') (A - XA') 
- (a - \a') (/- \/y - (6 - X6') iff - Xg^y - (c - Xc') (A - XA')' 

= (2). 



INTERSECTIONS OF TWO CONICS. 357 

Now (2) is a cubic equation. The three values of X 
found from it will, when substituted successively in (1), 
give the three pairs of straight lines which can be drawn 
through the (real or imaginary) intersections of the two 
conies. 

Also, since a cubic equation always has one real root, 
one value of X is real, and it could be shown that there can 
always be drawn one pair of real straight lines through the 
intersections of two conies. 

382. All conies which pass through the intersections of 
two rectangviUMr hyperbolas are themselves rectangular hyper- 
bolas. 

In this case, if aS^ = and aS'' = be the two rectangular 
hyperbolas, we have 

a + 6 = 0, and a' + b' = 0. (Art. 358.) 
Hence, in the conic S — \S' = 0, the sum of the co- 
efficients of a:* and y^ 

= (a-Xa') + (6-X6') = {a + b)-k{a' + 6') = 0. 
Hence, the conic S — \S' — 0, i,e, any conic through the 
intersections of the two rectangular hyperbolas, is itself a 
rectangular hyperbola. 

Oor. If two rectangular hyperbolas intersect in four points 
Aj Bt G, and i>, the two straight Imes AD and BO, which are a conic 
through the intersection of the two hyperbolas, must be a rectangular 
hyperbola. Hence AD and BG must be at right angles. Similarly, 
BD and GA, and GD and AB, must be at right angles. Hence D is 
the orthdcentre of the triangle ABG, 

Therefore, if two rectangular hyperbolas intersect in four points, 
each point is the orthooentre of the triangle formed by the other 
three. 

383. I/L = Of M= 0, iV= 0, and R = Obe the equations 
to the four sides of a quadrilaieral taken in order, the 
equation to any conic passing through its angulao' points is 

LN^X.MR (1). 

For L = passes through one pair of its angular points 
and iV=0 passes through the other pair. Hence LN= is 
the equation to a conic (\'iz. a pair of straight lines) passing 
through the four angular points. 
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Similarly MR^O is the equation to another conic 
passing through the four points. 

Hence ZiV= X . MR is the equation to any conic through 
the four points. 



1 



Since L is proportional to the perpen- 
dioolar from any point {x, y) upon the straight line L=0, the 
relation (1) states tiiat the product of the perpendiculars from any 
point of the carve upon the strai^t lines L=0 and N=0 is propor- 
tional to the product of the perp^idiculars from the some point upon 
Jlf=0 and 12=0. 

Hence If a come circumscribe a quadrilateral^ the ratio of the 
product of the perpendiculars from any point P of the conic upon two 
opposite sides of the quadrilateral to the product of the perpendiculars 
from F upon the other two sides is the same for all positions of P. 

384. EquoUions to the conic sections passing thrcmgh 
ike intersections of a conic and tvx) 
given straight lines. 

Let <S^ = be the equation to the 
given conic. 

Let tt = and v = be the equa- 
tions to the two given straight lines 
where 

and V = a'x + 6'y + c'. 

Let the straight line u = meet the conic ;S^= in the 
points F and R, and let t; = meet it in the points Q and T. 

The equation to any conic which passes through the 
points P, Qj R, and T will be of the form 

. S=\.u.v (1). 

For (1) is satisfied by the coordinates of any point 
which lies both on aS' = and on u-0; for its coordinates 
on being substituted in (1) make both its members zero. 

But the points F and R are the only points which lie 
both on S = and on t^ = 0. 

The equation (1) therefore denotes a conic passing 
through F and R, 

Similarly it goes through the intersections of »S^=0 and 
t; = 0, i.e, through the points Q and T. 
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Thus (1) represents some conic going through the four 
points P, Q, a, and T. 

Also (1) represents any conic going through these four 
points. For the quantity X may he so chosen that it shall 
go through any fifth point, or to make it satisfy any fifth 
condition; also five conditions completely determine a conic 
section. 

Sx. Find the equation to the conie which poMes throfogh the point 
(1, 1) and also through the intersections of the conic 

with the straight lines 2x-y-6ss0 and 3x+y-ll=s0, Find also 
the parabolas passing through the same points. 

The equation to the required oonio must by the last artiole be of 
the form 

aJ»+2a^+%»-7a;-8y + 6=X(2a;-y-6)(3a!+y-ll)...(l). 
This passes through the point (1, 1) if 

l+2+6-7-8+6=X(2-l-6) (8+1-11), t.«.if X=-^. 
The reqtiired equation then becomes 
28(a!?+2ajy+5y»-7a;-% + 6) + (2a:-y-6)(3a!+y-ll)=0, 
t .e. 34a? + 55xy + lB9y^ - 233a; - 218y + 223 = 0. 

The equation to the required parabola will also be of the form (1), 
i.e. 
xa(l-6\)+iFy(2+X)+ya(6+X)-aj(7-87X)-y(8 + 6\)+6-65\=0. 
This is a parabola (Art. 357) if (2+X)«=4 (1 - 6X) (6+X), 
i.e.ii X=J[-12±V10]. 

Substituting these values in (1), we have the required equations. 

386. Particular cases of the equation 

SsXUV. 

I. Let u = and v — intersect on the curve, i. e. in 
the figure of Art. 384 let the 
points F and Q coincide. y^ 

The conic S= Xtuo then goes 8=0^^^*^ A_^^^ 

through two coincident points \/^'' w^ 

at F and therefore touches the ^)/^ v^y/y ) 
original conic at P as in the ( ( \ ^/</^'' 
figura ''^Sof^i^<^'' 

n. Let tt = and v = \ 

coincide, so that v-u. 
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In this case the point T also moves up to coincidence 
with R and the second conic 
touches the original conic at both 
the points P and R, 

The equation to the second 
conic now becomes S=\u\ 

When a conic touches a second 
conic at each of two points, the 
two conies are said to have double 
contact with one another. 

The two conies S = \u^ and S=0 therefore have double 
contact with one another, the straight line u = passing 
through the two points of contact. 

As a particular case we see that if w = 0, v - 0, and 
ti; = be the equations to three straight lines then the 
equation vw = \u* represents a conic touching the conic 
vw = where u = meets it, i.e. it is a conic to which 
v = and t^ = are tangents and t* = is the chord of 
contact. 

HI. Let w = be a tangent to the original conic. 

In this case the two points P 
and R coincide, and the conic 
S=^\uv touches ;S^=0 where u=0 
touches it, and w = is the equa- 
tion to the straight line joining 
the other points of intersection of 
the two conies. 

If, in addition, v = goes 
through the point of contact of w = 0, we have the equation 
to a conic which goes through three coincident points at P, 
the point of contact of w = ; also the straight line 
joining P to the other point of intersection of the two 
conies is v = 0. 

IV. Finally, let v = and u = coincide and be 
tangents at P. The equation S = Xu^ now represents a 
conic section passing through four coincident points at the 
point where w = touches JS = 0. 
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386. laine at infinity. We have shewn, in Art. 
60, that the straight line, whose equation is 

0.a: + 0.y + C7 = 0, 

is altogether at an infinite distance. This straight line is 
called The line at Infinity. Its equation may for brevity 
bo written in the form (7 == 0. 

We can shew that parallel lines meet on the line at 
infinity. 

For the equations to any two parallel straight lines 
are 

Ax^By-¥C =0 (1), 

and ila; + %+C"=0 (2). 

Now (2) may be written in the form 

C* — C 
Ax-^By + C + —^—(0,x + 0.y + C) = 0, 

and hence, by Art. 97, we see that it passes through the 
intersection of (1) and the straight line 

0.a; + 0.y + C = 0. 

Hence (1), (2), and the line at infinity meet in a point. 

387. Geometrical meaning of the equation 

S=ku (1), 

where \ is a constant, and u = is the eqtiation of a straight 
line. 

The equation (1) can be written in the form 

S=\ux{0.x + 0,'!/-^l), 

and hence, by Art. 384, represents a conic passing through 
the intersection of the conic S=0 with the straight lines 

u = and 0.05 + 0.^ + 1 = 0. 

Hence (1) passes through the intersection oi S = with 
the line at infinity. 

Since aS^ = and S = \u have the same intersections with 
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the line at infinity, it follows that these two conies have 
their asymptotes in the same direction. 

Particular Case. Let 

so that ;S^ = represents a circle. 

Any other circle is 

ai* + y* - 2ffx — 2/1/ + c = 0, 

i.e, a? + y' — a^ = 2gx + 2/y — a^ — Cj 

so that its equation is of the form S = ku. 

It therefore follows that any two circles must be looked 
upon as intersecting the line at infinity in the same two 
(imaginary) points. These imaginary points are called the 
Circular Points at Infinity. 

388. Geometrical meaning of the equation S = \y wltere 
Xia a constant. 

This equation can be written in the form 

S = \{0,x + 0.y-hlY, 

and therefore, by Art. 385, has double contact with ^ = 
where the straight line 0.05 + 0.^+1=0 meets it, i.e, the 
tangents to the two conies at the points where they meet 
the Hne at infinity are the same. 

The conies ^=0 and ^ = X therefore have the same 
(real or imaginary) asymptotes. 

Particular Case. Let S-=0 denote a circle. Then 
S=X (being an equation which differs from S=0 only in 
its constant term) represents a concentric circle. 

Two concentric circles must therefore be looked upon as 
touching one another at the imaginary points where they 
meet the Line at Infinity. 

Two concentric circles thus have double contact at the 
Circular Points at Infinity. 
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EXAMPLES. XT.m. 

1. What is the geometrical meaning of the equations <S>=X. T, 
and S=u^ + kuj where 5=0 is the equation of a oonio, T=0 is the 
equation of a tangent to it, and ti=0 is the equation of any straight 
line? 

2. If the major axes of two oonios be parallel, prove that the 
four points in which they meet are ooncyolic. 

3. Prove that in general two parabolas can be drawn to pass 
through the intersections of the conies 

and a'x2 + 2Va^ + 6y+2/a:+2/V + c'=0, 

and that their axes are at right angles if h (a' -b') = h'{a-b). 

4u Through a focus of an ellipse two chords are drawn and a conic 
is described to pass through their extremities, and also through the 
centre of the ellipse; prove that it cuts the major axis in another fixed 
point. 

5. Through the extremities of a normal chord of an ellipse a 
circle is drawn such that its other common chord passes through the 
centre of the ellipse. Prove that the locus of the intersection of 
these common chords is an ellipse similar to the given ellipse. If the 
eccentricity of the given ellipse be ^2 (^2 - 1), prove that the two 
ellipses are equal. 

6. If two rectangular hyperbolas intersect in four points -4, B, C, 
and D, prove that the circles described on AB and CD as diameters 
out one another orthogonally. 

7. A circle is drawn through the centre of the rectangular 
hyperbola xy=(^to touch the curve and meet it again in two points ; 
prove that the locus of the feet of the perpendicular let fall from the 
centre upon the common chord is the hyperbola 4xy=c\ 

8. If a circle touch an ellipse and pass through its centre, prove 
that the rectangle contained by the perpendiculars from the centre of 
the ellipse upon the common tangent and the conmion chord is 
constant for all points of contact. 

9. From a point T whose coordinates are {x\ y^ a pair of 
tangents TP and TQ are drawn to the parabola y^=4iax ; prove that 
the line joining the other pair of points in which the circumcircle of 
the triangle TPQ meets the parabola is the polar of the point 
(2a - xff v% and hence that, if the circle touch the parabola, the line 
PQ touches an equal parabola. 

10. Prove that the equation to the circle, having double contact 
x^ «2 
with the ellipse — ^ + ^ = 1 at the ends of a latus rectum, is 

x^ + y^-2a^x=:a^(l''e^-e*). 
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11. Two circles have doable contact with a conic, their chords of 
contact being paralleL Prove that the radical axis of the two circles 
is midway between the two chords of contact. 

12. If a oirde and an ellipse have doable contact with one another, 
prove that the length of Uie tangent drawn from any point of the 
ellipse to the circle varies as Uie distance of that point from, the 
chord of contact. 

13. Two oonics, A and B, have doable contact with a third conic 
0. Prove that two of the common chords of A and £, and their 
chords of contact with (7, meet in a point. 

14. Prove that Uie general eqoation to the ellipse, having double 
contact with the drde a^-hy*=a^ and teaching the axis of x at the 
origin, is c^a:»+ (a^+c*) y' - 2a*cy =0. 

15. A rectangalar hyperbola has doable contact with a fixed 
central conic. If the chord of contact always passes throagh a fixed 
point, prove that tiie locas of the centre of the hyperbola is a circle 
passing throagh the centre of the fixed conic. 

16. A rectangalar hyperbola has doable contact with a parabola ; 
prove that the centre of the hyperbola and the pole of the chord of 
contact are eqaidistant firom Uie directrix of Uie parabola. 

389. To Jmd the equcUion of the pmr of tangents that 
ccm be dratvn/rom ariy point (x\ y) to the general conic 

4^{x, y) = aoif + 2hxi/ + by'-h2gx + 2/y-\-c = 0. 

Let T be the given point (a;', y'), and let P and B be the 
points where the tangents from 
T touch the conic. / 

The equation to FB is there- \ ----- -^n" 

fore u = 0, 

where u = (005' -f- %' + g)x 
■\-(hx' -hby' -^/)y -h gx' +/y + c. 

The equation to any conic 
which touches ;S^=0 at both of 
the points F and B is 

S=\u\ (Art. 385), 

i.e, aa^ + 2hxy + by* ■{■ 2gx + 2/y + c 

= \[{ax' ^hy' +g)x + Qix' + by' +/) y + gx' ^fy' + cp 

(1). 

Now the pair of straight lines TF and TR is a conic 
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section which touches the given conic at P and R and 
which also goes through the point T, 

Also we can only draw one conic to go through five 
points, viz. T, two points at P, and two points at R. 

If then we find X so that (1) goes through the point T, 
it must represent the two tangents TP and TR, 
The equation (1) is satisfied by x* and y' if 
ax'^-\-2kx't/ + hy'^ + 2gx' + 2/y' + c 

= X [ax'^ + 2Aa;y + hy'^ + 2gx' + 2// + c]\ 

i.e. if X = -7-7-7 — Tx • 

The required equation (1) then becomes 
4^{x\ y') \ax^ + 2kocy + 6^* + 2gx + 2^ + c] 

= [(oa;' + Ay' +^) a; + {hx' + V +/)y + gx' ^fy' + c]«, 
i.e. j6(x,y)x^(x',r)=u«, 

where w = is the equation to the chord of contact. 

390. Director circle of a conic given by the general 
eqtiation of the second degree. 

The equation to the two tangents from (a;', y') to the 
conic are, by the last article, 

a^[a<^(aj',y')-(aa:' + %' + (/)«] 
+ 2ajy \h^ (aj', y') - (ax' + hy' + g) (ha;' + by' +/)] 
+ f [b<l> {x\ y") - {hx' + by' +fy] + other terms = 0. . .(1). 
If {x\ y') be a point on the director circle of the conic, 
the two tangents from it to the conic are at right angles. 

Now (1) represents two straight lines at right angles if 
the sum of the coefficients of a^ and y* in it be zero, 
i.eAi{a + b)<t>(x\y^)-(aai' + hy' + gf^{hx' + by'+fy = 0. 
Hence the locus of the point (x\ y') is 
(a + b) (aa^ + 2Aa:y + 6y* + 2gx + 2fy + c) 

- {ax + hy + gf-{hx + by +fy = 0, 
i.e. the circle whose equation is 

{of + y') (ab - h^) + 2aj {bg -fh) + 2y (a/~ gh) 
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Oor. If the given conic be a parabola, then ab = ]^, 
and the locus becomes a straight line, viz. the directrix of 
the parabola. (Art. 211.) 

891. The equation to the director circle may also be obtained in 
another manner. For it is a circle, whose centre is at the centre of 
the conic, and the square of whose radius is equal to the sum of the 
squares of the semi-axes of the conic. 

The centre is, Art. 862, the pomt (^^^ , ^z^ • 

Also, if the equation to the conic be reduced to the form 
oa^ + 2fca:y + 6y > + c' = 0, 
and if a and /3 be its semi-axes, we have, (Art 864,) 
1 1 _a+b 1 _ ab-h^ 

so that, by division, a^+B^=i^^^ — -4— . 
ao — A* 

The equation to the required circle is therefore 

V ab-hy ^Y ab-h^J" ah-h^ 
(ab-hY (Art. 852). 

392. The eqtuUion to the (imcigina/iy) tangents dratrni 
from the focus of a conic to touch the conic satisfies the 
analytical condition for being a circle. 

Take the focus of the conic as origin, and let the axis of 
X be perpendicular to its directrix, bo that the equation to 
the latter may be written in the form x + k = 0. 

The equation to the conic, e being its eccentricity, is 
therefore a^ + y*=e^(x + ky, 

i.e. aP{l-e') + y^-2e^kx-e'Ji^^-0. 

The equation to the pair of tangents drawn from the 
origin is therefore, by Art. 389, 

[a:^(l-^e^) + y'-2^kx-^[--e'k^]=:[-^kx-^eW]% 
i.e. a^{l--e^)-{^y^--2^kx-e^l(^^-e^[x + k]\ 
i.e. a^ + y'^O (1). 

Here the coefficients of a^ and y^ are equal and the 
coefficient of ocy is zero. 
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However the axes and origin of coordinates be changed, 
it> follows, on making the substitutions of Art. 129, that in 
(1) the coefficients of m? and y^ will still be equal and the 
coefficient of xy zero. 

Hence, whatever be the conic and however its equation 
may be writ^n, the equation to the tangents from the focus 
sJwajs satisfies the analytical conditions for being a circle. 

393. To find the foci of the conic given by the genercU 
eqtuUion oftlie second degree 

^ aa^ + 2hicy + 6y* + 2gx + ^y + c = 0. 
Let (x\ y) be a focus. By the last article the equation 
to the pair of tangents drawn f rom'it satisfies the conditions 
for being a circle. 

The equation to the pair of tangents is 
4> (x\ y') [aar»+ 2AiBy + 6y» + 2^a; + 2/y + c] 

= [x {ax' ■¥hy' + g) + y (hx' + by' +/) + {gx' +fy' + c)]\ 
In this equation the coefficients of a^ and j/^ must be 
equal and the coefficient of xy must be zero. 
We therefore have ' 

a<l>(a/,y')-(a^'-^hy' + gy = b<l>{x\y')-{Iuc' + by'+fy, 
and h<l> {x\ y') - (aai + hy' + g) (hx' + by' +/), 

L e, 

(ax' + hy' + gy-{hx' + by' +ff ^ {axf -^hy ' + g){hx' + by' +f) 
a — b h 

= 't>{<y') (4)- 

These equations, on being solved, give the foci. 

Cor. Since the directrices are the polars of the foci, 
we easily obtain their equations. 

394. The equations (4) of the previons article give, in general, 
four values for x' and four corresponding values for y\ Two of these 
would be found to be real and two imaginary. 

In the case of the ellipse the two imaginary foci lie on the minor 
axis. That these imaginary foci exist follows from Art. 247, by 
writing the standard equation in the form 
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This shews that the imaginary point {0, iji^-a^} is a focus, the 
imaginary line y - . =0 is a directrix, and that the correspond- 






ing eooentridty is the imaginary quantity 

Similarly for the hyperbola, except that, in this ease, the eoc^i- 
tricity is real. 

In the case of the parabola, two of the foci are at infinity and are 
imaginary, whilst a third is at infinity and is real. 

895. Bz. 1. Find the focus of the parabola 

16a;a-24a?y+V-80a?-140y + 100=0. 
The focus is given by the equations 
(16a?^ - 1 V - 40)« - ( - 12a^ + 9y^ - 70)» 
7 

_ (16a^-- 12y' - 40) ( - 12g^+ 9y^ - 70) 
~ -12 

=16a!^-24ry+9y'2^80a;'-140y'+100 (1). 

The first pair of equation (1) give 
12 (16a:' - 12?^' -40)2 + 7 (16a:' ^ 12y' - 40) ( - 12a:' + 9y ' - 70) 

-X2(-12a:' + V- 70)2=0, 
i,e, {4(16a/-12y'-40)-3(-12a:' + V-70)}^ 

x{3(16a:'-12y'-40) + 4(-12a:' + V-70)}=0, 
i,e. (100a:'-76y'+60) x (*-400)=0i 

so that y'=— — . 

We then have 16a:' - 12y' - 40 = - 48, 

and -12a:'+ V-70=: -64. 

The second pair of equation (1) then gives 

48x64 
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-=a:'(16a:'-12y'-40)+y'{-12a:' + V-70)-40a:'-703^'+100 

= - 48a:' - 64y' - 40a:' - 70y' + 100 
= - 88a:' -134/ + 100, 

f*. -256=-8a«'-??«5^«^10O, 

so that a:'=l, and then ^'=2. 

The focus is therefore the point (1, 2). 
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In the case of a parabola, we may also find the equation to the 
directrix, by Art. 890, and then find the coordinates of the focus, 
which is the pole of the directrix. 



. 2. Find the foci of the conic 

55x^ - dOxy + 39y* - 40a; - 24y - 464 =0. 
The fooi are given by the equation 
(55j;^ - 15/- 20)3- (-15a:^+3V- 12)8 
16 

_ (55a^ - 15y' - 20) ( - Ux' + 39y^ - 12) 
-16 

= 56a;'2 - 30a;y + 39y^- 40a/ -24y'- 464.. > (1). 

The first pur of equation^ (1) gives 
16 (550/ - 15y' - 20)^+^6 (65a;' - 16jf' - 20) ( - 16a:' + 39y' - 12) 

-16{-.l6x'^39y'-12)«=0, 
ue. {6 (SSx" - 15y' - 20) - 3 ( - 16a^ + 39y' - 12)} 

{3 (55a;' - 16y' - 20) + 6 1 V 163/ + 892^' - 12) } = 0, 
i.e. {5xf - 3y' - 1) (3a;' + 6y ' - 4) = 0. 

'''-' - (2). 



u- 



3 •• 
3a;' -.4 



.(3). 



^5 

Substituting this first value of y in the second pair of equation (1), 
we obtain 

3 
giving a/=2 or - 1. Henoe from (2} y'=3 or - 2. 

On substituting the second value of / in the same pair of equation 
(1), we finally have 

2a/2-2a;' + 13=0, 
the roots of which are imaginary. 

We should thus obtain two imaginary fooi which would be found 
to lie on the minor axis of the conic section. The real foci are 
therefore the points (2, 3) and ( - 1, - 2). 

396. Equation to the axes of the general 
conic. 

By Art. 393, the equation 
(ctx + hy '\' gf — {hoi + hy-^-ff _ (oa; + hy + g) {lix + hy +/) 
a — h " h 

(1) 

jrepresents some conic passing through the foci. 

I. 24 
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Bui, sinoe it could be solved as a quadratic equation to 
give r j^ — ^, it represents two straight lines. 

The equation (1) therefore represents the axes of the 
conic. 



P 

o "nc 



397. To find the length of the straight lines dravm 
through a given point in a given direction to meet a given 
conic. 

Let the equation to the conic be 

i>{xy i/) = aa^ + 2hxt/ + bif + 2gx + 2/y + c = 0...(l). 

Let F be any point (x\ y'), and through it let there be 
drawn a straight line at an angle $ 
with the axis of x to meet the 
curve in Q and Q^. 

The coordinates of any point 
on this line distant r from P 
are 

af + rcoad and y' + rsin^. 

(Art. 86.) 

If this point be on (1), we 
have 
a(a;' + rcos^)* + 2A(a;' + rcos^)(y' + rsin^) + 6(y'+rsin^)3 

+ 2^(a;' + r cos tf) + 2/(2/ + r sin ^) + c = 0, 
i,e. 

r« [acos* tf + 2A cos tf sin ^ + 6 sin'^] 
+ 2r[(aa/ + %' + ^)cos^+(Aa;' + 6y'+/)sin^] + ^(a/, 3/) = 

....(2). 

For any given value of this is a quadratic equation in 
r, and therefore for any straight line drawn at an inclina- 
tion 6 it gives the values of FQ and FQ^. 

If the two values of r given by equation (2) be of 
opposite sign, the points Q and Q' lie on opposite sides 
of F. 

If P be on the curve, then ^ (a;', y') is zero and one value 
of r obtained from (2) is zero. 
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398. If two chords PQQf and FRR he drawn in given 
directions Hmmgh any point F to meet the curve in Q^ Qf amd 
Hy K respectively J the ratio of the rectangle PQ • PQ' to the 
rectangle PR . PK is the same for all points^ and is ther^ore 
eqtud to the ratio of the squares of the diameters of the conic 
tvhich are drawn in the given directions. 

The values of PQ and PQ' are given by the equation of 
the last article, and therefore 

PQ , PQ' = product of the roots 

^ <^KyO nx 

acos*tf+2Acos^sin^ + 6sin'*^' '^ ^' 

So, if FEB' be drawn at an angle ff to the axis, we have 

PR Pin- ^ (^'» y') /o\ 

^•"•^^~acos2^' + 2^costf'sin^ + 6sin»tf''**^ ^* 

On dividing (1) by (2), we have 

FQ.FQT ^ aco8'y + 2^cosysiny + 6sin» y 

PR. PR!'' aco8»^ + 2Acos^sin^ + 6sin»^'' 

The right-hand member of this equation does not contain 
a/ or y\ i.e, it does not depend on the position of P but only 
on the directions and $\ 

PQ . PO' 

The quantity pp p p/ ^ therefore the same for all 

positions of P. 

In the particular case when P is at the centre of the 
conic this ratio becomes 77^775 , where C is the centre and CQ^ 
and CR' are parallel to the two given directions. 

Cor. If Q and Q' coincide, and also R and R\ the two 
lines PQQ' and FRR become the tangents from P, and the 
above relation then gives 

P^CQ^ . PQ Cg^ 
PR^^CR'^' *'^' PR^CR'' 

Hence, If two tcmgents he drawn from a point to a conic, 
their lengths ore to one another in the ratio of the p<MraUel 
semi-diameters of the conic. 

24—2 
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399. If PQQ and PiQiQi be two chords drawn in 
pctraMel directions Jrom two points P and Pi to meet a conic 
in Q and Q\ and Qi and Qi\ respectively , then the ratio of 
the rectangles PQ . PQf and P^Q^ . P^Qi is independent of the 
direction of the chords. 

For, if P and Pj be respectively the points (x\ y') and 
{x'\ y"), and be the angle that each chord makes with 
the axis, we have, as in the last article, 



and PiQi.PiQi = 



a COB* $ + 2hcoedsva^$ + b sin^'d ' 



80 that 



aoo^6 + 2hcoaean$ + bmii?0' 
PrQ,.P,Qri>{x",i/'y 



400. If a circle and a conic section cut one another in four points^ 
the straight line joining one pair af points of intersection and the 
straight line joining the other pair are equally inclined to the axis of 
the conic. 

For (Fig. Art. 897) let the oirde and oonio intenieot in the four 
points Q, Q' and iS, i^^ and let QQ" and iUT meet in P. 

PR.PR^^CK^ (Art. 398). 



Then 



But, Binoe Q, Q\ R, and R^ are four points on a oirde, we have 
PQ.PQf zzPR.PR\ [Euc. m. 36, Cor.] 
/. CQ"=CR'\ 
Also in any conic eqnal radii from the centre are equally inclined 
to the axis of the conic. 

Hence CQf' and CR'\ and therefore PQQ' and PRR\ are equally 
inclined to the koa of the conic. 

401. To shew that any chord of a conic is cut har- 
moniccMy by the cwrve, any point on 
the chordy and the polar of this point 
with respect to the conic 

Take the point as origin, and let 
the equation to the conic be 

ax 
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or, in polar coordinates, 

r^{a cos?e + 2h cosd sin^ + h sin^ 6) + 2r (j^cos 6 +/sin^)+c-0, 

i.e. 

c . -^ + 2 . - . (gr cos ^ +/sin 6) 

+ a cos^ ^ + 2A cos ^ sin ^ + fc sin^ ^ = 0. 
Hence, if the chord OPP' be drawn at an angle 6 to OXy 
we have 

7Tp "*" nP' ~ ^^^^ ^^ *^^ roots of this equation in - 

g cos 6 +y sin 6 

c 

Let iS be a point on this chord such that 

2__ J_ J^ 

0R~ OP^ OF' 

Then, if Oi? = p, we have 

2 ^cos^+ysin^ 
P c 

so that the locus of R is 

g. pcoaO +/. p sin ^ + c = 0, 
or, in Cartesian coordinates, 

gx-{-/y + c = (2). 

But (2) is the polar of the origin with respect to the 
conic (1), so that the locus of ^ is the polar of 0. 

The straight line PP" is therefore cut harmonically by 
and the point in which it cuts the polar of 0. 

Bx. Through any point is drawn a straight line to cut a conic 
in P and P* and on it is taken a point R such that OR is (1) the 
arithmetic meant and (2) the geometric mean, between OP and OP*, 
Find in each case the locus of R. 

Using the same notation as in the last article, we have 

0P+0P'=-2 ~ ^c os^+/sing 

a cos^ (? + 2/i cos ^ sin ^ + 6 sin^ ^ * 

^^ ' " a cos^ e + 2h cos ^"sin^ + iTsin* $ ' 
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(1) If i2 be the point (/>, 6) we have 

ix, ap 008' $-\-2hp cos tf sin tf + &p wc^B+g oob B +/8m tf =0, 
i.tf., in CSartesian coordinates, 

a3^-\-2hxy + hy^-\-gx+fy^0. 
The locus is therefore a conic passing through and the inter- 
section of the conic and the polar of O, i.e, through the points ^ 
and T', and having its asymptotes parallel to those of the given 
conic. 

(2) If i2 be the point (p, B)^ we have in this case 

*^ * acos'tf+2Acos^sin^+&sin'^' 

i,e, ap^ coB^ B-\-2hf^ COB B an B+hpr^an^B=c, 

i.e. aa^+2hxy+}fy^zzc. 

The locus is therefore a conic, having its centre at and passing 
throuc^ T and T', and having its aisymptotes parallel to chose of the 
given conic. 

402. To find the locus of the middle points of parallel chords of a 
conic. [Gf. Art. S76.] 

The lengths of the segments of the chord drawn through the point 
(x', y') at an angle B to Uie axis of a; is given by equation (2) of Art 
S97. 

If {x't y') be the middle point of the chord the roots of this 
equation are equal in magnitude but opposite in sign, so that their 
algebraic sum is zero. 

The coefficient of r in this equation is therefore zero, so that 
(aaf-\-hy'+g)oo8B+{hx'-\-Jnf'+f)wiB=^0, 

The locus of Uie middle point of chords inclined at an angle B to 
the axis of x is therefore the straight line 

(ax+hy-\-g) + {hx+hy-\-f)tsjiB=0. 

Hence the locus of the middle points of chords parallel to the line 
2^=ma;i8 

{ax+hy+g)+{hx+hy+f)m=^0, 

i,e. x{a+hm) + {h-\-bm)y+g-\-fm=0. 

This is parallel to the line y=mfx if 
, a-^hm 
"^"^"h+b^* 
i.«. if a+h{m+m')+bmmf=0. 

This is therefore the condition that y=:mx and y=:m'x should be 
parallel to conjugate diameters. 
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40a. EqfuUion to the pair of tangenti drawn from a given point 
{ps'y y^toa given conic. [Gf. Art. B89.] 

If a straight line be drawn through (a/, y% the point P, to meet 
Uie conio in Q and Q\ the lengths of PQ and PQ' are given by the 
equation 

r2(aoos«^+2Aco8^Bin^+6sin2^) ^ 

+ 2r[(ax'+hy'+g)ooae-^{hx'+ky'+f)em0]+fl>ix\y')=O. 

The roots of this equation are equal, i,e, the corresponding lines 
touch the conic, if 

(a coe^ ^ + 2A cos ^ sin ^ + 6 sin' ^) X (x', y^ 

=[{ax' + hy'+g)QOBe+{?ix'-\-by*+f)mne'p, 

*.«.if (a + 2/itan^ + 6tan2^)x0(x', /) 

= [(aa/ + %'+ p) + (^ + 6y' -f/) tan ^p .. .(1). 

The roots of this equation give the corresponding directions of the 
tangents through P. 

Also the equation to the line through P inclined at an angle $ to 
the axis of x is 

If !>'=*»«* w. 

If we substitute for tan in (1) from (2) we shall get the equation 
to l^e pair of tangents from P. 
On substitution we have 
{a{x-x')^-^2h(x-x'){y-y^ + h{y-yy}^(x\y^) 

=[(ax' + hy'+g){x-x') + {hx'+by'+f)(y-y')f. 
This equation reduces to the form of Art. 889. 
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1. Two tangents are drawn to an ellipse from a point P; if the 
points in which these tangents meet iiie axes of the ellipse be 
ooncydic, prove that the locus of P is a rectangular hyperbola* 

2. A pair of tangents to the conic Aa^-\-By*=l intercept a 
constant distance 2k on the axis of a; ; prove that the locus of tiieir 
point of intersection is the curve 

By^{Aa^+By^-^l)=:Ak^{By^-l)K 

3. Pairs of tangents are drawn to the conic aaE^+/3y'=l so as to 
be ^ways parallel to conjugate diameters of the conic 

aa!^ + 2hxy + by*=l; 

shew that the locus of their point of intersection is the conio 

ax^+2hxy + by^=- + l. 
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4. Prove that the director oiroleB of all oonies whiofa toHoh two 
given straight lines at given points have a common radical axis. 

5. A parabola circomsoribes a right-angled triangle. Taking its 
sides as the axes of coordinates, prove that iSie locos of the foot of the 
perpendicular from the right angle upon the directrix is the curve 
whose equation is 

2xy(«»+y»)(^y+A^) + AV+*'«*=0, 
and that the axis is one of the family of straight lines 

nfih-k 

where m is an arbitrary parameter and 2h and 21; are the sides of the 
triangle. 

Find the foci of the curves 

6. 30(Xr«+820a^ + 144y»-1220aj-768y + 199=0. 

7. l&B«-24a!y+V+28«+14y + 21=0. 

8. 144x«-120xy+26y»+67a:-42y+13=0. 

9. a^ - 6afy + y'-lOjj-lOy- 19=0 and also its directriooa. 

10. Prove that the foci of the conic 

aafl+2hxy-^by^=l 
are given by the equations 

x^-y^ _xy _ 1 

11. Prove that the locus of the foci of all conies which touch the 
four lines aj= ±a and y = db 6 is the hyperbola t? - y^s^a^ - 6>. 

12. Oiven the centre of a conic and two tangents; prove that the 
locus of the foci is a hyperbola. 

[Take the two tangents as axes, their inclination being w; let 
(X|, y^ and (x^t y^ he the foci, and (h, k) the given centre. Then 
Xj+X2=2h ana 2/1+2/2= ^^> <^^> ^7 ^^» 270 (/3), we have 
y^y^ ^^^ ^ = ^^ sui' ta = (semi-minor axis)^. 
From these equations, eliminating x^ and y^, we have 
x^^-y^^=2hx^-2ky,.1 

13. A given ellipse, of semi-axes a and &, slides between two 
perpendicular lines; prove that the locus of its focus is the curve 

(a«+y«) (a^»+6*)=4aa«»ya. 

14. Oonies are drawn touching both the axes, supposed oblique, at 
the same given distance a from the origin. Prove that the foci lie 
eitiier on £e straight line x^y^ or on the oirde 

as^ +y*+ ttey cos w= a (a? -h y). 

15. Find the locus of the foci of conies which have a common point 
and a common director circle. 
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16. Find the loous of the focus of a reetftngular hyperbola a 
diameter of which is given in magnitude and position. 

17. Through a fixed point chords POP* and QOQ' are drawn at 
right angles to one another to meet a giyen conic in P, P*, Q, and Q', 

^'^ *^* PO^' + 00^' " '*'"*«"• 

18. A point is taken on the major axis of an ellipse whose abscissa 
is ae-7-^2^^; prove that the sum of the squares of the reciprocals 
of the segments of any chord through it is constant. 

19. Through a fixed point O is drawn a line OPP^ to meet a conic 
in P and P'; prove that the locus of a point Q on OPP^, such that 

nc^ = ^^ + jyp^ is another conic whose centre is O. 

20. Prove Gamot's theorem, viz. : If a conic section cut the side 
BC of a triangle ABC in the points A' and A'\ and, similarly, the 
side CA in P' and P", and ABiaCsaid G'\ then 

BA' . BA" . CB' . CB" .AC. AC"=CA' . CA" . AB' . AB" . PC . BC". 
[Uze Art. 398.] 

21. Obtain the equations giving the foci of the general oonio by 
making use of the fact that, if iSf be a focus and PiSfP' any chord of 

the conic passing through it, then 77= + ^^=^ is the same for all direc- 

tions of the chord. 

22. Obtain the equations for the foci also from the fact that the 
product of the perpendiculars drawn &om them upon any tangent is 
the same for all tangents. 

404. To find the equation to a conicy tlve aaces of co- 
ordinates being a tam,gent and normal to the conic. 

Since the origin is on the curve, the equation to the 
curve must be satisfied by the coordinates (0, 0) so that the 
equation has no constant term and therefore is of the form 

If this curve touch the axis of x at the origin, then, 
when y = 0, we must have a perfect square and therefore 

The required equation is therefore 

aaf + 2hxy+bf-\'2fy = (1). 

Bx. O is any point on a conic and PQ a chord ; prove that 
(1) if PQ subtend a right angle at O, it passes through a fixed 
point on the normal at O, and 
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(2) if OP and OQ be equally inclined to the normal at 0» then 
PQ passes through a fixed point on the tangent at 0. 

Take the tangent and normal at O as axes, so that the eqaation to 
ihe oonio is (1). 

Let the equation to PQ be y==mx-\-c (2). 

Then, by Art. 122, the equation to the lines OP and OQ is 

c{asi^+2h3py + hy^)-}-2fy{y-mx)=0 <3). 

(1) U the Unas OP and OQ be at right angles then (Art. 66), we 
have ac+6<j+2/=0, 

-^. 

=:a constant for all positions of PQ. 

But c is the intercept of PQ on the axis of y^ i.e. on the nonnal 
atO. 

The straight line PQ therefore passes through a fixed point on the 



normal at which is distant 



a+b 



from O. 



This point is often called the Fr^gier Point. 

(2) If again OP and OQ be equally inclined to the axis of y then, 

in equation (3), the coefficient of xy must be zero, and hence 

2hc-2fm=0, 

e f 
i,e. — = f = constant. 

m h 

But — is the intercept on the axis of x of the line PQ* 
m 

Hence, in this case, PQ passes through a fixed point on the tangent 

at O. 

405. General eqtuition to conies passing through fowr 
given points. 

Let Af By Cy and D be the four points, and let BA and 
CD meet in 0. Take OAB 
and ODC as the axes, and 
let OA = \OB^\\ OD = iiy 

Let any conic passing 
through the four points be 

aa^i-2h'xy+by' 

+2gx+2/y+c=0.„{l). 

If we put y = in this 
equation the roots of the 
resulting equation must be X and X\ 
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Hence ^ = — a(X + X') and e = aX\\ 
c , ^ X + X' 

Similarly b = — j , and 2/= — c - — 7- . 
fifi fifi 

On substituting in (1) we have 

/x/A V + 2kxi/ + xxy — fifjL {x.+y)x 

- XX' (/t + / ) y + XXV/ = ( 1 ), 

c 
This is the required equation, h being a constant as yet 
undetermined and depending on which of the conies through 
Ay B, Oy and D we are considering. 

406. AUter. We have proved in Art. 383 that the 
equation hLN=^MRy k being any constant, represents any 
conic circumscribing the quadrilateral formed by the four 
straight lines Z = 0, Jf = 0, i\r= 0, and R = taken in this 
order. 

With the notation of the previous article the equations 
to the four lines A By BCy CD, and DA are 

y = 0, |,+ y^l = 0, 05 = 0, 
and ^+3^-1 = 0. 



The equation to any conic circumscribing the quadri- 
ifoi 



X ft, 

ay c< 
lateral ABGD is therefore 

^-(M-oa*?->) <■'- 

^^Q? + Qcy (XfjJ + X> - kXX'fif/) + XXy 

- fjLfjf{\ + X)x-X\'{fi + fi)y + XX>/ = 0. 

On putting XfjL + X'/a - kXX'fifjL equal to another constant 
2h we have the equation (1) of the previous article. 
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407. Ordy one conic ccm be drawn through any Jive 
points. 

For the general equation to a conic through four points 
is (1) of Art. 405. 

If we wish it to pass through a fifth point, we substitute 
the coordinates of this fifth point in this equation, and thus 
obtain the corresponding value of h. Except when Uiree of 
the five points lie on a straight line a value of h will always 
be found, and only one. 

Bz. Find the equation to the conie section which pasees through 
the five points A, B, C, D, and E, whose coordinates are (1, 2), (d, ~4), 
(-1,3), (-2, -3), and (5, 6). 

The eqoaiioxis to AB, EG, CD, and DA are easily found to be 

y+3c-5=0, 4y+7«-6=0, fi»-y+9=0, and 6a?-8y+l=0. 

The equation to any conic through the four points A, B, C, and D 
is therefore 

(y+8«-6)(d»-y+9)=X(4y+7«-6)(5a:-3y + l) (1). 

If this conic pass through the point E^ the equation (1) must be 
satisfied by the values a; =5 and y=6. 

We thus have \=^ and, on substitution in (1), the required 
equation is 

223a?- 38«y - 123y«- 171a;+83y +360=0, 

whkh represents a hyperbola. 

408. To find the general equation to a conic section 
which touches four given straight lines^ i.e. which is inscribed 
in a given quadriiatercU. 
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Let the four straight lines form the sides of the quadri- 
lateral ABGD. Let £A and CD meet in 0, and take OAB 
and OJDC as the axes of x and y, and let the equations to 
the other two sides JBC and DA be 

liX + mjt/ -1=0, and l^ + m^ -1=0. 

Let the equation to the straight line joining the points 
of contact of any conic touching the axes at F and Q be 

aaJ + 6y — 1 = 0. 

By Art. 385, II, the equation to the conic is then 

2Xxy = {ax + bf/'-iy (1). 

The condition that the straight line £0 should touch 
this conic is, as in Art. 374, found to be 

X = 2{a-l,){b-m,) (2). 

Similarly, it will be touched by -42) if 

X = 2(a-y(5-m2) (3). 

The required conic has therefore (1) as its equation, the 
values of a and b being given in terms of the quantity X by 
means of (2) and (3). 

Also X is any quantity we may choose. Hence we have 
the system of conies touching the four given lines. 

If we solve (2) and (3), we obtain 

409. The conic LM=B^, wh&re i = 0, Jf=0, and 
B = are the eqtuUions of straight lines. 

The equation LM-Q represents a conic, viz. two straight 
lines. 

Hence, by Art. 385, II, the equation 

LM=R\: (1), 

represents a conic touching the straight lines 2/ - 0, and 
i/ = 0, where JK = meets them. 
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Thus L = and M= are a pair of tangents and i? = 
the corresponding chord of contact. 

Every point which satisfies the equations M= ij^L and 
R=yJj clearly lies on (1). 

Hence the point of intersection of the straight lines 
M = y^L and R = ilL lies on the conic (1) for all values of 
/A. This point may be called the point ^' /a." 

410. To find the eqtuUion to the straight line joining 
two points "fjL^* cmd " /x' '' cmd the equation to the tcmgent at 
the point "/x." 

Consider the equation 

aL + bM+E = (1). 

Since it is of the first degree and contains two constants 
a and 6, at our disposal, it can be made to represent any 
straight line. 

If it pass through the point "ft" it must be satisfied by 
the substitutions Jf = fi'L and E = fiL. 

Hence a + 6/x' + ft = (2). 

Similarly, if it pass through the point " fi " we have 

a + 6/2^.^/^0 (3). 

Solving (2) and (3), we have 

On substitution in (1), the equation to the joining line is 

Lfifi' + if - (fi + ft') i2 = 0. 

By putting ft' = ft we have, as the equation to the 
tangent at the point "ft," 
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EXAMPLTO XLV. 

1. Prove that the locus of the foot of the perpendioolar let fall 
from the origin upon tangents to the conic ax^+2hxy+by^:=2x is the 
curve (Xa- ab) (x^+y^)^+2{a^+y^){bx- hy)+y^=0. 

2. In the oonic ax^+2hxy '\-by^=2yf prove that the rectangle 
contained by the focal distances of the origin is -j—j^ • 

3. Tangents are drawn to the oonic aa^+2hx^ + l)y^=2x from 
two points on the axis of x equidistant from the origin; prove that 
their four points of intersection lie on the conic by^+hxy=:x. 

If the tangents be drawn from two points on the axis of y equi- 
distant from the origin, prove that the points of intersection are on a 
straight line. 

4. A system of conies is drawn to pass through four fixed points ; 
prove that 

(1) the polars of a given point all pass through a fixed point, 

and (2) the locus of the pole of a given line is a conic section. 

5. Find the equation to the conic passing through the origin and 
the points (1, 1), ( - 1, 1), (2, 0), and (3, - 2). Determine its species. 

6. Prove that the locus of the centre of all conies circumscribing 
the quadrilateral formed by the straight lines 2/=0, ^=0, £+2^=li 
and 2^-x=2 is the conic 2a^-2yS+4a^+6y -2=0. 

7. Prove that thQ locus of the centres of all conies, which pass 
through the centres of the inscribed and escribed circles of a triangle, 
is the circumscribing circle of the triangle. 

8. Prove that the locus of the extremities of the principal axes of 
all conies, which can be described through the four points ( =*=a, 0) and 
(0, ±b)f is the curve 



(S-p)(^'+y')=^-y'- 



9. Af B, C, and D are four fixed points and AB and C6 meet in 
0; any straight line passing through meets AD and £C in E and 
R* respectively, and any conic passing through the four given points 
in 8 and Sf'; prove that 

OR^ OR''' OS^ 08'* 

10. Prove that, in general, two parabolas can be drawn through 
four points, and that either two, or none, can be drawn. 

[For a parabola we have A= ± /^XX'/*/*'.] 
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11. Prove that the locus of the centres of the conies oircnmserib- 
ing a quadrilateral ABGD (Fig. Art. 405) is a conio passing through 
the vertices O, L, and M of the quadrilateral and through the middle 
points of ABy AC, AD, BC, BD, and CD, 

Prove also that its asymptotes are parallel to the axes of the 
parabolas through the four points. 

[The required locus is obtained by eliminating h from the equa- 
ti<m8 2fifA'x+2hy - fifjk' (\+y)=0, and 2hx+2\K'y -XK' (fj,-^fi')=0.'\ 

12. By taking the case when X\'= - fif/ and when AB and CD 
are perpendicular (in which case ABC is a triangle having D as its 
orthocentre .and AL, BM, and CO are the peipendiculm on its 
sides), {HTOve that all conies passing through the vertices of a triangle 
and its orthocentre are rectangular hyperbdas. 

From Ex. 11 prove also that the locus of its centre is the nine 
point circle of the triangle. 

13. Prove that the triangle OML (Fig. Art. 405) is such that each 
an^ar point is the pole of the opposite side with respect to any 
conic passing through the angular points A, B, C, and D of the 
quadrilateral. 

[Such a triangle is called a Self CoiiJngate Triangle.] 

14. Prove that only one rectangular hyperbola can be drawn 
through four given points. Prove also that the nine point circles of 
the four triangles that can be formed by four given points meet in a 
point, viz. , the centre of the rectangular hyperbola passing tiirough 
the four points. 

15. By using the result of Art. 374, prove that in general, two 
conies can be drawn through four points to touch a given straight 
line. 

A system of conies is inscribed in the same quadrilateral ; prove 
that 

16. the locus of the pole of a given straight line with respect to 
this system is a straight line. 

17. the locus of their centres is a straight line passing through the 
middle points of the diagonals of the quadrilateral. 

18. Prove that the triangle formed by the three diagonals OL, 
AC, and BD (Fig. Art. 408) is such that esMsh of its angular points is 
the pole of the opposite side with respect to any conio inscribed in the 
quadrilateral. 

19. I^ove that only one parabola can toie drawn to touch any four 
given lines. 

Hence prove that, if the four triangles that can be made by four 
lines be drawn, the orthocentres of these four straight lines lie on a 
straight line, and their circumcircles meet in a point. 



CHAPTER XVII. 

MISCELLANEOUS PROPOSITIONS. 

On the fonr normals that can he drawn from any point in 
the plane of a central conic to the conic. 

411. Let the equation to the conic be 

• ^ar^ + J5y2=l (1). 

[If A and B be both positive, it is an ellipse ; if one be 
positive and the other negative, it is a hyperbola.] 

The equation to the normal at any point {x, y) of the 
curve is 

x — x'y-y' 
Ax By' 

If this normal pass through the given point (/t, k\ we 
have 

h — x'k — y' 
~A^ " "%'" ' 

i.e, (A-B)x'y' + Bhy'-Akx^O (2). 

This is an equation to determine the point {x'y y) such 
that the normal at it goes through the point (A, k). It 
shews that the point (x\ y') lies on the rectangular hyper- 
bola 

{A-B)xy + Bhy-Akx^O (3). 

The point (x\ y') is therefore both on the curve (3) and 
on the curve (1). Also these two conies intersect in four 
points, real or imaginary. There are therefore four points, 

L. 25 
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in general, lying on (1), such that the normals at them pass 
through the given point (A, k). 

Also the hyperbola (3) passes through the origin, and 
the point (A, k) and its asymptotes are parallel to the axes. 

Hence From a given point four normals can in general 
be draton to a given central conic, and their feet aU lie on a 
certain rectangvlar hyperbola^ which passes through the 
given point and the centre of the conic, and has its asymptotes 
paraUel to the axes of the given conic. 

412. To find the conditions that the normals cut the 
points where two given straight lines meet a central conic 
may meet in a point. 

Let the conic be 

Ax^ + By'^l (1), 

and let the normals to it at the points where it is met by 
the straight lines 

l^x + m^^l (2), 

and l^ + m^- 1 (3) 

meet in the point {h, k). 

By Art. 384, the equation to any conic passing through 
the intersection of (1) with (2) and (3) is 

Ax^-^By^-l+X{liX + mrjy'-l) {l^ + m^y - 1) = 0...(4). 

Since these intersections are the feet of the four 
normals drawn from (A, k), then, by the last article, the 
conic 

{A-B)xy^-Bhy-Akx^O (5) 

passes through the same four points. 

For some value of X it therefore follows that (4) and (5) 
are the same. 

Comparing these equations, we have, since the co- 
efficients of a? and 2/' and the constant term in (5) are all 
zero, 

A + XZi?2 = 0, J5 + Xm^m^ = 0, and - 1 + X = 0. 
Therefore X = 1, and hence 

l^l^^ — Ay and irhjm^ — — B ••(6)- 
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The relations (6) are the required couditions. 

Also, comparing the remaining coefficients in (4) and (5), 
i^e have 

X (Z1IW3 + l^rn^ — X (Zi + Zg) _ — X (mi + m^ 
A^B ' ^^AlT" 'Ml ' 

so that A = ^— ^ — "^ — =--• (7), 

and ^^^-j h + k 

A l^m^ + l^mi 

Cor. 1. If the given conic be an ellipse, we have 

i = -^ and ^ = To . 

or Ir 

The relations (6) then give 

a%l, = b'mim^ = '-l (9), 

and the coordinates of the point of concurrence are 

and X; = jj— j , j — = - ^ (« - ^ ) • 272 . m~1 • 

Cor. 2. If the equations to the straight lines be given 
in the form y = mx + c and y = m'o; + c', we have 

^1 1 , 4 . , 1 

m = , c = — , m= , and c = — . 

mi 7/ii Wg ma 

The relations (9) then give 

mni = — , and cc' = — b^, 
a' 

418. J/" iA« normals at four points P, Q, J2, a«<2 5 0/ an ellipse 
meet in a point, the sum of tJieir eccentric angles is equal to an odd 
multiple of two right angles, [Cf. Art. 293.] 

25—2 
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If a, fi, y, and 5 be the eooentrio angles of the four points, the 
equations to PQ and RS are 

^ bOOB—rr^ 

y= -X. - cot -^ +—---, 
^ a 2 , a+p 

sin 

2 

b cos —- 
and y=-x,-cot^-+ [Art. 259.] 

^ 2 „;« 1±^ 



Since the normals at these points meet in a point, we have, by 
Art. 412, Cor. 2, 



.^^^^.eot-^^cot-^. 



. a+/S .7 + a . /t 7+5\ 



a+/S , X 7+3 

i.e. a+^+7+5=(2w + l)T. 

414. Bx. 1. If the normals at the points A^ B, C, and D of an 
ellipse meet in a point O, prove that 8A,SB. SO, SD=\^ . SO^, where 
8 is one of the foci and \isa constant. 

Let the equation to the ellipse be 

S+p=i w- 

and let O be the point (h, k). 

As in Art. 411, the feet of the normals drawn &om O lie on the 
hyperbola 



/I 1\ hy kx ^ 



i,e, a^e^xy^a^hy-h^kx (2). 

The coordinates of the points A^By C, and D are therefore found 

by solving (1) and (2). 

h^kx 
From (2) wo have y=-^^^-^^^. 

Substituting in (1) and simplifying, we obtain 

as^a^€^ - 2ha^eV+x^ (a^h^ + b^k^ - aV) + 2he^a*x - a^h^^O.,.(Z), 
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If Xif x^tic^i and x^ be the roots of this equation, we have (Art. 2), 
Sxi=-^, 2x1X2= ^^^ , 

^ix^s= — ^2-, and x^xgfejp;^=--^. 

If S be the point ( - a«, 0) we have, by Art. 261, 

SA=a+eXi. 

.'. 8A,8B,8G. 8D={a+eXj) {a+ exjj {a-^-exJi (a+^xj 

= a* + a^eZxi + a^e'^'Lx^x^ + oe'Sx^x^ + e^x^x^^^ 

&3 
= 1 {(/i+a«)^+A;2}, on substitution and simplifieation, 

iUlt«r. If p stand for one of the quantities 8At £fB, jSC, or 8D 
'we have p=a+eXf 

i,e. a:=-(p-a). 

Substituting this value in (3) we obtain an equation in the fourth 
degree, and easily have 

PjPiPdPi = ^ [(ft + ae)^ + k% as before. 

Bx. 2. If the TUjrmdU at four points P, <?, i2, and 8 of a central 
conic meet in a pointy and if PQ pass through a fixed pointy find the 
locus of the middle point of RS, 

Let the equation to PQ be 

y=miX+c^ (1), 

and that to R8 y=m^+C2 (2). 

If the equation to the given conic be Ax^+By^=l, we then have 
(by Art. 412, Cor. 2) 

%»W2 = ^ (8)1 

and CiC2= ~^ (4). 

If (/, g) be the fixed point through which PQ passes, we have 
9=rnif+Cj^ (6). 

Now the middle point of RS lies on the diameter conjugate to it, 
i,e; by Art. 376, on the diameter 

i.e.y by (3), y= -m^x (6). 



390 COORDINATE GEOMETRY. 

Now, from (4) and (6), 



-«- 'B{0-M)' 
80 tbat, by (3), the eqaation to RS is 

y-m^'-Big-fm,) <^^- 

Eliminating m^ between (6) and (7), we easily have, as tl^e equation 
to the required locns^ 

(Av? + By^ {gx +fy) +xy=0. 

Oor. From eqaation (6) it follows that the diameter conjugate to 
RS is equally incUned with PQ to the axis, and hence that the points 
P and Q and the ends of the diameter conjugate to RS are concydic 
(Art. 400). 

T,XAM?T«F.8. XLVL 

1. If the sum of the squares of the four normals drawn from a 
point to an ellipse be constant, prove that the locus of is a conic 

2. If the sum of the reciprocals of the distances from a focus of 
the feet of the four normals drawn from a point O to an ellipse be 

4 
|-r 7 , prove that the locus of is a parabola passing through that 

focus. 

3. If four normals be drawn &om a point O to an ellipse and if 
the sum of the squares of the reciprocals of perpendiculars from the 
centre upon the tangents drawn at their feet be constant, prove that 
the locus of O is a hyperbola. 

4. The normals at four points of an ellipse are concurrent and 
they meet the major axis in G^, Gj, G3, and G^; prove that 

i.+ i + i+i 



CGi CGj CG, CG^^CGi+GGa+CGj+CG^' 

5. If the normals to a central conic at four points L, M, N, and 
P be concurrent, and if the circle through L, Mt and N meet the curve 
again in P', prove that PP' is a diameter. 

6. Shew that the locus of the foci of the rectangular hyperbolas 
which pass through the four points in which the normals drawn from 
any pomt on a given straight line meet an ellipse is a pair of conies. 

7. If the normals at points of an ellipse, whose eccentric angles 
are a, p, and 7, meet in a point, prove that 

sin(j8+7) + sin(7+o) + sin(a+/3)=0. 
Hence, by page 235, Ex. 15, shew that if PQR be a maximum 
triangle inscribed in an ellipse, the normals at P, Q, and R are 
concurrent. 
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8. Prove that the normals at the points where the straight line 

+ z-~ — =1 meets the ellipse ~i + ?• =1 J^ieet at the point 

ct. cos a hem a *^ a* 6' ^ 



-oe'cos'a, ^^sin'aj. 



b 



9. Prove that the loci of the point of intersection of normals at 
tlie ends of focal chords of an ellipse are the two ellipses 

X* «/' 

10. Tangents to the ellipse -a + ri=l are drawn from any point 

Q> Or 
X^ 1/2 

on the ellipse -^ + |^=4; prove that the normals at the points of 
contact meet on the ellipse a*ar' + l^y^=i (a* - 6')'. 

11. Any tangent to the rectangular hyperbola 4xy=a& meets the 
ellipse -^ + ^=1 in the points P and Q; prove that the normals at P 
and Q meet on a fixed diameter. 

12. Chords of an ellipse me et the major axis in the point whose 
distance from the centre is a k/ -^ ; prove that the normals at its 
ends meet on a drcle. 

13. From any point on the normal to the ellipse at the point 
whose eccentric angle is a two other normals are drawn to it ; prove 
that the locus of the point of intersection of the corresponding 
tangents is the curve 

a;^ + &a; sin a + aj^ cos a = 0. 

14. Shew that the locus of the intersection of two perpendicular 
normals to an ellipse is the curve 

15. ABC is a triangle inscribed in the. ellipse -, + ^ =1 having 

each side parallel to the tangent at the opposite angular point ; prove 
that the normals at ^, B, and C meet at a point which lies on the 

eUipse a««>+6y=l(a«-6«)a. 

16. The normals at four points of an ellipse meet in a point (h^ h). 
Find the equations of the axes of the two parabolas which pass 
through the jTour points. Prove that the angle between them is 

2 tan~^ - and that they are parallel to one or other of the equi-con- 

jngates of the ellipse. 
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17. Prove that the oentre of mean position of the four points on 
the ellipse -« + T3=lf the normals at which pass through the point 

fl* or 

(et, P), is the point 

18. Prove that the product of the three normals drawn from anj 
point to a parabola, divided by the product of the two tangents from 
the same point, is equal to one quarter of the latus rectum. 

19. Prove that the conic 2aA;y = (2a -^)^^+4aa;' intersects the 
parabola y^=4ax at the feet of the normals drawn to it from the point 
{h, k). 

20. From a point (^, A;^ four normals are drawn to the reotan^^tilar 
hyperbola xy=c^; prove tnat the centre of mean position of their, feet 

is the point (j* t ) » fti^d that the four feet are such that each is the 

orthocentre of the triangle formed by the other three. 

Confocal Conies. 

415. Def. Two conies are said to be confocal when 
they have both foci common. 

To find ike equation to conies which are confocal tuith 
the ellipse 

i4-' (!)• 

All conies having the same foci have the same centre 
and axes. 

The equation to any conic having the same centre and 
axes as the given conic is 

j4-' - <^>- 

The foci of (1) are at the points (d^>Ja^~b^, 0). 
The foci of (2) are at the points (^JA-B, 0). 
These foci are the same if 

A-B = a^'-b\ 
Le,ii ^- a' = ^-62 = A. (say). 

.-. A^a^ + \, and B^h^-^X, 
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The equation (2) then becomes 
a' + X 6» + X 



= 1, 



^which is therefore the required equation, the quantity X 
determining the particular confocal. 

416. Fcyr different values of k to trace the conic given 
by the equation 

a^xH&x-' <^)- 

First, let X be very great; then a* + X and 6* + X are 
both very great and, the greater that X is, the more nearly . 
do these quantities approach to equality. A circle of 
infinitely great radius is therefore a confocal of the 
system. 

Let X gradually decrease from infinity to zero; the 
semi-major axis >/a* + X gradually decreases from infinity 
to a, and the semi-minor axis from infinity to 6. When X 
is positive, the equation (1) therefore represents an ellipse 
gradually decreasing in size from an infinite circle to 
the standard ellipse 

This latter ellipse is marked / in the figure. 

Next, let X graduaUy decrease from to —h\ The 
semi-major axis decreases from a to sla^ — 6*, and the semi- 
minor axis from 5 to 0. 

For these values of X the confocal is still an ellipse, 
which always lies within the ellipse /; it gradually 
decreases in size until, when X is a quantity very slightly 
greater than —6*, it is an extremely narrow ellipse very 
nearly coinciding . with the line SH, which joins the two 
foci of all curves of the system. 

Next, let X be less than —ft'; the semi-minor axis 
JW+ X now becomes imaginary and the curve is a hyper- 
bola ; when X is very slightly less than — h^ the curve is a 
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- hyperbola very nearly coinciding with the straight lines 
SX and HX'. 




[As X passes through the value — 6* it will be noted that 
the confocal instantaneously changes from the line-ellipse 
SH to the Kne-hyperbola SX and HX\] _ 

As X gets less and less, the semi-transverse axis >Ja^ -f- X 
becomes less and less, so that the ends of the transverse 
axis of the hyperbola gradually approach to C, and the 
hyperbola widens out as in the figure. 

When X = — a^, the transverse axis of the hyperbola 
vanishes, and the hyperbola degenerates into the infinite 
double line YOT. 

When X is less than — a^, both semi-axes of the conic 
become imaginary, and therefore the confocal becomes 
wholly imaginary. 

417. Through cmy 'point in the plcme of a given conic 
there can he drawn tvx> conies confocal vnth it ; also one of 
these is an ellipse and the other a hyperhold. 

Let the equation to the given conic be 

and let the given point be {/, g). 
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Any conic confocal with the given conic is 

-^.^=1 (!)• 



a» + X 6« + X 
If this go through the point {/^ g)^ we have 

^n4=^ (^>- 

This is a quadratic equation to determine X and there- 
fore gives two values of X. 

Put 6^ + X = /I, and hence 

a^ + X = /iH-a"-6* = /x4- a V. 

The equation (2) then becomes 

/x + a V /i. 

t.e. ^a + ^(aV-/«-^)-^aV = (3). 

On applying the criterion of Art. 1 we at once see that 
the roots of this equation are both real 

Also, since its last term is negative, the product of 
these roots is negative, and therefore one value of ft is 
positive and the other is negative. 

The two values of ft' + X are therefore one positive and 
the other negative. Similarly, the two values of d^ + X can 
be shewn to be both positive. 

On substituting in (2) we thus obtain an ellipse and a 
hyperbola. 

418. Confocal conies cut at right angles. 
Let the conf ocals be ♦ 

and let them meet at the point {x\ y'). 

The equations to the tangents at this point are 

^+_?^_1 and -^^+-^^-1 



a2 + Xi 6" + Xi ' a^ + k, b^ + X^ 
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These cut at right angles if (Art 69) 



~ ^ . = (1). 



(a» + Xi)(a^ + \.) (6« + Xi)(6« + X2)' 

But, since (a;', y) is a common point of the two confocaJs, 
we have 

By subtraction, we have 

*'""' (a« + Xi)(a« + A2)'^(6« + Xi)(^' + ^)"^ ^^^' 

The condition (1) is therefore satisfied and hence the 
two confocals cut at right angles. 

Cor. From equation (2) it is clear that the quantities 
6* + Xj and 6^ + Xj have opposite signs ; for otherwise we 
should have the sum of two positive quantities equal to 
zero. Two confocals, therefore, which intersect, are one an 
ellipse and the other a hyperbola. 

419. One conic and only one conic ^ confocal with the conic 
-5 + ^=1, can he draton to touch a given straight line. 

Let the equation to the given straight line be 

XQOSa-\'yBma.=p (1). 

Any confocal of the system is 



-*-.^=l. 



.(2). 



a^+X^h^+W 

The straight line (1) touches (2) if 

2>a=(a2+X)cos2a + (6a+X)sm2a(Art. 264), 

t.«. if X =!>' - a^ cos* a - 6* sin* a. 

This only gives one value for X and therefore there is only one 
oonio of the form (2) which touches the straight line (1). 

Also X + a*=2)*+(a*-62)sin2a=a real quantity. The conic is 
therefore real. 
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BXAMPLTO. XLVH 

1. Prove that the difference of the squares of the perpendiculars 
drawn from the centre upon parallel tangents to two given confocal 
conies is constant. 

2. Prove that the equation to the hyperbola drawn through the 
point of the ellipse, whose eccentric angle is a, and which is confocal 
with the ellipse, is 

COS* a sm'a 

3. Prove that the locus of the points lying on a system of confocal 
ellipses, which have the same eccentric angle a, is a confocal hyperbola 
whose asymptotes are inclined at an angle 2a. 

4. Shew that the locus of the point of contact of tangents drawn 
from a given point to a sjrstem of confocal conies is a cubic curve, 
which passes through the given point and the focL 

If the given point be on the major axis, prove that the cubic 
reduces to a circle. 

5. Prove that the locus of the' feet of the normals drawn from a 
fixed point to a series of confocals is a cubic curve which passes 
throu^ the given point and the foci of the confocals. 

6. A point P is taken on the conic whose equation is 



such that the normal at it passes through a fixed point (A, A;) ; prove 
that P lies on the curve 

X y _ gg-fc^ 

y-k x-h~ hy-kx' 

7, Two tangents at right angles to one another are drawn from 
a point P, one to each of two confocal ellipses ; prove that P lies on 
a fixed circle. Shew also that the line joining the points of contact is 
bisected by the line joining P to the common centre. 

8, From a given point a pair of tangents is drawn to each of a 
given system of confocals; prove that the normals at the points of 
contact meet on a straight line. 

9, Tangents are drawn to the parabola y^=i^^Ja^-h\ and on 
each is taken the point at which it totches one of the confocals 

prove that the locus of such points is a straight line. 
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10. Normals are drawn from a given point to each of a system of 
oonfocal oonios, and tangents at the feet of these normals ; prove that 
the locns of the middle points of the portions of these tangents 
intercepted hetween the axes of the confocals is a straight line. 

11. Prove that the locns of the pole of a given straight line with 
respect to a series of confocals is a straight Une which is the normal 
to that confocal which the straight line touches. 

12. A series of parallel tangents is drawn to a system of confocal 
conies; prove that the locos of the points of contact is a rectangular 
hyperbola. 

Shew also that the locus of the vertices of these rectangular 
hyperbolas, for different directions of the tangents, is the curve 
r^sc^ cos 29, where 2c is the distance between the foci of the 
confocals. 

13. The locus of the pole of any tangent to a confocal with respect 
to any circle, whose centre is one of the foci, is obtained and found to 
be a circle; prove that, if the circle corresponding to each confocal he 
taken, they are all coaxal. 

14. Prove that the two conies 

aa^+2hxy-^hy^=l and a'x^+2h'xy + hY=^ 
can be placed so as to be confocal, if 

{a - l>)»4- 4fe» _ (g^ - y)»+4/t^g 

Cunrature. 

420. Circle of Cunrature. Def. If P, Q, and R 

be any three points on a conic section, one circle and only 
one circle can be drawn to pass through them. Also this 
circle is completely determined by the three points. 

Let now the points Q and R move up to, and ultimately 
coincide with, the point P; then the limiting position of 
the above circle is called the circle of curvature at F\ also 
the radius of this circle is called the radius of curvature at 
P, and its centre is called the centre of curvature at P. 

421. Since the circle of curvature at F meets the 
conic in three coincident points at P, it will cut the curve 
in one other point P. The line FF which is the line 
joining P to the other point of intersection of the conic and 
the circle of curvature is called the common chord of 
curvature. 
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"We shewed, in Art. 400, that, if a circle and a conic 
intersect in four points, the line joining one pair of points 
of intersection and the line joining the other pair are 
equally inclined to the axis. In our case, one pair of 
points is two of the coincident points at P, and the line 
joining them therefore the tangent at F ; the other pair of 
points is the third point at F and the point F\ and the 
line joining them the chord of curvature FF\ Hence ths 
ta/ngent at F cmd the chord of curvatv/re FF' a/rCy in any 
t^onicy eqtbolly inclined to the axis, 

422. To find the eqvMion to the circle of curvature and 
tJie length of the radium of curvature at any point (at', 2at) 
of the pa/irabola y^ = 4aa;. 

If S=0 he the equation to a conic, T=0 the equation 
to the tangent at the point P, whose coordinates are o^and 
2at, and L—0 the equation to any straight line passing 
through P, we know, by Art. 384, that S^\.L.T=0 is 
the equation to the conic section passing through three 
coincident points at F and through the other point in which 
Z = meets aS'=0. 

If X and Z be so chosen that this conic is a circle, it will 
be the circle of curvature at P, and, by the last article, we 
know that Z = will be equally inclined to the axis with 

r=o. 

In the case of a parabola 

S^y'-iaxy and T=ty-x-at\ (Art. 229.) 

Also the equation to a line through (a^, 2at) equaUy 
inclined with ^^=0 to the axis is 

t(y-'2at) + x-at^ = 0, 

so that L = ty-{-x — 3a^, 

The equation to the circle of curvature is therefore 

2/2 ~ iax ■\-X{ty-x- at") (ty + x- 3af) = 0, 

where 1 + X^^ = — A, i,e. \ = — - — -z . 

1 +r 
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On substituting this value of X, we have, as the required 
equation, 

x" + f/'-2ax{S^ + 2) + 4ay^ ~ 3a*^ = 0, 

i. e. [a; - a (2 + 3t^)Y + [y + 2a^Y = ia^ (1 + t^f. 

The circle of curvature has therefore its centre at 
the point (2a + 3at\ — 2ai^) and its radius equal to 

2a (1 + f)\ 

Cor. If /S^ be the focus, we have SF equal to a + a^, so 

2.SI^ 
that the radius of curvature is equal to -. — . 

423. To find the equation to the circle of curvaiwre at 

the point P(a cos <^, h sin Kf>) of the eUipae -3 + o = ^• 

a 

The tangent at the point P is 

-cos^ + •|^sin«^= 1. 
a 

The straight line passing through P and equally inclined 
with this line to the axis is 

(x — a cos ^) j-^ {y — ^ s"i <^) = 0, 

i:e. -cos^ — ^sin6--cos2<^ = 0. 

The equation to the circle of curvature is therefore of 
the form 

r-cos^-|sin«^-cos2<^ 1 = (1). 

Since it is a circle, the coefficients of x' and y^ must be 
equal, so that 

1 cos^ ^1 sin' Kf> 

and therefore X = , 



b^ cos' <^ + a' sin' <^ ' 
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On substitution in (1), the equation to the circle of 
curvature is 

(6^cos^<^ + a^sin^<^)g+g-l) 

+ (a«-Z.^)[^cos«<^-^8in»<^-^^-^(l + cos2<^) 

+ ?-?^ (1 _ cos 2^) + cos 2<^1 = 0, 
j» i» / 9 L?»v r2aJ cos* d> 2y sin' dn 

+ a" (cos^ <^ - 2 sin^ <^) - 6* (2 cos^ <^ - sin^ <^) = 0. 
The equation to the circle of curvature is then 

-jas cos^ ff>\ + iy + -r — siii <^f 

+ 6*{2cosV-sin8<^} 

(a«sin2<^ + 6«cos2<^f ^^ ^ ^. 

= ^ „- ^-^ , after some reduction. 

The centre is therefore the point whose coordinates are 

cos' ^, ■=■ — sin' <^ J and whose radius is 

( a^sin'<^ + 5'cos^<^) ^ 
ab 

Cor. 1. If CD be the semi-diameter which is conju- 
gate to CP, then 2> is the point (90° + <^), so that its 
coordinates are — a sin <^ and b cos <^ (Art. 285.) 

Hence CD^ = a^ sin^ <^ + 6^ cos^ ^, 

and therefore the radius of curvature p = — =— . 

Cor. 2. If the point P have as coordinates of and y 
then, since a' = a cos <f> and y' = ft sin <^, the equation to the 
circle of curvature is 

L. 26 
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Cor. 3. In a similar manner it may be shewn that the 
equation to the circle of curvature at any point {x\ y') of 

the hyperbola -5 - ^ = 1 is 

Cb 









424. If a circle and an ellipse intersect in four points, 
the sum of their eccentric angles is equal to an even 
multiple of m [Page 235, Ex. 18.] 

If then the circle of curvature at a point P, whose 
eccentric angle is ^, meet the curve again in ©, whose 
eccentric angle is <^, three of these four points coincide at 
P, so that three of these eccentric angles are equal to ^, 
whilst the fourth is equal to <^. We therefore have 

30 + ^ = an even midtiple of tt = 2n7r. 

Hence, if ^ be supposed given, i,e, if © be given, we 

have = ?^. 

Giving n in succession the values 1, 2, and 3, we see 
27r — <^ 47r — <^ 6ir-<^ 

that V equals — 5—^, — s"^* ^^* — o"^- 

Hence the circles of curvature at the points, whose 

. . , 27r — <^ 47r-<^ J 6ir-<^ ,, 

eccentric angles are — 5 — , — q~"^> *^^ — 5 — » ^ 

pass through the point whose eccentric angle is <^. 

Also since 

2ir — ^ 47r — 6 6ir — <^ , . ix« 1 i. 

— ^-^ + — 5—^ + — s-^ + <^ = 4ir = an even multiple of tt, 

we see that the points — 5-^, — «-2, — — -?, and ^ 
all lie on a circle. 
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Hence through cmy point Q on cm eUipae can be drawn 
three circles which a/re the circles of cwtoaMi/re at three 
points Pj, Pa, and P,. Also the four points Pi, Pj, Pj, aw(i 
Q aU lie on annother circle, 

425. Evolute of a Curve. The locus of the 
centres of curvature at different points of a curve is called 
the evolute of the curve. 

426. Evolute of the parabola ^= 4aa;. 

Let (ig, ^) be the centre of curvature at the point (a^, 2at) 
of this curve. 

Then x = a{2 + Zf) and ^ = - 2a^. (Art. 422.) 
.-. {x'-2ay=^27a't^ = ^af, 
i.e, the locus of the centre of curvature is the curve 
27a2^ = 4(a;-2a)«. 
This curve meets the axis of a; in the point (2a, 0). 
It also meets the parabola 
where 

27a^x = {x'-2ay, 
i,e, where a; = 8a, 
and therefore 

y = *4^2a. 
Hence it meets the parabola at 
the points 

(8a, ±4^2a). 
The curve is called a semi- 
cubical parabola and could be shewn 
to be of the shape of the dotted curve in the figure. 




427. Evolute of the ellipse 



^ 



1. 



If (ig, ^) be the centre of curvature corresponding to the 
point (a cos <^, b sin <^) of, the ellipse, we have 



X=' 



— COS* <p and ^ = j — sm^* <p. 



26—2 
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Hence 

(aabf + (hyf = (a» ~ h'f {cos* <^ + sin^ <^} = (a^ - ftf . 
Hence the locus of the point (ic, y) is the curve 

(aa:)U(%)*=(a«-5*)l 
This curve could be shewn to 
be of the shape shewn in the figure 
where 



CL = CL' = 



a^^V 



and CM=CM' = 



a 




The equation to the evolute of 
the hyperbola would be found to 
be 

{axf-(byf = {a' + b')K 

428. Contact of different orders. If two conies, 
or curves, touch, i.e, have two coincident points in common 
they are said to have contact of the first order. The 
tangent to a conic therefore has contact of the first order 
with it. 

If two conies have three coincident points in common, 
they are said to have contact of the second order. The 
circle of curvature of a conic therefore has contact of the 
second order with it. 

If two conies have four coincident points in common, 
they are said to have contact of the third order. No 
conies, which are not coincident, can have more than four 
coincident points ; for a conic is completely determined if 
five points on it be given. Contact of the third order is 
therefore all that two conies can have, and then they are 
said to osculate one another. 

Since a circle is completely determined when three 
points on it are given we cannot, in general, obtain a circle 
to have contact of a higher order than the second with a 
given conic. The circle of curvature is therefore often called 
the osculating circle. 
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In general, one curve osculates another when it has the 
Iiighest possible order of contact with the second curve. 

429. Eqv^tion to a conic oscidating another conic. 

If S=(^ be the equation to a conic and 5^=0 the 
-tskiigent at any point of it, the conic S = X.T^ passes through 
four coincident points of «S^=0 at the point where T-0 
touches it. (Art 385, IV.) 

Hence S= XT' is the equation to the required osculating 
conic. 

Bx. The equation of any conio osoolating the oonio 

(u^+2hxy+by^-2fy=i0 (1) 

at the origin is 

aa^+2hxy + by^-2fy+\y^=0 (2). 

For the tangent to (1) at the origin is y=0. 
If (2) be a parabola, we have h^=a{b+\), so that its equation is 
(aa?+%)«=2 



If (2) be a rectangular hyperbola, we have a+6+X=0, and the 
equation to the osculating rectangular hyperbola is 

a{x^-y^+2hxy-2fy=:0. 

EXAMPLES. XLVm. 

1. If the normal at a point P of a parabola meet the directrix in 
L, prove that the radius of curvature at P is equal to 2PL. 

2. If P] and p^ be the radii of oxuvature at the ends of a focal 
chord of the parabola, prove that 

ft-3+p,-i=(2a)-i 

3. PQ is the common chord of the parabola and its circle of 
curvature at P ; prove that the ordinate of Q is three times that of P, 
and that the locus of the middle point of PQ is another parabola. 

4. If p and p' be the radii of curvature at the ends, P and D, of 
conjugate diameters of the ellipse, prove that 

and that the locus of the middle point of the line joining the centres 
of curvature at P and D is 

{ax + by)^ +{ax- by)^={a^ - b^)^. 
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5. O is the centre of corvatixre at any point of an ellipse, and Q 
and R are the feet of the other normals drawn from O; prove ih&i the 

loons of the intersection of tangents at Q and 12 is -^+ —,=1. and 

that the line QR is a normal to the ellipse 

6. If four normals he drawn to an ellipse from any point on the 
evolute, prove that the locos of the centre of the rectangular hyperbola 
through their feet is the curve 



©'^(i)'-- 



7. In general, prove that there are ox points on an ellipse the 
circles of curvature at which pass through a given point O, not on the 
ellipse. If O be on the elhpse, why is the number of circles of 
curvature passing through it only four? 

8. The circles of curvature at three points of an ellipse meet in a 
point P on the curve. Prove that (1) the normals at these three 
points meet on the normal drawn at the other end of the diameter 
through P, and (2) the locus of these points of intersection for 
different positions of P is the ellipse 

9. Prove that the equation to the circle of curvature at any point 
{x\ y') of the rectangular hyperbola x^ -y^=a^ is 

a^{ay^+y^)-^x'^+4.yy'^+Sa^{x'^+y'^)=0, 

10. Shew that the equation to the chord of curvature of the 
rectangular hyperbola xy=c* at the point **t" is ty + «^=c{l + t*), 
and that the centre of curvature is the point 






Prove also that the locus of the pole of the chord of curvature is 
the curve f3=2c2sin2^. 

11. PQ is tlie normal at any point of a rectangular hyperbola and 
meets the curve again in Q ; the diameter through Q meets the curve 
again in R ; shew that PR is the chord of curvature at P, and that 
PQ is equal to the diameter of curvature at P. 

12. Prove that the equation to the circle of curvature of the conio 
aa^ + 2hxy + &y"= 2y at the origin is 

a{x^+y^) = 2y. 

13. If two confocal conies intersect, prove that the centre of 
curvature of either curve at a point of intersection is the pole of the 
tangent at that point with regard to the other curve. 
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14. Shew that the equation to the parabola, having contact of the 
third order with the rectangular hyperbola xy=c^ at the point 



{c, I). 



is {x-yt^)'^-^et(x+yt^) + 8cH^=0. 

Prove also that its directrix bisects, and is perpendicular to, the 
radius vector of the hyperbola from the centre to the point of contact. 

15. Prove that the equation to the parabola, which passes through 
the origin and has contact of the second order with the parabola 
y^=4ax at the point {at^, 2at), is 

(4a; - Sty)^ + 4tat^ {Sx - 2ty) = 0. 

16. Prove that the equation to the rectangular hyperbola, having 
contact of the third order with the parabola y^='iax at the. point 
{at\ 2at), is 

x^-2txy-y^ + 2ax{2 + St^)-2afiy+a^t^=0, 

Prove also that the locus of the centres of these hyperbolas is an 
equal parabola having the same axis and directrix as the original 
parabola. 

17. Through every point of a circle is drawn the rectangular 
hyperbola of closest contact; prove that the centres of all these 
hyperbolas lie on a concentric circle of twice its radius. 

18. A rectangular hyperbola is drawn to have contact of the third 

x^ V^ 
order with the ellipse -§ + fs = 1 ; ^^ its equation and prove that the 

locus of its centre is the curve 

Envelopes. 

430. Consider any point P on a circle whose centre 
is and whose radius is a. The straight line through P 
at right angles to OP is a tangent to the circle at P. 
Conversely, if through we draw any straight line OP of 
length a, and if through the end P we draw a straight 
line perpendicular to OP, this latter straight line touches, 
or envelopes, a circle of radius a and centre 0, and this 
circle is said to be the envelope of the straight lines drawn 
in this manner. 

Again, \i S he the focus of a parabola, and PF be the 
tangent at any point P of it meeting the tangent at the 
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vertex in the point F, then we know (Art 211, 8) that 
SYP is a right angle. Conversely, if /S' be joined to any 
point y on a given line, and a straight line be drawn 
through Y perpendicular to SY^ this line, so drawn, always 
touches, or envelopes, a parabola whose focus is S and such 
that the given line is the tangent at its vertex. 

431* Envelope. Def. The curve which is touched 
by each of a series of lines, which are all drawn to satisfy 
some given condition, is called the Envelope of these 
lines. 

As an example, consider the series of straight lines 
which are drawn so that each of them cuts off from a pair 
of fixed straight lines a triangle of constant area. 

We know (Art. 330) that any tangent to a hyperbola 
always cuts off a triangle of constant area from its asymp- 
totes. 

Conversely, we conclude that, if a variable straight line 
cut off a constant area from two given straight Unes, it 
always touches a hyperbola whose asymptotes are the two 
given straight lines, i,e. that its envelope is a hyperbola. 

432. If the eqvxttion to omy curve involve a vaHahh 
parameter y in the first degree ovdy^ the curve always passes 
through a fixed point or points. 

For if X be the variable parameter, the equation to the 
curve can be written in the form 8-^-\8' = 0y and this 
equation is always satisfied by the points which satisfy 
S—0 and S' = 0, i.e, the curve always passes through the 
point, or points, of intersection oi S=0 and S' = [compare 
Art. 97]. 

433. Curve touched by a variable straight line wlwse 
equation involves^ in the second degree, a variable paraineter. 

As an example, let us find the envelope of the straight 
lines given by the equation 

m?x — my-\-a = (1), 

where m is a quantity which, by its variation, gives the 
series of straight lines. 
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If (1) pass through the fixed point (A, k), we have 

m'h-mk + a==0 (2). 

This is an equation giving the values of m correspond- 
ing to the straight lines of the series which pass through 
the point (h, k). There can therefore be drawn two 
straight lines from (h, k) to touch the required envelope. 

As (A, k) moves nearer and nearer to the required 
envelope these two tangents approach more and more 
nearly to coincidence, until, when (A, k) is taken on the 
envelope, the two tangents coincide. 

Conversely, if the two tangents given by (2) coincide, 
the point (A, k) lies on the envelope. 

Now the roots of (2) are equal if A:^ = 4aA, 

so that the locus of (A, k), i, e, the required envelope, is the 
parabola ^ = ^ax. 

Hence, more simply, the envelope of the straight line (1) 
is the curve whose equation is obtained by writing down 
the condition that the equation (1), considered as a quad- 
ratic equation in m, may have equal roots. 

By writing (1) in the form 

a 
y = mx + — , 
^ m 

it is clear that it always touches the parabola y* = 4aa;. 

In the next article we shall apply this method to the 
general case. 

434. To Jmd the envelope of a straight line wJiose 
equation involves, in the second degree, a va/riahle parameter. 

The equation to the straight line is of the form 

X2P + Xe + ^ = (1), 

where X is a variable parameter and P, Q, and R are 
expressions of the first degree in x and y. 

Equation (1) may be looked upon as an equation 
giving the two values of X corresponding to any given 
point T. 
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Through this given point two straight lines to touch the 
required envelope may therefore be drawn. 

If the point T be taken on the required envelope, the 
two tangents that can be drawn from it coalesce into the 
one tangent at 7' to the envelope. 

Conversely, if the two straight lines given by (1) 
coincide, the resulting condition will give us the equation 
to the envelope. 

But the condition that (1) shall have equal roots is 

e' = 4P^ (2). 

This is therefore the equation to the required envelope. 

Since P, ©, and R are all expressions of the first degree, 
the equation (2) is, in general, an equation of the second 
degree, and hence, in general, represents a conic section. 

The envelope of any straight line, whose equation 
contains an arbitrary parameter and square thereof^ is 
therefore always a conic. 

435. The method of the previous article holds even if 
P, $, and R be not necessarily linear expressions. It 
follows that the envelope of any family of curves, whose 
equation contains a variable parameter \ in the second 
degree, is found by writing down the condition that the 
equation, considered as an equation in A, may have equal 
roots. 

486. Bz. 1. Findi the envelope of the straight line which cuts off 
from two given straight lines a triangle of constant area. 

Let the given straight lines be taken as the axes of ooordinates and 
let them be inclined at an angle (o. 

The equation to a straight line cutting off intercepts / and g from 
the axes is 

M- "'■ 

If the area of the triangle cut off be constant, we have 

if.g.sin (i)= const., 

i.e. fg=con8t=K^ (2). 

On substitution for g in (1), the equation to the straight line 
becomes fhf -fK^ + K^x = 0. 
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By the last article, the envelope of this line, for different values of 
/, is given by the equation 

z.e. ^= 4 • 

The resolt is therefore a hyperbola whose asymptotes coincide with 
the axes of coordinates. 

fix. 2. Find the envelope of the straight line which is sttch that 
the product of the perpendiculars drawn to it from two fixed points is 
constant. 

Take the middle point of the line joining the two fixed points as 
the origin, the line joining them as the axis of x, and let the two 
points be {d, 0) and (-d, 0). 

Let the variable straight line have as equation 

y=zfnx+c. 
The condition then gives 

md + c -md + c ^ . ^ 

. V ~;rr=i== constant =-4, 

so that c2-m2i2=^ (l + wi^). 

The equation to the variable straight line is then 

y -mx=c = ^{A+d^)m^+A, 
Or, on squaring, 

m^(a?^A-d^)-2mry + {y^-A)=::0, 
By Art. 435, the envelope of this is 

{2xyy^=^{x'-A-d^){y^-A), 



A + d^^ A 

This is a conic section whose axes are the axes of coordinates and 
whose foci are the two given points. 

Bz. 8. Find the envelope of chords of an ellipse the tangents at the 
end of which intersect at right angles, 

x^ v^ 
Let the ellipse be — „ + f;, = 1. 
a^ 0* 

If the tangents intersect at right angles, their point of intersection 
P must lie on the director circle, and hence its coordinates must be of 
the form (c cos 6, c sin 6), where c=Ja^+ h^. 

The chord ^ then the polar of P with respect to the ellipse, and 
hence its equation is 

a;, c cos 9 y.csin^__^ 
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Let t^itan •= . Then since 

1 + tan*^ 

the equation to the line is 

ex Ij-t* cy 2t _ 

The envelope of this is (Art. 434), 



(-?')'-C^3)('-5). 






Since -= — ^o — « — 7o = <*^-&^f this equation represents a conic 
a^+O'* a'+cr 

confooal with the given one. 

Bz. 4. T^ normals at four points of an ellipse meet in a point ; 
if the line Joining one pair of these points pass through a fixed point, 
prove that the line joining the other pair envelopes a parabola which 
touches the axes. 

Let the equation to the ellipse he 

5+P=i • "W. 

and let the equation to the two pairs of lines through the points be 

lx-{-my=l (2), 

and l^x-\-miy = l (3). 

By Art. 412, Cor. (1), we then have 

Wi=-^ and mmi=-p (4). 

If the straight line (3) pass through the fixed point (/, </), we have 

so that, by (4), 'ii' ^T^^ 

and therefore i=^l^^. 
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If this value of 2 be snbstitated in (2), it becomes 

vi^a^hhf + m (a^gy - V^fx - a^ly^ - a^g = 0, 

the envelope of which is 

(a^gy - b*fx - a^Y= - ia^g . a^b^y, 

i,e. (aVy-&yx)2 + 2a«6«(62/a? + a%) + a*6*=0 (5). 

This is a parabola since the terms of the second degree form a 
perfect square. Also, putting in succession x and y equal to zero, we 
get perfect squares, so that the parabola touches both axes. 

437. To find the envelope of the straight line 

Ix + my + n^^O (1), 

where the quantities l, m, and n are connected hy the 
relation 

a/2 + hm^ + cn^ + 2/mn + 2gnl + 2hlm = (2). 

[Equation (1) contains two independent parameters - 

and — , whilst (2) is an equation connecting them. We 

could therefore solve (2) to eive - in terms of — : on sub- 
^ ^ ^ n n 

stituting in (1) we should then have an equation containing 

one independent parameter and its envelope could then be 

found. 

It is easier, however, to proceed as follows.] 

Eliminating n between (1) and (2), we see that the 
equation to the straight line may be written in the form 

aP + hm^ + c (Za5 + myf — 2 {fm + gl) {Ix + my) + 2Mm ^ 0, 

/ IV I 

{. e. (a — 2gx + car^) ( — ) + 2 (cxy ~ gy -fx + A) — 

\W2r/ • in 

^ip-.^fy^cy'^)^-^. 

The envelope of this is, by Art. 435, 

{cxy - gy -fx + hj' ^{a- 2gx + ac") (b - 2/y + cf), 

i.e., on reduction, 

aP (be -/-) + y^ {ca - g') + 2xy {/g - ch) 

+ 2x {fh - bg) + 2y (gh-af)^ah-h-^ 0. 
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The envelope is therefore a. conic section. 
Cor. The envelope is a parabola if 

i.e. if c = 0, or if ahc ■>t%fgh-aP -h^ -ch^=-^. 

4S8. Bz. "Find the envelope of all chords of tJie parabola y^=iax 
which subtend a given angle a at the vertex. 
Any straight line is 

te+my+n=0 (1). 

The lines joining the origin to its intersections with the parabola 
are, (by Art. 122), ny^ = - 4aa? (te + my), 

i,e. ny2+4aiiia^+4ate2=0. 

If a be the angle between these lines, we have 

2j4ahn*-ialn 

tsLna=-^ 7-= , 

n+4aZ 

i.e, 16a2p-16a«cotaawia+«'+8aZn{l + 2cot«d)=0. 

T^th this condition the envelope of (1) is, by the last article, 

a;a(-16a«cot2a) + y«[16a2-(4a + 8acot2o)2] 

+ 2x. 16a«cot*a(4a+8acot2o)-256a*cot«o=0, 
i.e, the ellipse 

[a;-4a(l + 2cot2a)P+4cosec3a.y3=64cot2a.eoseoaa. 
EXAMPLTO. XLIX. 



Find the envelope of the straight line - + ^=1 when 

a p 

1. aa + 6j3=c. 2. a+p+^a^+^=o. 

Find the envelope of a straight line which moves so that 

4. the sum of the intercepts made by it on two given straight 
lines is constant. 

5. the sum of the squares of the perpendiculars drawn to it from 
two given points is constant. 

6. the difference of these squares is constant. 

7. Find the envelope of the straight line whose equation is 

ox cos ^ + 6y sin ^ = c2. 
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8, Circles are described tonching each of two given straight lines; 
prove that the polars of a given point with respect to these circles all 
touch a parabola. 

9. From any point P on a parabola perpendionlars PM and PN 
are drawn to the axis and tangent at tiie vertex; prove that the 
envelope of MN is another parabola. 

10. Shew that the envelope of the chord which is common to the 
parabola y^=4iax and its cirde of curvature is the parabola 

y«+12aa;=0. 

11. Perpendiculars are drawn to the tangents to the parabola 
y^=i€tx at the points where they meet the straight line x=& ; prove 
that they envelope another parabola having the same focus. 

12. A variable tangent to a given parabola cuts a fixed tangent in 
the point A ; prove that the envelope of the straight line through A 
perpendicular to the variable tangent is another parabola. 

13. Shew that the envelope of chords of a parabola the tangents 
at ^e ends of which meet at a constant angle is, in general an ellipse. 

14. A given parabola slides between two axes at right angles; 
prove that the envelope of its latus rectum is a fixed circle. 

15. Prove that the envelope of chords of an ellipse which subtend 
a ri^t angle at its centre is a concentric circle. 

16. If the lines joining any point P on an ellipse to the foci meet 
the curve again in Q and B,y prove that the envelope of the line QR is 
the concentric and coaxal ellipse 

x^ y^ A+^V-1 

17. Prove that the envelope of chords of the rectangular hyperbola 
xy=a^, which subtend a constant angle a at the point (x', y') on the 
curve, is the hyperbola 

«2a;'2 + yUy '2= 2a2xy (1 + 2 cot2 o) - 4a* cosec^ a. 

18. Chords of a conic are drawn subtending a right angle at a 
fixed point O. Prove that their envelope is a conic whose focus is O 
and whose directrix is the polar of with respect to the original conic. 

19. Shew that the envelope of the polars of a fixed point with 
respect to a system of confooal conies, whose centre is C7, is a parabola 
having CO as directrix. 

20. A given straight line meets one of a system of confocal conies 
in P and Q, and R8 is the line joining the feet of the other two 
normals drawn from the point of intereection of the normals at P and 
Q ; prove that the envelope of RS is a parabola touching the axes. 
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21. ABCD is a rectangular sheet of paper, and it is folded over bo 
that C lies on the side AB ; prove that the envelope of the crease so 
formed is a parabola, whose focus is the initial position of 0. 

22. A circle, whose centre is il, is traced on a sheet of paper and 
any point B is taken on the paper. If the paper be folded so wat the 
circumference of the circle passes through B, prove that the envelope 
of the crease so formed is a conic whose foci are A and B, 

23. In the conic -=1 -ecos^ find the envelope of chords which 
subtend a constant angle 2a at the focus. 

24. Circles are described on chords of the parabola y^=4aa;, which 
are parallel to tiie straight line 2x+m2^=0, as diameters; prove that 
they envelope the parabola 

{ly + 2ma)*= 4a {P + m^) (x + a). 

25. Prove that the envelope of the polar of any point on the circle 
(a5+a)*+(y + 6)*=** with respect to the circle x'+y^—c* is the conic 

A;«{x8+y2) = (ax+6y + c»)«. 

26. Chords of the conic - = 1 - e cos ^ are drawn passing through 

r 

the origin and on these circles as diameters circles are described. 
Shew that the envelope of tiiese circles is the two circles 



(-+e cos ^ ) = 1 =fc tf . 
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X y 
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18. 3x2+32^2-29a?-192^ + 56=0., 

19. 6(a;2+y2)_(a3+52)a. + (a-6)(aa+62)=0. 
21. x2+sr*-3x-42/=0. 
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23. «»+y«-/w?-Jky=0. 24. aj»+y»±2yVa«-6«=6*. 

25. «»+2/«-10«-10y + 26=0. 26. a:»+y«-2ax-2ay+a«=0. 

27. a!»+y«+2(5±Vi2)(x+y)+37±10v^=0. 

28. x«+ya-6ar+4y+9=0. 29. h{a^+y^=x(1:^+<^). 

30. a!»+y«±6^2y-6x+9=0. 

31. a;«+y»-3x + 2=0; 2x^+2y^-'5x-JSy+S=0i 

2x«+2ya-7«-<^3y + 6=0. 
33. (ar + 21)«+(y + 13)«=662. 34. 8x»+8y*-25aJ-3y + 18=0. 

36. a!«+y«=a*+6^; a;«+y«-2(a+6)a;+2(a-6)y+a8 + 62t=0. 

XVnL (Pages 134^ 135.) 
1. &r-12y = 162. 2. 24a; + 10y + 151=0. 



3. a?+2y=±2^5. 4. x + 2y+g+2f=J^J5^/g^+p-c, 

^' {--^2^ ;j2)' 6. c=a;(0,6). 7. Yes. 

-8. fc=40or-10. 9. a cos^ a + b sin^ a i mJo^+I^ sin^oi 

11. (1) y=mxdzajl+m^; (2) iwy+a;=±a Vl+^» 
(3) ax^y Jl^-a^^db'y (4) x+y=a^2, 

12. 2^r2-^2. 13. x2+y2±V2aa:=0; x2+y«±^2ay=0. 

14. c = 6-am; c=5-a7»± V(l + '»')(«'* +^)- 

15. iK»+y^-6a;-8y+f|^=0. 

16. a:*+y2-2c«-2cy + c>=0, where 2c=a+6± V<**+^** 

17. 6*2 +5y«-10aj+30y + 49=0. 18. a;«+y2-2ca;-2cy+c2=0. 
19. (a;-r)«+(2/-?i)2=A 20. a;3+2r»-2<ur-2i5y=0. • 

SIX. (Pages 144, 145.) 

1. a; + 2y=7. 2. 8a;-2y = ll. 3. aJ=0. 

4. 23a;+5y=57. 5. hy^ax^za^ 6. (5,10). 
7. (i, -A). 8. (1,-2). 9. (i, -i). 

10. (-2a, -26). 11. (6, -J^). 

12. 3y-2x=13; (-W,W)- 13. (2,-1) . 14. a:^+y'^=2a» 

18. iV46. 19. 9. 20. sf2a^+2ab+^. 21. (V,2);i. 
23. (1) 28a;»+33an^-28//a-716x-196y + 4226=0; 

(2) 123«2 - 64a?y + 3y2- 664a? +226y + 763=0. 
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XX. (Pages U7, 148.) 

2. r^ - 2ra coseo a . cos (^ - o) +a* cot" a=0, r =2a sin ^. 
6- r*-r[a cos (^-o) + &oo8(^-j8)]+a6cos (a -/3)=0. 
8. 63c«+2ac=l. 

XXI. (Page 149.) 

1, 1200; {"^.'^y '^JPT^9^ 

2. 30°; (8-6^/3, 12-4V3); ^47-24^3. 
/ g-feoBta /-pooswX Jp-^g^-2fgooQw 
\ sin* w * sin* « / sin w 

4. aJ«+V2a;y+y^-»(4 + 3^2)-2y(3+V2) + 3(2V2-l)=0. 

5. a;*+«y+y«+llar+13y+13=0. 

8. (aJ-«0(ar-a;") + (y-y')(y-y")+oos«[(^-a?')(y-y") 

+ (x-x")(y-j/')]=0. 

XXn. (Pages 156—159.) 
4. A circle. 5. A circle. 6. A circle. 

9. a^+y' - 2ary cos w= — ^^ — , the given radii being the axes. 

11, A circle. 12. A circle. 

16. (1) A circle ; (2) A circle ; (3) The polar of 0. 

17. The carve r=a + a cos ^, the fixed point O being the origin and 
the centre of the circle on the initial line. 

24. The same circle in each case. 

33. 2a6-^Va*+6a. 35. a^ ; a?=4a; 63a;+16y + 100a=0. 

36. (i) a;=0, 3a;+4y=10, y=4, and 3y=4a?. 
(ii) y=ma;+c /i/l+m*, where 

=fc(6 + c) ±(6-c) 

XXTTT. (Pages 164, 165.) 

3. 8a:8+8y«-8a? + 29y=0. 4. 15x-lly = 144. 

5. « + 10y=2. 6. 6fl:-7y + 12=0. 7. (-|, -|). 

8. (H,H). 11. (X + l)(a:»+2/2)^.2X(a; + 2y)=4 + 6X. 

13. (y-aj)2=0. 
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XXnr. (Pages 172, 173.) 

8. x«-y« + 2mxy=c. 12. k(sp^+y^) + {a-c)y-ck==0. 

13. a;*+y'-caj-6y + a«=0. 14. x*+y2-16ar-18y-4=0. 

XXV. (Pages 178, 179.) 

1. (7a; +6y)«-670aj+760y + 2100=0. 

2. {ax-by)*-'2a*x-2bhf + a*+a^b* + b*=0, 

3. (-1,2); y=2; 4; (0,2). 4. (4,f); ar = 4; 2; (4,4). 

5. («»|); ^=«; 2a; (a, 0). . 6. (X, 2); y = 2; 4; (0.2). 

8. (i) J; (ii)4. 9. (2,6). 11. y= -2a:; y-12=m(x-24). 

XXVL (Pages 185—187.) 
1, 4y=r3x + 12; 4aj + 3y = 34. 2. 4y-a;=24; 4a;+y=108. 

3. y-a;=3; y+x=9; x + y + 3=0; a?-y=9. 

4. y=a;; ar+y=4a; y + x=0; a?-y=4a. 

5. 4y=a: + 28; (28,14). 6. (|. ^) • 

7. y + 2a; + l=:0; (i, -2); 2y=x+8; (8,8). 

8. (3a.2V3a); ^|, -^a). 9. 4y=9x+4; 42/=a;+36. 

13. {^-^^y aV275 + 2); (3a, 2V3a). 

14. 6*y + a*a; + a*68=0. 15. a;=0. 25. 8a; 10a. 

XXVn. (Pages 197, 198.) 
4. 4a; + 3y+l=0. 5, 66y = 25. 

XXVm. (Pages 203-205.) 

25. Take the general equation to the circle and introduce the 
condition that the point (at^, 2ae) lies on it ; the sum of the 
roots of the resulting equation in t is then found to he zero. 

28. It can he shewn that the normals at the points **U^* and '^t," 
meet on the parabola when t-^t^=^2; then use the previous 
example. 

XXIX. (Pages 209— 21L) 

1. y = 6a;. 2. cx=a, 3, y=ad. 

4. y = (x-a)tan2a. 5. y*'-\x^=2ax. 

6. a:«=/i2[(x-a)2+ya]. 19. y«=:2a(a;-a). 
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IX 



20. y'»-%=2a («-*). 21. y«(y«-2aa;+4a») + 8a*=0. 

22. (8a2 + ys - 2aa?)« tan« a = 16a« (4<ur - y«). 

23. y*+4ay2(a-x)-16a»x + a*Z«=0. 

24. The parabola y^=2a{x + 2a), 

XXX. (Pages 214-2ia) 

1. y^=a{x-a), 2. y^=4ax. 3. 27ay«=(ac-a)(x-6a)2. 

4. A parabola. 5. A straight line. 

6. 27aya - 4 (a? - 2a)3= constant. 

7. A straight line, itself a normal. 

XXXII, (Pages 234, 235.) 

1. (a) 3x2+5^2^32. (^) 3x2 + 7^2=116. 

2. 200:2+ 36y2= 406. 3. :^+2y^=100. 4. 8x2+V=ll52. 

5. (1) y; JV6; (i|V6,0); (2) t; ^^5; {0, ^^^f5) ; 

(3) ¥; I; (0, 6) and (0, 1). 

6. ^. 7. 7a;2+2xy + 7y«+10x-10y+7=0. 8. Without. 
9. a;+4V3y=24V3; ILc- 4^3^=24^3; 7 and 13. 

U. (l)tan-i|; (2) tan-i ^^; (3) 45°. 

^^' a2 + p-6* 

XXXra. (Pages 245-248.) 

1. a: + 3y = 5; 9a;-3y-5=0. 

2. 25x + 6y = 137; 6a;-25y + 20=0. 

3. ±xV7±4y = 16; ^4x^y^7=l^7, 

5. y=3a:±WH^; (±AV65, =FTfVV195). 
31. XJse Arts. 145 and 260. 

XXXIV. (Pages 262—264.) 

1. a; + 2y = 4. 2. 2a;-7y + 8=0; (-f, -«. 

3. Bx + Sy = 9; 2x=Sy, 

4. 9x2-24x2/ - 42/24-30x + 40y - 55=0. 

5. a2y + 62a;=0; a2y-62x=0; a«y + 63x = 0; ay + 6x=0. 

XXXV. (Pages 268—270.) 

1. x2-2xycot2a-2/2^a2~62, 2^ c!C^^2xy = caK 

3. <?*(x2-a2)2=4(62a;2 + a2y2_a252). 

4. \(x^-a^)^=2{xY+b^^^ + aY'a%^). 
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5. (x»+y«-a«-6«)«=4oot«a(6»x«+aV-«'6'). 

6. ay=6xtana. 7. 6%'+aV=4aW 

10. (6*ar»+aV)*=c'(^*«'+«M- 

11. (a«+6*)(6«a;«+a«y2)«=a«&»(6*a^+a<y2). 

12. d«a;(x-/i)+a*y(y-fc)=0. 

13. <AiV(6»«» + a*y«) + (6«a;« + aV-l)(6^*+o*y*)=0. 

14. (6»a;«+a«y«)«=a«&4(a!»+y«). 

15. a*6*(a;«+y^=(a«+6«)(6«x»+aay«)«. 

29. If the chords be PK and PK\ let the equation to KK' be 
2/=fna;+c ; transform the origm to P and, by means of Art. 122, 
find the condition that the angle KPK^ is a right angle ; substi- 
tate for e in the equation to KK', and find the point of inter- 
section of KK' and the normal at P. See also Art. 404. 

ZXXVL (Pages 282—284.) 
1, 16x»-9y»=36. 2. 26a:»-144ya=900. 

3. 66a^-36y2=441. 4. «*-y2=32. 

5. 6, 4, (±V13, 0), 2f. 6. 3x«-y>=3a». 

7. ly^+2ixy-2iax-6ay + 15a^=0; (-|»a); 12a;-9y+29a=0. 

8. (5, -Y). 9. 24y-30x=±V161. 

14. y=±x±V^^^; («'+«^)\/^- 

15. 9y=32x. 16. 125x-48y=481. 

29. (1) 6*x*+aV=a'6^(&'-a'); (2) x=a. J^; 

(3) x2(aa + 26a)-aV-2a»MJ+a»(a2-62) = 0. 

yxXvu. (Pages 295, 296.) 

1. At the points (a, =t 6 <^2). 

8. (2aj+y + 2)(a; + 2y + l)=0, (2a?+y + 2)(aj+2y + l)=oonst 

9. 3x2+10a:y + 8y* + 14a;+22y + 7=0; 
3«2+10«y + 8y«+14x+22y+23=0. 

XXXVUL (Pages 302—305.) 

16. (ifVea, :FjV6a); (±W6a, ±n/6«). 

XXXTX. (Pages 319—321.) 

19. Transform the equation of the previous example to Cartesian 
Coordinates. 
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ZL. (Pages 331, 332.) 

1. A hyperbola ; (2, 1) ; </= - 26. 

2. AneUipee; (-J, -J); c'=-4. 3. Aparabola. 

4. A hyperbola; (-^, -^); (^=--46. 

5. Two Btrai^t lines; (-^, JJ); c'=0. 

6. Ahyi)erbola; (-|i, ^\); c'=-^A. 

7. (ar + 3y-l)(4aj-y + l)=0; 8a;» + 10ay-3y«-ar + 4y=0. 

8. (y+a;-2)(y-2x-3)=0; y«-j:y-ara_6y+a;+18=a 

9. (lla:-2y + 4)(5a;-10y + 4)=0; 

10. 19x» + 24j;y+y«-22a:--63/ + 4=0; 
19a;«+24«y + y«-22x-6y + 8=0. 

12. x«-y»=4aa. I3. (ax-6y)«=(a2-62)(ay-6a;). 

14. (a;-y)»-2(a;+y)+4=0. 15. {xy + ab)iAn{a-p) = bx-ay. 

^^' a« + 65-2^oos(a-^)=sin«(a-/3). 17. Apoint. 

18. Two straight lines. IQ, A straight line and a parabola. 

20. A straight line and a rectangular hyperbola. 

21. A circle and a rectangolar hyperbola. 

22. A straight line and a circle. 

23. Two imaginary straight lines. 

24. A circle and a straight line. 25. Aparabola. 

26. A circle. 27. A hyperbola. 28. An ellipse. 

XLI. (Pages 346— 34a) 

_ /-1603 -23\ ^ ^ . 

I 676 " * 169/* "" Two coincident straight lines. 

10. tan^i=-f, tan^a=f, ri=V3, and r,=4. 

11. <?i=45°, ^2=136°, r^=J2, and r,=2. 

12. tan^, = 7+6V2; tan^a=7-6*y2, 

^i=x/^(2n/2-2), r3= y/|(2V2 + 2). 
28. 2. 29. t^V3. 30. In/^. 

31. (^F^VvioTi, ^i^Vx^oTi); 4^20+2^10. 

32. IhP^'i-pB); W5. 

33. (-|=FJ^/6, i±4V6); i^/3. 

34. (-•l±iN/6, 1±|V6); 2. 
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XT.n, (Pages 354, 355.) 

1. (1)8; (2)3; (3)4; (4)2; (6) 4; -(6) 3; (7)3. 

10. Ax+ffy=0 and Hx+By=0; H^—AB^ bo that the conic is a 
pair of parallel straight lines. 

11. x(ar+3y)=0; (2«-3y)«=0. 

XLm. (Pages 363, 364.) 

1, A conic touching 5=0 where r=0 touches it and having its 
asymptotes parallel to those of iS=0. 

A conic such that the two parallel straight lines tt=0 and 
u+ A;=0 pass through its intersections with 5=0. 

XIiIV. (Pages 375—377.) 

6. (-1,5) and (4, -3). 7. (-*, ~f). 8. (^, ^) . 

9. (-4, -4) and (-1, -1); a;+y + 7=0 and a; + y + 3=0. 

15. If P be the given point, C the centre of the given director circle, 
and PCP' a diameter, the focus S is such that PS.P'S is 
constant. 

16. If PP* be the given diameter and S a focus then PS.P'S is 
constant. 

XLV. (Pages 383, 384.) 

5. ^x^+12xy+7y^-12x'l^=0. 

17. The narrow ellipse (Art. 408) , which is very nearly coincident with 
the straight line BD, is one of the conies inscribed in the quadri- 
lateral, and its centre is the middle point of BD. This middle 
point, and similarly the middle points of ^C and OL^ therefore 
lie on the centre-locus. 

XLVI (Pages 390-392.) 

7. Proceed as in Art. 413, and use, in addition, the second result 
of Art. 412, Cor. 2. From the two results, thus obtained, 
eliminate S, 

9. Take ljX+nu^~l=0 (Art. 412, Cor. 1) as a focal chord of the 
ellipse. 

14. If the normals are perpendicular, so also are the tangents ; the 
line liX+m^y — 1=0 is therefore th e polar with respect to the 
ellipse of a point {sja^+b^ cob $, ^a^+b^^nd) on tiie director 
circle. 

15. The triangle ABC is a maximum triangle (Page 235, Ex. 15) 
inscribed in the ellipse. 

20. Use the notation of Art. 333. 
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XLVn. (Pages 397, 398.) 

11. The locus can be shewn to be a straight line which is perpendi- 
cular to the given straight line; also the given straight line 
touches one of the confocals and its pole with respect to that 
confocal is its point of contact ; this point of contact therefore 
lies on the locus, which is therefore the normal. 

14. As in Art. 366, use the Invariants of Art. 135. 



ZLVm. (Pages 405—407.) 

Two of the normals drawn from O coincide, since it is a centre of 
curvature. The straight line l^x+miy=l (Art. 412) is therefore 
a tangent to the ellipse at some point <p and hence, by Art. 412, 
ihe equation to QR can be found in terms of 0. 



XLIX. (Pages 414—416.) 

1. (lyy-ax-c)^=4acx, 2. a^+y^-c{x + y) + j = 0. 

3. x2+ 2— ^* 4- A parabola touching each of the two lines. 

6. A central conic. 6. A parabola. 7. a^x^+h^^=ic*. 

19. The line joining the foci is a particular case of the confocals and 
the polar of O with respect to it is the major axis ; the minor 
axis is another particular case, so that two of the polars are lines 
through C at right angles ; also the tangents at O to the con- 
focals through it are two of the polars, and these are at right 
angles. Thus both C and O are on the directrix. 

21. The crease is clearly the line bisecting at right angles the line 
joining the initial position of O to the position which C occupies 
when the paper is folded. 

^^ Zcosa - 

23. =l-«cosocos^. 
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